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TheMomentStabilityandStabilizationofHybridSto灢
chasticRetardedSystemsunderAsynchronous Mark灢
ovianSwitching*

异步马尔科夫切换混杂随机时滞系统的矩稳定与镇定

LUOShixian1,DENGFeiqi1**,HUZhipei1,ZHANGBo2

罗世贤1,邓飞其1,胡志佩1,张暋波2

(1.SchoolofAutomationScienceandEngineering,SouthChinaUniversityofTechnology,

Guangzhou,Guangdong,510640,China;2.Guangdong Key LaboratoryofIoTInformation
Technology,SchoolofAutomation,GuangdongUniversityofTechnology,Guangzhou,Guang灢
dong,510006,China)
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Abstract:Thispaperinvestigatesthepthmomentstabilityandstabilizationproblemsofaclass
ofhybridstochasticretardedsystemsunderasynchronousMarkovianswitching.Byexploring
therelationshipbetweenthesizesofMarkovswitchingsignaldetectiontimedelayandthegen灢
eratorofMarkovchain,anovelintegral飊inequality飊estimationtechniqueisdevelopedtodeal
withtime飊varyingdelay.TheLyapunovstabilitycriterionofasynchronousMarkovswitching
timedelaysystemisestablished.ThenthecriterionisappliedtoaclassofMarkovianjump
time飊delaysystems,andthedelayindependentstabilitycriterionandthedesignofstabilization
controlleraregiven.Finally,twonumericalexamplesareprovidedtodemonstratethevalidity
ofthedevelopedresults.
Keywords:hybridstochasticsystems,asynchronousswitchingcontrol,Markovianswitching,

delay飊independentstability
摘要:针对一类具有异步马尔科夫切换的混杂时滞随机系统,研究p飊阶矩稳定性与镇定问题。探究马尔科夫切

换信号检测时延的大小与马尔科夫链生成元之间的关系,并发展一种不等式处理时变时滞的新型技术,建立了

异步马尔科夫切换时滞系统的Lyapunov稳定性判据。然后将该稳定性判据应用于一类马尔科夫跳变时滞系

统,给出了时滞无关的稳定性判据和镇定性控制器的设计方案。最后,运用两个数值实例验证本研究方法的有

效性。

关键词:混杂随机系统暋异步切换控制暋马尔科夫切换

暋时滞无关稳定性
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0暋Introduction

暋暋Switchedsystemsareaclassofhybridsystems
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whicharewidelyappliedinmanyfieldssuchasfail灢
ure飊pronemanufacturing,trafficmanagement,pow灢
ersystems,andnetworkedcontrolsystems.Stability
propertiesandcontrolsynthesisarethecrucialand
fundamentalproblemsofthesesuccessfulapplica灢
tions,whichhavebeenextensivelystudied(see,for
instanceandthereferencestherein[1飊5]).Ithasbeen
shownthatmode飊dependentcontrollerismoregen灢
eral,flexibleandlessconservativeinsolvingcontrol
synthesis problems.Unfortunately,most of the
workdoneonthemode飊dependentcontrollerisbuilt
upontheassumptionthattheswitchingsignalof
controllerandthesystem modesarestrictlysyn灢
chronized.Theso飊called “asynchronousswitching暠

