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Abstract: By using the bifurcatiOn theOry Of dynamical systems tO third-Order nOnlinear
SchrO-dinger eguatiOn the smOOth sOlitary Wave sOlutiOns kink and anti-kink Wave sOlutiOns and
periOdic Wave sOlutiOns are Obtained. Under dif ferent parametric cOnditiOns variOus suf f icient
cOnditiOns tO guarantee the existence Of the abOve sOlutiOns are given. SOme exact explicit
parametric representatiOns Of the abOve Waves are determined.
Key words: sOlitary Wave sOlutiOn periOdic Wave sOlutiOn kink and anti-kink Wave sOlutiOn 
third-Order nOnlinear SchrO-dinger eguatiOn
摘要:用动力系统分支理论研究了三阶非线性 SchrO-dinger 方程 .证明了该方程存在光滑孤立波解 ~ 扭结和反

扭结波解和光滑周期波解 .在不同的参数条件下 给出了上述解存在的各类充分条件 .求出了该方程的显式精

确行波解 .
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1 Introduction

Karpman V. I et al[1] have recently cOnsidered
the behaviOr Of steady guasisOlitOns sOlutiOns in tWO
cases fOr the third-Order nOnlinear SchrO-dinger
(NLS) eguatiOn

z8TF + 1
Z 8

Z
XF + I FI ZF + za1 I FI Z8XF +

zaZF8XI FI Z + za383XF= 0 ( 1)

Where a1 aZ and a3 are real cOef f icients. Third-Order
nOnlinear SchrO-dinger eguatiOn has dif ferent kinds Of
sOlitOn and guasisOlitOn sOlutiOns[Z].

In this paper We study travelling Wave sOlutiOns
in the parameter space Of this system.

Let F=  ( ) ez( Ax-ct)   = x - ct 
Where c is Wave speed A c is real cOnstant. Then the
EguatiOn ( 1) becOmes

- z( c / + zc ) + 1
Z (  + ZA / z - AZ ) +  3 +

za1( Z / + A 3z) + zZaZ Z / + za3(  + 3A  z -
3AZ / - A3 ) = 0 ( Z )
Where  prime is the derivative With respect tO  .
Setting real part and imaginary part as 0 
respectively We have

( 1Z - 3a3)  + (c - 1
Z A

Z + a3A3) + ( 1 -

a1A) 3 = 0 ( 3)
and

( A - c- 3a3AZ ) / + ( a1 + ZaZ ) Z / + a3  = 0.
( 4)

Integrating EguatiOn ( 4) Once and setting integratiOn
cOnstants as 0 We have

a3  + ( A - c - 3a3A3) +
a1 + ZaZ
3  3 = 0.

( 5)
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1
2 - 3O3 = O3, c-

1
2 /

2 + O3/3 = / - c- 3O3,

1 - O1/ =
O1 + 2O2
3 ,

therefore

O3 = 1
8 , c-

1
2 /

2 + 1
8 /

3 = / - c - 3
8 , 1 -

O1/ =
O1 + 2O2
3 ,

we have the same eguations ( 3) and ( 5) . Let

p = 8( / - c - 3
8 ) , g =

8( O1 + 2O2)
3 ,

then eguation ( 5) becomes eguation ( 6)
Z~ + pZ + gZ3 = O. ( 6)

Obvious eguation ( 6 ) is eguivalent to the Li nard
system

dZ
d = y,

dy
d =- pZ - gZ

3, ( 7)

with the f irst integral

H( Z, y) = 1
2 y

2 + p
2 Z

2 + g
4 Z

4 = h. ( 8)

We investigate the bifurcations of phase portraits
of eguation ( 7 ) in the phase plane ( Z, y) as the
parameters ( p, g) are changed. To investigate all
possible bifurcations of solitary waves, kink and anti-
kink waves and periodic waves of eguation ( 1) , we
need to f ind all periodic annuli and homoclinic orbits
and heteroclinic orbits of eguation ( 7) , which depend
on the system parameters. The bifurcation theory of
dynamical systems[3, 4] plays an important role in our
study.

2 Bifurcations of phase portraits of
Eguation ( 7)

For pg < O , there exist three eguilibrium points

of eguation ( 7) at @( O, O) , 4  ( - p~ g , O) ; for

pg > O , there exist one eguilibrium point of eguation
( 7) at @( O, O) ; for p = O, g 9 O , there exist one
eguilibrium point of eguation ( 7) at @( O, O) ; p 9 O,
g = O, there exist one eguilibrium point of eguation
( 7) at @( O, O) .

Let M( Zz, O) be the coef f icient matrix of the
linearized system of eguation ( 7) at an eguilibrium
point ( Zz, O) . Then we have

 ( Zz, O) = det(M( Zz, O) ) = p + 3gZ2z ,
 ( O, O) = p, Trace(M( Zz, O) ) = O.

