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Abstract: The dual definition of crossed product is introduced . The isomorphism of special case 

between crossed coproducts coalgebra and twist coproduct coalgebra is considered. The question 

when two crossed coproducts are equivalence as coalgebra is discussed . 
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摘要：引进交叉积的对偶定义交叉余积，并在交叉余积余代数和特殊扭余积余代数同构时，讨论交叉余积成为

余代数的等价问题．
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S. MontgomeryDJ introduced the definition of 

crossed product and discuss its properties. Wang 

Shuan-hong[2J discuss the conditions of crossed 

coproduct as a coalgebra. This article introduced the 

dual definition of crossed product. In this paper we 

consider the isomorphism of special case between 

crossed coproducts coalgebra and twist coproduct 

coalgebra. The question about when two crossed 

coproducts are equivalence as coalgebra is discussed . 

Some terms which are not defined here, please refer 

to reference[3 ]. 

1 Definitions 

Let H be a Hopf algebra and Ca coalgebra, K be 

a field . H and C are assumed to be over K unless 

stated otherwise. 
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Definition I Assume C is a weak left H -

comodule thatαis a linear mapα ：C → H ③ H ，α（c) 

=4α1Cc）② α2 Cc), V cεC. As a vector space C 

× .H =C ( H with comultiplication 6 , 6 (c ×的＝

4C1 × c扫J (c3)h1 ® d ×句句）仇 ，ρCc)= 4 c1 ( c2 is 

the left H - comodule structure map, V cε C ,h ε 

H. Here we written c × h for the tensor c ( h.C 

× .H is a crossed coproduct using p and α ， ifε （c × h) 

= f.c (c)eH(h) as its counit and coassociativity are 

satisfied. 

Definition 2 Let uεHom(C ,H) is invertible, 

then definitionαεHom(C,H ⑧ H）， αCc) = 

4u 1 (c2)u(c3)1 ® u- 1 Cc1 )u(c3) 2, V cεc. 

Definition 3 Let C is a weak left H - comodule 

coalgebra, then coaction is inner, if there exist some 

invertibles uεHom(C ,H) , such that comodule 

structure map is p. (c) = 4u(c1 )u- 1 (c3) ® c2, V cε 

C. 

2 Main Results 
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Let uεHom(C ,H) is invertible and E:Hu ＝处，

以c) = 立u(c1)u一 l (c3）③ C2 ， ρ1 (c) = 1 ® c are two 

left H - comodule structure maps.α，卢：C→H②H,

such that 

α（c) = 4(u 1 (c2)( u I (C1 ））卢（c3 ） β （u(c4)),

v cεc. 

Since u is invertible. We have 

卢（c) = 4(u(c1 ）③ u(c2 ）） α （c3 ）卒（u一 I (C4)) ' 

v cεC. 

Remark 1 Following the definition, we know 

that C × pH is a crossed coproduct using 几 and 卢；

similarly , C × .H is also a crossed co product using ρ1 

and α. Here we write C.[H] instead of C × .H. 

P roposition 1 C × pH be a crossed coproduct 

using ρ，， and 卢， such that coaction of H on C is inner, 

via some invertible uξHom(C ,H). Define αε 

Hom(C,H ( H) byα（c) ＝ 立（u一 1 Cc2）⑧ 

u- 1cc1 ））卢（c3 )6(u(c4 )),V cεC. Then C ×βH 二

C. [H], a crossed coproduct using ρl and a, via a 

coalgebra isomorphism which is also a left C

comodule,right H - module map. 

Proof Define 功：C × pH→ C.[H〕， tf;(c ⑧ h) = 
4C1 ③ u一 1 (c2 )h ， ψ： C.[H］→C × pH ，以c Q9 h) = 4C1 

® u(c2沛， then 伊 is the inverse of ψand it is 

straightforward to check that. Now we check that 功

is a coalgebra map. 

v cεc,v hξ H. We have 

60tp(c Q9 h) = 4C1 Q9 αI (c3) (u - l (C4 ）的1®c2 ®

αz (C3 ) (u- I (C4)h) 2 = 2 C1 Q9 

u- 1(c4 ）卢1 (c5 )u(c6 )u一 L(c1 )1h1 ⑧ c2®

U- 1(C3){32(C5)u(c6)u- 1(c1) 2h2 = 2C1 Q9 

u- 1 (c4)(31 (c5)h1 ® c2 ® u 1(c3)(32(c5)h2. 