whichtakesintoaccountthedetecteddelayofswitc灢
hingsignalwhenimplementingthecontrollermay
bereasonableinreality[6飊7].However,asynchronous
switching mayleadtoinstabilityorperformance
degradationoftheswitchedsystemduetothemis灢
matchedcontrolleractoneachsubsystem.There灢
fore,asynchronousswitchingcontrolismorerealis灢
ticandchallenging.Somesalientresultshavebeen
done on switched systems under asynchronous
switchingcontrol,suchas[6飊12].Thestabilization
problem ofswitchedlinearsystemswithdetected
delayofswitchingsignalwasstudiedin[8].Byu灢
singanovelLyapunov飊likefunctionapproach,the
authorsof[6]solvedthestabilityandl2飊gainprob灢
lemsfordiscrete飊timeswitchedsystemswithaver灢
agedwelltimeandasynchronousswitching.Some
furtherresultonasynchronousswitchingcontrolfor
continuous飊timeanddiscrete飊timeswitchedsystems
wereobtainedin[10].Basedonanewintegraline灢
quality and the piecewise Lyapunov飊Krasovskii
functionaltechnique,thestabilizationproblemfora
classofswitchedlinearneutralsystemsunderasyn灢
chronousswitchingwasaddressedin[12].
暋暋Itshouldbepointedoutthattheabove飊men灢
tionedresultsareonlysuitablefordeterministicsys灢
tems.Asweallknow,inreal飊worldevolutionary
processes,noiseis unavoidable.The presence of
noisecandegradetheperformanceofthecorre灢
spondingdeterministicdynamicsandevenmaydras灢
ticallyalterthesystemdynamicsbehaviors[13].Con灢
sequently,stochasticmodelinghasplayedanimpor灢

tantroleinareasofautomaticcontrol.Recentyears,

hybridstochasticsystemswhichdrivenbycontinu灢
ous飊time Markovchainsand Wienerprocesshave
beenstudiedbymanyworks,see[13飊22].However,

thereisfew workwhichhasbeendoneonhybrid
stochastic systems with asynchronous switching
control.Fordwell飊time飊basedasynchronousswitc灢
hingcontrol,thereisageneralrequirement (R):

Thedetecteddelayofswitchingsignalislessthan
thecorrespondingswitchinginterval,see[23飊25].
However,thisrequirementseemstobedifficultto
meetforrandomlyswitchedsystemsduetothe
switchingsignalisastochasticprocess.Forexam灢
ple,inMarkovianswitchingcontrol,itiswellknown
thatalmosteverysamplepathofMarkovchainisa
right飊continuousstepfunction,i.e.,foreverysam灢
plepath,theswitchingintervalsisalmostsuregrea灢
terthanzeros,butitisnoteasilytoobtainthelower
boundoftheswitchingintervalforallsamplepaths.
AlthoughtheasynchronousMarkovianswitchingis灢
sueshavebeenstudied[26飊28],thereisfurtherroom
forinvestigation.Forexample,in[26飊27],theau灢
thorsonlyinvestigatedthestabilityandstabilization
ofdiscrete飊timeMarkovianjumpsystemsviaatime飊
delayedcontroller.UndertheassumptionR,Razu灢
mikhin飊typestabilitycriteriaforhybridstochastic
retardedsystemswereestablishedin [28],butthe
stabilityconditionsdependonasequenceofstop灢
pingtimecausedbyMarkovchain,andthusresul灢
tingininconvenientapplicationandverification.
暋 暋Thispaperrevisitsasynchronous Markovian
switchingcontrolproblem ofhybridstochasticre灢
tardedsystemsthroughconsideringtherelationship
amongthesizesofdetecteddelayofswitchingsignal
andthetransitionprobabilitiesofMarkovchain.In
contrastto Halanay暞sinequalityorRazumikhin飊
typeanalysistechnique,anintegral飊inequality飊esti灢
mationtechniqueisproposedtoestablishpth mo灢
mentexponentialstabilitycriteriairrespectiveofthe
sizesofthestatedelayforhybridstochasticretarded
systemswithanasynchronousMarkovianswitching
controller.Foritsapplication,theobtainedresults
areappliedtoaclassofstochasticdelayedsystems
withasynchronous Markovianswitchingthatin灢
cludelinearstochasticsystems,recurrentneuralnet灢
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works.Moreover,thestabilizing mode飊dependent
controllerisdesignedbysolvingasetoflinearma灢
trixinequalities(LMIs).Comparedwiththecaseof
synchronousswitchingresults[16飊18],ourresultsdo
notimposeanyrestrictiononthederivativeofstate
delay.