By the theory of planar dynamical systems, we
know that, if  ( O, O) = p> O ( or  ( O, O) = p< O) ,
then eguilibrium point @( O, O) is a center ( or a saddle

point ) ; if  (  - p~ g , O) = p < O ( or  (  

- p~ g , O) = p> O) , then eguilibrium point 4  ( 

- p~ g , O) is a center ( or a saddle point) ; if  ( O, O)

= p = O, g 9 O , then eguilibrium point @( O, O) is a
high order eguilibrium point. For H( Z, y) def ined by
eguation ( 8) , we have

h1 = H( O, O) = O, h2 = H( - p~ g , O) =

p(p - 2)
4g .

For a f ixed h, the level curve H( Z, y) = h
def ined by eguation ( 8) determines a set of invariant
curves of eguation ( 7 ) . As h is varied, it def ines
dif ferent families of orbits of eguation ( 7 ) with
dif ferent dynamical behaviors.

From the above analysis we obtain the dif ferent
phase portraits of eguation ( 7) shown in Figures 1
and 2 and 3.

( a) p = O, g > O.

( b) p = O, g < O.

Fig. 1 Phase portraits of eguation ( 7) when p = O
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( a) p > O g = O.

( b) p > O g > O.

( c) p > O g < O.

Fig. 2 Phase portraits of eguation ( 7) when p > O

3 Exact expl icit travel l ing wave solutions of
Eguation ( 1)

For p = O g < O  eguations ( 7 ) and ( 8 )
become

dZ
d = y 

dy
d =- gZ

3 ( 12)

and

H( Z y) = 1
2 y

2 + g
4 Z

4 = h. ( 13)

By using systems ( 12) and ( 13) and the f irst
eguation of system ( 12)  we can obtain some exact
explicit parametric representations for the travelling
wave solutions of eguation ( 1) . For system ( 12)  
corresponding to H( Z y) = h H( O O) = O def ined
by system ( 13 )  we obtain the parametric
representations of the arch orbit for the system ( 12)
( Fig. 1b) )

( a) p < O g = O.

( b) p < O g > O.

( c) p < O g < O.

Fig. 3 Phase portraits of eguation ( 7) when p < O

y2 = - g
2 Z

4. ( 14)

From eguation ( 14)  we obtain with parametric
representations for the exact explicit travelling wave
solutions of eguation ( 1)

Z =  - 2~ g
1
 . ( 15)

It follows that eguation( 1) has two exact
explicit travelling wave solutions with the parametric
representations

Z( x - ct) =  - 2~ g
1

x - ct. ( 16)

For g = O p < O  eguations ( 7) and ( 8) become
dZ
d = y 

dy
d =- pZ ( 17)

and
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H( Z, y) = 1
2 y

2 + P
2 Z

2 = h. ( 18)

By using Systems ( 18) and the f irst eguation of
System ( 17 ) , We can obtain some exact explicit
parametric representations for the travelling Wave
solutions of Eguation ( 1 ) . For System ( 17 ) ,
corresponding to H( Z, y) = h, h E (- O, + O)
def ined by System ( 18) , We obtain the parametric
representations of the arch orbit for the system ( 17)
( Fig. 3a)

y2 = h - PZ2. ( 19)
Thus, f rom Eguation ( 14) , We obtain the

parametric representations of the arch orbit as
folloWs,

Z = 1
2 ( e

  -P + h
P e

 T -P ) . ( 20)

It folloWs that Eguation ( 1) has tWo exact
explicit travelling Wave solutions With the parametric
representations

Z( x - ct) = 1
2 ( e

  -P ( x-ct) + h
P e

 T -P ( x-ct) ) .

( 21)
For P> 0, g< 0 , corresponding toH( Z, y) = h2

def ined by Eguation ( 8) , the Eguation ( 7) has tWo
heteroclinic orbits connecting the saddle points A+
and A-. TWo orbits have the same algebraic eguation
as folloWs. ( Fig. 2c)

y2 = - P
2

2g - PZ
2 - g

2 Z
4 = - g

2 ( Z
2 + P

g )
2.

( 22)
From Eguation ( 22) , We obtain the parametric

representations of the arch orbit as folloWs,

Z =  P
2 tanh

P 2  . ( 23)

It folloWs that Eguation ( 1 ) has tWo exact
explicit travelling Wave solutions With the parametric
representations

Z( x - ct) =  P
2 tanh

P 2 (x - ct) . ( 24)

For P< 0, g> 0 , corresponding toH( Z, y) = h1
def ined by Eguation ( 8) , the Eguation ( 7) has tWo
homoclinic orbits connecting the saddle points  ( 0,
0) . TWo orbits have the same algebraic eguation as
folloWs. ( Fig. 3b)

y2 = - PZ2 - g
2 Z

4 = g
2 Z

2(- Z2 + - 2Pg ) .