（¢②功）6p(c ® h) = （ψ ⑧功）（2 C1 Q9 

u(c2)u- 1(c4)(31(c5)h1 ® C3 ® 卢2 (c5 )h 2 ) = (2 c1 ⑧ 

u-1 (c11 )u(c2 )u- 1 (c4) (31 (c5 )h1 ® c3 ③ 

u- 1 (C31 ）卢2 (c5 )h2 = 2c1 ( u I(c4){31 灿灿1®

c2 ® u - 1 (c3 ）卢2 Ccs )hz. 

So 6.tf; = (if; ® if;) 6β. Then εβ Cc ③ h) 

E:c (c)E:u(h). 

e.tf;(c ( h) ＝ ε. （ 2c1 ® u - 1 (c2 ）的

Zεc Cc1 ）εHeu- I (Cz)h) = 2E:c (C1 ）句 （u- 1(c2 ))E:u(h) = 
Ec (C1 )Ec (Cz)Eu(h) 

εc Cc ） ε11Ch). 

Ee (c1 Ec (c2) )£1-1 (h) 

5 

So Ep = £.ψ． 

Next, we check that 功 is a left C- comodule map. 

C6c ® I ）以c ® h) = C6c ® J)(Ic1 ® 

u(c2)h) = 2c1 ® c2 ® u(c3油，

CI® if;) C6c ® I) (c ( h) = (I ( if;) (Ic1 ® 

c2® 的 ＝ Ic1 ® c2 ® u(c3)h. 

So C6c ® /)ip = CI ® if;) C6c ® I). 

Also, if; is a right H module map. 

(I ( M,.,)(tf; ® 1) Cc ® h ® l) = CI ( M1-1) . 

(Ic1 ® u(c2)h ( [) = 2C1 ( u(c2) hl, 

ψ(I ⑧ M1-1)(cQ9hQ9l) ＝ 以c ③ h[) = 4C1 Q9 

u(c2)hl. 

So CI ② M，＿，）（功 ⑧ I） ＝ 功(I ⑧ M1-1).

Example 1 Let C × .H be acrossed coproduct, 

such that H - coaction is inner via some uεCoalg(C, 

H). In this case we say that the coaction is strongly 

inner. Then C × 

The convers巳 of proposition 1 is also true. That 

is, if C × pH二 C.[H] , via a coalgebra isomorphism 

which is also a left C comodule, right H- module 

map, then the original coaction must have been inner, 

via some invertible u E Hom(C ,H) such that if; is 

given as in proposition 1. 

Generally, one can give necessary and sufficient 

conditions for two crossed coproducts to be 

isomorphic. Then we have the following theorem. 

Theorem 1 Let H be a Hopf algebra and C a 

coalgebra. Two linear mapα， a':C → H ③ H. 

Assume that if;:C × 

isomorphism, which is also a left C- comodule, right 

H - module map. There exists an invertible map uε 

Hom(C ,H) such that 

Cl ） ψ（ c × h) = 4C1 ×’u 1 (c2)h. 

(2 ） α’ （c) ＝立（u l(c1 ）⑧ 

u- 1Cc2 ））α（c3 )6(u(c4 )) . 

(3) 6; (c ×’的＝ 4C1 × 

u- 1 (c2 )dα1 (c4) CuCcs ）的 l ③ CcD1 ×

u- 1 CcD2α2 (c4) (u(cs)h) z. 

Conversely, a map uεHom(C ,H) such that 

( 2) and ( 3) hold is given, then the mapψin Cl) is an 

isomorphism. 