1暋Systemdescriptionandpreliminaries

暋 暋NotationForarealsymmetricmatrixA,the
notationA> (<,曑,曒)0meansthatthematrixA
ispositive(negative,semi飊negative,semi飊positive)

definite,and毸max(A),毸min(A),respectively,denote
thelargestandleasteigenvalueofA.Thesymmet灢
ricelementsofasymmetricmatrixaredenotedby
*.暚·暚 denotestheEuclideanvectornorm.For
氂>0,letC([-氂,0];RRn)denotethespaceofcon灢
tinuousfunctions毤from [-氂,0]toRRn withnorm
暚毤暚氂=sup-氂曑s曑0暚毤(t+s)暚.Foragivenfunction

毤(t)暿C([-氂,b];RRn)withb>0andt暿 [0,b],the
associatedfunction毤t暿C([-氂,0];RRn)isdefinedas

毤t(s)=毤(t+s),s暿 [-氂,0].C2,1(RRn 暳RR+;RR+)de灢
notesthefamilyofallnonnegativefunctionsV(x,t)

onRRn暳RR+thataretwicecontinuouslydifferentiable
inxandonceint.Givenacompleteprobability
space(毟,F,P)withanaturalfiltration{Ft}t曒0sat灢
isfyingtheusualconditions,letw(t)=(w1(t),…,

wm(t))T 暿RRmbeanm飊dimensionalWienerprocess
definedontheprobabilityspace.
暋暋Considerthefollowingtime飊delayhybridsto灢
chasticsystem

暋暋

dx(t)=[f氁(t)(x(t),x(t-氂(t)),t)+
暋暋h氁(t)(x(t),t)u氁(t)(x(t))]dt+
暋暋g氁(t)(x(t),x(t-氂(t)),t)dw(t),t>t0,

xt0
(s)=氄(s),-焵氂曑s曑0,氁(t0)=氁0

ì

î

í

ï
ïï

ï
ïï ,

(1)

wherex(t)暿RRnisthestatevariable.{氁(t),t曒t0}

isaright飊continuousMarkovprocessdefinedonthe
probabilityspacewhichtakesvaluesinthefiniteset
M={1,2,…,N}withgenerator毎= (毿ij),i,j暿M,

givenby
暋暋P{氁(t+殼t)=j旤氁(t)=i}=
毿ij殼t+o(殼t),i曎j,

1+毿ii殼t+o(殼t),i=j{ ,

where殼t>0,lim
殼t曻0

o(殼t)
殼t =0,and毿ij 曒0fori曎j,

毿ii 曑0with暺
N

j=1,j曎i毿ij =-毿ii.氂(t)arestatedelay

satisfies0曑氂(t)曑焵氂.Foreachi暿M,fi:RRn暳RRn暳
RR+曻 RRn,gi:RRn 暳RRn 暳RR+曻 RRn暳m,hi:RRn 暳RR+曻
RRn暳n0,andui:RRn 曻 RRn0暳nismode飊dependentcontrol
inputwhichisusedtoachievesystemstabilityor
certainperformances.
暋暋Itisnotedthatinthecontrolledsystem (1),

thecontrolinputiscoincidentwiththeswitching
rule.However,justas[6飊7]pointoutthatthisre灢
quirementishardtobesatisfiedinthephysicalsys灢
tems,thecontrolinputmayexistatimedelaywhich
isinducedbytheidentificationofthesystem modes
ortheimplementationofthe matchedcontroller.
Thatis,thecontrolinputu氁(t)(x(t))shouldbemod灢
ifiedbyu氁(t-毮)(x(t)),where毮>0and氁(t-毮)=氁0

ift曑毮.Hence,theresultingclosed飊loopsystemis
givenby

暋暋

dx(t)=[f氁(t)(x(t),x(t-氂(t)),t)+
暋暋h氁(t)(x(t),t)u氁(t-毮)(x(t))]dt+
暋暋g氁(t)(x(t),x(t-氂(t)),t)dw(t),t>t0,

xt0
(s)=氄(s),-焵氂曑s曑0,氁(t0)=氁0

ì

î

í

ï
ïï

ï
ïï ,

(2)