( 25)
Thus, f rom Eguation ( 25 ) , We obtain the

parametric representations of the arch orbit as
folloWs,

Z = g - 2Psech - P 2g  . ( 26)

It folloWs that Eguation ( 1 ) has one exact
explicit travelling Wave solution With the parametric
representations

Z( x - ct) = g - 2Psech - P 2g (x - ct) .
( 27)

4 The existence of smooth travel l ing wave
solutions of eguation ( 1)

In this section, We use the results of section 2 to
discuss the existence of smooth solitary Wave and
periodic Wave solutions. We f irst consider the
existence of smooth periodic Wave solutions and
solitary Wave solution and kink and anti-kink Wave
solution.

Theorem 4. 1 ( i ) Suppose P = 0, g > 0,
corresponding to a branch of the curvesH( Z, y) = h,
h E ( 0, + O) , def ined by Eguation ( 8 ) , the
Eguation ( 1) has a smooth family of periodic Wave
solutions( Fig. 1a) ;

( ii) Suppose P > 0, g = 0, corresponding to a
branch of the curves H( Z, y) = h, h E ( 0, + O) ,
def ined by Eguation ( 8 ) , the Eguation ( 1 ) has a
smooth family of periodic Wave solutions ( Fig. 2a) ;

( iii) Suppose P > 0, g > 0 , corresponding to a
branch of the curves H( Z, y) = h, h E ( 0, + O) ,
def ined by Eguation ( 8) , the Eguation ( 1) has a
smooth family of periodic Wave solutions ( Fig. 2b) ;

( iv) Suppose P > 0, g < 0 , corresponding to a
branch of the curves H( Z, y) = h, h E ( h1, h2) ,
def ined by Eguation ( 8) , the Eguation ( 1) has a
smooth family of periodic Wave solutions( Fig. 2c) ;

( v) Suppose P < 0, g > 0 , corresponding to a
branch of the curves H( Z, y) = h, h E ( h1, + O) ,

or h E ( h2, h1) def ined by Eguation ( 8) , the Eguation
( 1 ) has three smooth families of periodic Wave
solutions ( Fig. 3b) .

Theorem 4.! ( i) Suppose P < 0, g > 0 , then,
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corresponding to a branch of the curvesH( Z, y) = h1
def ined by Eguation ( 8) , the Eguation ( 1) has a pair
smooth solitary Wave solutions With peak type and
valley type, respectively( Fig. 3b) ;

( ii) Suppose P > 0, g < 0, then, corresponding
to a branch of the curves H( Z, y) = h2 def ined by
Eguation ( 8) , the Eguation ( 1) has a smooth kink
and anti-kink Wave solutions( Fig. 2c) .
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美国天文学家首次发现宇宙暗物质存在的直接证据

暗物质是指宇宙中存在的一种不明性质的物质粒子,它的电磁放射和折射非常微弱,所以不能被直接探

测到0但是,我们肉眼能见的物质如星系 恒星 甚至各种生物,所占质量只是宇宙中很小一部分,暗物质的质

量是可见的普通物质质量的 5 倍以上0 暗物质不能被 看 ,但可以通过引力异常测量到它存在的痕迹0 天文

学家尽管知道存在暗物质,但多年来一直没有发现它存在的直接证据0
最近美国亚利桑那大学的天文学家小组,用 钱德拉  射线天文望远镜,观测距太阳系 1 亿光年处船底

座两个星系团的碰撞 融合,发现了暗物质确实存在0
美国天文学家介绍说,这两个星系团相向高速运动,碰撞到一起时相对速度达到近每小时 2000 万公里0

因此,构成星系团物质主体的炽热气体相互排斥,形成了外形像子弹头一般的气团,这个气团的主要成分是

温度达数百万摄氏度的等离子氢 氦等0
 钱德拉 在  射线波段的观测表明,两个星系团在碰撞 融合时,主要物质都集中在子弹状的气团中0

不过,当天文学家用美宇航局 哈勃 太空望远镜 欧洲南方天文台的 麦哲伦 天文望远镜从可见光波段观测

这一区域时,却发现最大的质量并不在可见的气团中,而是分布在周围更广大的区域中0美国天文学家认为,
以可见光波段观测这个区域,可以发现明显的 引力透镜 现象,也就是更遥远地方恒星发出的光在 路过 这
个区域时,被大质量物质吸引而发生了扭曲0 这个现象说明两个星系团周围存在大量的暗物质0 暗物质粒子

不与可见物质粒子发生作用,彼此之间也没有作用0因此,两个星系团中的可见物质碰撞 融合而形成子弹状

气团,而暗物质依旧分布在周围0 也只有在大质量星系团碰撞这样极其罕见的现象中,暗物质因为与可见物

质明显不同,才能 偶露峥嵘 0

据<科学网>
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