Proof Define uεHom(C ,H) by v(c) = （£ ⑧ 

］）以c × 1), V cεC. So (EQ9 I)ψ（c × 的＝（ε®

／）ψ（c × l,;)h = v(c)h. Since 功 is a right H - module, 
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left C- comodule map, we have (I ⑧ ψ （ ,6, ③ I) = 

(6 ⑧ I)ψ.I ③ ε® I is applied to both side of 

equation. The right side becomes ψ ， and the left side 

becomes (I ® ( e: ③ I)ψ）（ ,6, ③ I) which evaluated at 

c × h is 

ψ（c × h) = (I ③（ε③ l)cjJ)(,6, ③ ／） (c × 的＝

U ® Ce:@ [)¢)C6Cc） × 的＝＆1@Ce:② l)cjJ(c2 ×

h) = ~c1 ×’v(c2)h. 

As cp- 1 :C × ~H • C × 

satisfying the same hypotheses as cjJ , we may set u(c) 

= (e: ③／）ψ－ 1 (c × 1) and conclude as above that 

cp一 l(c × ’的 ＝ εc ， × u(c2 )h. We claim that v = u斗 ，

for c × ’h = cp- 1φ （c ×’ lH) ＝功一 ic~c1 ×’v(c2 )l11) = 

~c1 × ’以c2 )v(c3 )1H, e: ( I to both sides, we see that 

立u(c1)v(c2 ) = e:(c)lu. Sov = u- 1. From the above, 

this proves(l). 

Now the equation 6.c/J 1 (c ×’的＝（ψ－1 ® 

ψ一1)6.’（c ×’的 becomes

4C1 × dα1 (c3) (u(c4)h)1 ®d × α2(c3)(u(c4)h)2 

=4C1 × u(cz)d叫（C4 )h1 ⑧ CcD1 × u((cD z ）吗（c4 )hz. 

Applying E ⑧ I ③ ε ③ I to both sides, we see 

that 

2e:Cc1 ） × φ1 (c3)(u(c4)h)1 ® e:(cD × 

α2 (c3 )(u(c4 )h) 2 = Ie:(c1 ）× u(c2)c；叫（C4 )h】③

e:C CcD1 ) × u( CcD z ）马（C4 )hz' 

then 

2c1a1 (c2) (u(c3)h) 1 ®α2 (c2 ) (u(c3)h) 2 

2u(c1 )da\ (c3)h1 ® u(cDα~ （c3 )hz, 

2Cc1 ® ［）（α1 (cz）② αz (Cz ))6(u(c3 )h) 

2(u(c1 )d ® u(d)) Cα’I (C3）⑧ α斗 （ c3 ))6(h),

2Cc1 ⑧ ［）（α（c2 ))6(u(c3 )h) = 2(u(c1)d ® 

u(d)) (a' (c3) )6 (h). 

Let p1 (c) = 1 ® c,h = 1 ,then we have 

2 （ α（c1))6(u(c2 )) = I(u(c1) ® 

u(c2 ））（α （c3 ))' 
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So a' (c) = I(u-1 (c1 ）③ 

u- 1(Cz ））α （c3 )6(u(c4 )). This gives (2). 

Now using the equation 6.ψ－ I (c × ’的＝（ψ一I

(S) cp- 1),6,;(c ×’的 again and applying 仲 8ψ） to 

both sides, we see that the right side becomes 6.' (c 

×’的， and the left side becomes 仲③ ψ） ,6,.cp- 1(c

× h). From the above, this proves (3). 

Corollary I With the same conditions of the 

theorem 1, if His commutative, then (3) becomes 

,6,;(c × ’的＝ (I × u -1 (c1) @ I × u - 1 (cD 2)6. (c3× 

的 (I × u(c4 )1 ⑧ I × u(c4 ) 2 ).

Proof His commutative, then (3) becomes 

,6,;(c ×’的＝ I(l × u- 1cc1) ® I × 

u一 1 CcDz )Cc1 × c；α1(c3) h1 ® CcD1 × αz (C3 )hz ) (I × 

u(c3)1 ® I × u(c3) z) = (I × u-1 cc1)( I × 

u-1 CcD2)6.(c3 ×的 (I × u(c4)1® I × u(c4) z). 

The result follows. 

This corollary tells us about the relationship 

between 6.' (c × 的 and 6.(c ×的， when His 

co盯1口1utative.

Remark 2 Let H be a Hopf algebra and C a 

coalgebra. Two crossed coproducts C × .Hand C 

× ~H are equivalent if there exists a coalgebra 

isomorphism ψ ： C × 

comodule morphism and right H - module morphism. 
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