Obviously,becauseoftheexistenceofthe mis灢
matchedcontrolinput,itmaydegradetheperform灢
ancesand even causeinstabilityifapplyingthe
matchedcontrolinputandtheswitchingsignalde灢
signedforsystem (1)tosystem (2).Therefore,this
paperattemptstoestablishgeneralstabilitycriteria
forthehybridstochasticsystemunderasynchronous
Markovianswitching,andquantitativelyanalyzethe
effectofthedetecteddelayofswitchingsignalon
thestabilityperformance.Forthispurpose,weal灢

waysassumethatforeachi,j暿 M,寛fij(0,0,t)曉0,

gi(0,0,t)曉0,forallt曒t0,andboth寛fij(x,y,t)and
gi(x,y,t)satisfythelocalLipschitzconditionand

lineargrowthcondition,where寛fij(x,y,t)=fi(x,y,

t)+hi(x,t)uj(x).Hence,itfollowsfromTheorem
8.3of[13]thatsystem (2)hasauniqueglobalso灢
lution,andx(t;t0,0)=0isthetrivialsolution.
暋暋Foreachi暿M,ifVi 暿C2,1(RRn暳RR+;RR+),de灢
fineanoperatorassociatedwith(2)by
暋暋LV(xt,t,i,j)=Gi(x(t),x(t-氂(t)),t)+
殼Gi,j(x(t),t),

where
085 GuangxiSciences,Vol灡24No灡6,December2017



暋暋Gi(x,y,t)=灥Vi(x,t)
灥t +灥Vi(x,t)

灥x
·

[fi(x,y,t)+hi(x,t)ui(x)]+
1
2trace[gT

i (x,y,t)灥
2Vi(x,t)
灥x2 gi(x,y,t)]+

暺
N

j=1
毿ijVj(x,t),

暋暋殼Gi,j(x,t)=灥Vi(x,t)
灥x hi(x,t)(uj(x)-

ui(x)).
ThenthegeneralizedIt昲formula[13]canbegivenas
follows
暋暋EV氁(t2)(x(t2),t2)=EV氁(t1)(x(t1),t1)+

E曇
t2

t1
LV(xs,s,氁(s),氁(s-毮))ds,t2 曒t1 曒t0. (3)

暋暋Tomakethispapermorereadable,wegivethe
definitionofpthmomentexponentialstability.
Definition1暋Thezerosolutionofsystem (2)is
pth飊momentexponentiallystable,ifthereexisttwo
positivescalarsMand毭suchthat
暋暋E暚x(t)暚p 曑ME暚氄暚p

氂-e-毭(t-t0),t曒t0.

2暋Stabilityanalysis

Theorem1暋Considerhybridstochasticsystem (2),

ifthereexistnonnegativefunctionsVi 暿C2,1(RRn 暳
RR+;RR+ ),positiveconstantsc,焵c,毼1,毼2,ci,j,j 曎i,

suchthatforanyx,y暿RRn,i,j暿 M,thefollowing
conditionshold:

暋暋c暚x暚p 曑Vi(x,t)曑焵c暚x暚p, (4)

暋暋Gi(x,y,t)曑 -毼1暚x暚p +毼2暚y暚p, (5)

暋暋殼Gi,j(x,t)曑ci,j暚x暚p,j曎i, (6)

暋暋c毼2+c暺
N

i=1
暺
N

j=1,j曎i
ci,jPji(毮)<c毼1, (7)

wheree毎毮=(Pij(毮))N暳N,thensystem (2)ispth飊mo灢
mentexponentiallystable.
Proof暋SetW(t)=e毭(t-t0)V氁(t)(x(t),t),where毭=

毼1-暺
N

i=1暺
N

j=1,j曎ici,jPji(毮)
焵c .Applyingthegener灢

alizedIt昲formulatoW(t)andutilizingconditions
(5)and(6),wehave

暋暋EW(t)=EW(t0)+E曇
t

t0
e毭(s-t0)[毭V氁(s)(x(s),s)+

LV(xs,s,氁(s),氁(s-毮))]ds曑EW(t0)+

E曇
t

t0
e毭(s-t0)[(毭c-毼1+c氁(s),氁(s-毮))暚x(s)暚p +

毼2暚x(s-氂(s))暚p]ds.

暋暋Letci,i=0,i暿 M,thenforanyt曒t0,

暋暋c氁(t),氁(t-毮)=暺
N

i=1
暺
N

j=1,j曎i
ci,jI{氁(t)=i}I{氁(t-毮)=j}=

暺
N

i=1
暺
N

j=1,j曎i
ci,jE{I{氁(t)=i}I{氁(t-毮)=j}旤Ft-毮}=

暺
N

i=1
暺
N

j=1,j曎i
ci,jI{氁(t-毮)=j}E{I{氁(t)=i}旤Ft-毮}=

暺
N

i=1
暺
N

j=1,j曎i
ci,jI{氁(t-毮)=j}P{氁(t)=i旤氁(t-毮)=j}=

暺
N

i=1
暺
N

j=1,j曎i
ci,jI{氁(t-毮)=j}Pji(毮)曑 暺

N

i=1
暺
N

j=1,j曎i
ci,jPji(毮).

Basedonthisfact,wehave

暋 暋EW(t) 曑 EW(t0)+ 毼2曇
t

t0
e毭(s-t0)E暚x(s -

氂(s))暚pds.
Applying (4)again,theaboveinequalitycanbe
transferredto

暋暋e毭(t-t0)E暚x(t)暚p 曑
焵c
cE暚氄暚p

氂- +

毼2

c曇
t

t0
e毭(s-t0)E暚x(s-氂(s))暚pds. (8)

暋暋Defineastrictlymonotonicallyincreasingfunc灢

tion氀(t)=c焵ct+焵c毼2et焵氂+c暺
N

i=1暺
N

j=1,j曎ici,jPji(毮)-

c毼1,thenitfollowsfrom (7)that氀(0)< 0and

氀(毭)=焵c毼2e毭焵氂 >0.Accordingtotheintermediateval灢
uetheorem,thereexistaconstant毲 暿 (0,毭)such

that氀(毲)=0,whence 毼2e毲焵氂

c(毭-毲)=1.Inthesequel,we

willshowthatforany毢>1,

暋暋E暚x(t)暚p 曑 c
cE暚氄暚p

氂-e-毲(t-t0) <

毢Me-毲(t-t0),炐t曒t0-焵氂, (9)

whereM =
焵c
cE暚氄暚p

氂-.If(9)isnottrue,thenby

thecontinuityofE暚x(t)暚p on(t0,+ 曓),there
existst1 >t0suchthatE暚x(t1)暚p 曒毢Me-毲(t1-t0).
Lett* =inf{t暿 (t0,t1],E暚x(t)暚p 曒
毢Me-毲(t-t0)},wehave
暋暋E暚x(t* )暚p =毢Me-毲(t*-t0),E暚x(s)暚p <
毢Me-毲(s-t0),foralls暿 [t0-焵氂,t* ).
Theninequality(8)hastheestimationatt*

暋暋e毭(t*-t0)E暚x(t* )暚p 曑M+
毼2

c曇
t*

t0
e毭(s-t0)毢Me-毲(s-氂(s)-t0)ds曑M+

毼2

ce毲焵氂毢M曇
t*

t0
e(毭-毲)(s-t0)ds<毢M(1- 毼2e毲焵氂

c(毭-毲))+

毼2e毲焵氂

c(毭-毲)毢Me(毭-毲)(t*-t0)=E暚x(t* )暚pe毭(t*-t0),
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whichleadstoacontradiction.Therefore,(9)holds.
Letting毢曻1+in(9),itfollowsthat

暋暋E暚x(t)暚p 曑 c
cE暚氄暚p

氂-e-毲(t-t0).

Therefore,system (2)ispth飊momentexponentially
stable.
Remark1暋Theorem1revealsthatifthesynchro灢
nousswitchedcontrolledsystem (1)ispth飊moment
exponentiallystable (i.e.theconditions (4),(5)

and(7)with毮=0hold),thenthereexistsasmalle灢
nough毮suchthattheasynchronousswitchedcon灢
trolledsystem (2)isalsopth飊momentexponentially
stable.Actually,itfollowsfrom (7)thattheadmis灢
sibletimedelayofmismatchedswitchingcanbeeas灢
ilycalculatedforthesynchronousswitchedcon灢
trolledsystemswiththepre飊designedcontrollerand
thegeneratorofMarkovchain.Ontheotherhand,it
isinterestingtocompareourresultwithexistingre灢
sultsforthecaseofsynchronousswitchedsystems.
Comparedwithresults[16飊18],theconditionsof
Theorem1isnotonlyirrespectiveofthesizesofthe
statedelaybutalsodoesnotimposeanyrestriction
onthederivativeofthedelay.DifferentfromtheRa灢
zumikhin飊typeresults[13,19,22],Theorem1isestab灢
lishedbyutilizingproofsbycontradictiontoesti灢
mateanintegralinequality,andthusleadingtosim灢
plerstabilityconditions.
暋暋Fortheconstantdelaycase,condition (7)of
Theorem1canberelaxed.Thatis,ifweset氂(t)曉
氂,thenwehavethefollowingresult.
Corollary1暋Considerhybridstochasticsystem (2),

ifthereexistnonnegativefunctionsVi 暿C2,1(RRn 暳

RR+;RR+),positiveconstantsc,c,毼1,毼2,ci,j,j 曎i,

suchthatforanyx,y 暿 RRn,i,j暿M,thefollowing
conditionshold:

暋暋c暚x暚p 曑Vi(x,t)曑c暚x暚p, (10)

暋暋Gi(x,y,t)曑 -毼1暚x暚p +毼2暚y暚p, (11)

暋暋殼Gi,j(x,t)曑ci,j暚x暚p,j曎i, (12)

暋暋毼2+暺
N

i=1
暺
N

j=1,j曎i
ci,jPji(毮)<毼1, (13)

wheree毎毮=(Pij(毮))N暳N,thensystem (2)ispth飊mo灢
mentexponentiallystable.
Proof暋ChooseaLyapunovfunctionforsystem (2):

W(t)=e毭(t-t0)V氁(t)(x(t),t),where毭isauniqueposi灢

tivesolutionofc毭+毼2e毭氂 +

暺
N

i=1暺
N

j=1,j曎ici,jPji(毮)-毼1 =0.Applyingthe

sametechniqueusedabove,wehave

暋暋EW(t)曑 EW(t0)+E曇
t

t0
e毭(s-t0)[(c毭-毼1 +

暺
N

i=1
暺
N

j=1,j曎i
ci,jPji(毮))暚x(s)暚p +毼2暚x(t-

氂)暚p]ds曑EW(t0)+(c毭-毼1+

暺
N

i=1
暺
N

j=1,j曎i
ci,jPji(毮))E曇

t

t0
e毭(s-t0)暚x(s)暚pds+

毼2e毭氂E[曇
t0

t0-氂
e毭(s-t0)暚x(s)暚pds+

曇
t-氂

t0
e毭(s-t0)暚x(s)暚pds]曑 [c+(1-

e-毭氂)毼2e毭氂/毭]E暚氄暚p
氂.

ThisimpliesthatE暚x(t)暚p 曑
焵c+(1-e-毭氂)毼2e毭氂/毭

c E暚氄暚p
氂e-毭(t-t0).Theproofis

complete.

3暋Application

暋暋SometheoreticalresultsofasynchronousMark灢
ovianswitchingcontrolforanonlinearhybridsto灢
chasticsystemareestablishedintheprevioussec灢
tion.Wenow applytheseresultstoestablishan
LMI飊basedstabilityconditionandsolvethecontrol灢
lerdesignproblemforaclassofnonlinearstochastic
systemsunderasynchronousMarkovianswitching.
Theconsiderednonlinearstochasticsystemsinclude
linearsystems,recurrent neuralnetworks,some
chaoticsystemsandsoforth,whichisgivenbythe
followingstochasticdifferentialequations

暋暋

dx(t)=[C氁(t)x(t)+A0,氁(t)f氁(t)(x(t),t)+
暋暋A1,氁(t)f氁(t)(x(t-氂),t)+
暋暋B氁(t)u(t)]dt+g氁(t)(x(t),

暋暋x(t-氂),t)dw(t),t>t0,

xt0
(s)=氄(s),s暿 [-氂,0],氁(t0)=氁0

ì

î

í

ï
ï
ïï

ï
ï
ï ,

(14)

whereCi,A0,i,A1,i暿RRn暳n ,andBi暿RRn暳n0areknown
constantmatrices.Thecontrolinputisconstructed
byamode飊dependentstate飊feedbackcontrollerwith
delayedswitchingsignal:

暋暋u(t)=K氁(t-毮)x(t), (15)

whereKi 暿RRn0暳nand毮>0.
暋暋Inthefollowing,wewillassumethatthenon灢
linearfunctionsfi(x,t)andgi(x,y,t),i暿M,satis灢
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fythefollowingassumptions.
暋暋(A1)Foreachi暿M,thereexistsamatrixLi

withappropriatedimensionsuchthat
暋暋 暚fi(x,t)暚 曑 暚Lix暚,炐x暿RRn,炐t暿RR.
暋暋(A2)Foreachi暿M,thereexistrealmatrices
G1i 曒0andG2i 曒0suchthat
暋暋trace[gT

i (x,y,t)gi(x,y,t)]曑xTG1ix+
yTG2iy,炐x,y暿RRn,炐t暿RR.
3.1暋Mean飊squarestabilitycriterion
暋暋Theorem2暋ConsidertheMarkovianjumpsys灢
tem (14)with(15)satisfying(A1)and(A2).For
givenKi暿RRn0暳nanddetecteddelayofswitchingsig灢
nal毮,ifthereexistpositivematricesPi 暿RRn暳n ,and

positivescalars毬i,毼l,毩li,andci,j,i,j暿 M,j曎i,l=
1,2,suchthat(13)andthefollowingLMIshold:

暋暋Pi 曑毬iI, (16)

暋暋毊i 灳

毜i 0 PiA0,i PiA1,i

* 毞i 0 0
* * -毩1iI 0
* * * -毩2i

é

ë

ê
ê
ê
ê
êê

ù

û

ú
ú
ú
ú
úúI

<0,i暿 M,

(17)

暋暋PiBi(Kj-Ki)+(Kj-Ki)TBT
iPi-ci,jI曑0,

i,j暿 M,j曎i, (18)

where
暋暋毜i=Pi(Ci+BiKi)+(Ci+BiKi)TPi+毬iG1i+

毩1iLT
iLi+毼1I+暺

N

j=1
毿ijPj,

暋暋毞i=-毼2I+毬iG2i+毩2iLT
iLi,

thensystem (14)with (15)ismean飊squareexpo灢
nentiallystable.
Proof暋DefineastochasticLyapunovfunctioncandi灢
dateV氁(t)(x(t))=xT(t)P氁(t)x(t)forsystem (14).
Firstly,wecomputeGi(x,y,t)alongthetrajectories
ofsystem (15).
暋 暋 Gi(x,y,t)=xT(t)[Pi(Ci +BiKi)+ (Ci +

BiKi)TPi+暺
N

j=1
毿ijPj]x(t)+2xT(t)PiA0,ifi(x,t)+

2xT(t)PiA1,if(x(t-氂),t)+trace[gT
i (x(t),x(t-

氂),t)Pigi(x(t),x(t-氂),t)]. (19)

Usingcondition(16)and(A2),wehave
暋暋trace[gT

i (x(t),x(t-氂),t)Pigi(x(t),x(t-氂),

t)]曑毬ixT(t)G1ix(t)+毬ixT(t-氂)G2ix(t-氂).
(20)

Ontheotherhand,itcanbededucedfrom (A1)that

暋暋0曑 暺
2

l=1
毩li[xT(t-氂l)LT

iLi(t-氂l)-fT
i(x(t-

氂l),t)fi(x(t-氂i),t)]. (21)

where氂1=0and氂2=氂.
暋暋Applyingtheinequalities(20)-(21)to(19)

yields
暋暋Gi(x,x(t-氂),t)曑毱T

i (t)毊i毱i(t)-

毼1暚x(t)暚2+毼2暚x(t-氂)暚2.
where毱i(t)=col(x(t),x(t-氂),fi(x(t),t),

fi(x(t-氂),t)).Then,by(17),weobtain
暋暋Gi(x,x(t-氂),t)曑 -毼1暚x(t)暚2+毼2暚x(t-
氂)暚2.
暋暋Next,wecalculate殼Gij(x(t),t).
暋暋殼Gij(x(t),t)=xT(t)[PiBi(Kj-Ki)+(Kj-
Ki)TBT

iPi-cijI]x(t)+cij暚x(t)暚2.
Inequality (18)implies that 殼Gij(x(t),t) 曑
cij暚x(t)暚2.Therefore,byTheorem1,weconclude
thatthezerosolutionofsystem (14)ismean飊square
exponentiallystable.
3.2暋Controllerdesign
暋暋Basedonthemean飊squarestabilitycriterion,

thissubsectionwillsolvecontrollersynthesisprob灢
lem.Forthispurpose,assumeGli=GT

liGli,i暿M,l=
1,2,andthenweintroducetwolemmas.
Lemma1暋[29]FormatricesA暿 RRn暳N,B暿 RRN暳n,
寛毊i 暿RRN暳N,寛毊i=寛毊T

i ,X0,Xi,Hi暿RRn暳n,i=1,2,…,p,

iftheysatisfythefollowinginequalitiesforalli暿
{1,…,p}:

寛毊i+BX0A+(BX0A)T ((Xi-X0)A)T +BHi

* -Hi-HT

é

ë

ê
êê

ù

û

ú
úú

i

<0, (22)

thenitholdsthat

暋暋 寛毊i+BXiA+(BXiA)T <0,i=1,…,p. (23)

Lemma2暋[30]Foranyn暳nmatricesX >0,U,

scalar毰>0,thefollowingmatrixinequalityholds:

暋暋UX-1UT 曒毰(U+UT)-毰2X.
Theorem3暋Giventhedetecteddelayofswitching
signal毮,considertheMarkovianjumpsystem (14).
Ifforsomeprescribedpositivescalars毷i and毰li,

thereexistmatrices0<Xi暿RRn暳n,Ki暿RRn暳n0,X0 暿

RRn暳n ,andpositivescalars毬i,毼l,毩li,andci,j,i,j暿M,

j曎i,l=1,2suchthat(13)andthefollowingLMIs
hold:

暋暋毬iI曑Xi, (24)
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暋暋毊i 灳

毜i 0 殻i A0,i毩1i A1,i毩2i XiGi XiRi

* 毞i 0 0 0 0 0
* * -毰1i(X0 +XT

0) 0 0 0 0

* * * -毩1iI 0 0 0

* * * * -毩2iI 0 0
* * * * * -毇i 0
* * * * * * -

é

ë

ê
ê
ê
ê
ê
ê
ê
êê

ù

û

ú
ú
ú
ú
ú
ú
ú
úú

氈
<0, (25)

暋暋 毟ij Xi-XT
0 +毰2iBi(Kj-Ki)

* -毰2i(X0+XT
0

é

ë

ê
ê

ù

û

ú
ú) <0,j曎i,

(26)

暋暋
-毼1 毼1 毼1毚
* -毼2 0
* * -

é

ë

ê
ê
êê

ù

û

ú
ú
úúy

<0, (27)

where
暋暋毜i=CiXi+XiCT

i +BiKi+Ki
TBT

i +毿iiXi,殻i=
Xi-XT

0 +毰1iBiKi,

暋暋毞i=
-毼2I 毼2LT

i 毼2GT
2i

* -毩2iI 0
* * -毬i

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
úI

,

Gi=[GT
1i暋LT

i 暋I],毇i=diag(毬iI,毩1iI,毼1),
氈=diag(X1,…,Xi-1,Xi+1,…,XN),
毭=[P1暋…暋Pi暋…暋PN],

暋暋毚i = [ 毿i1 暋…暋 毿i,i-1 暋 毿i,i+1 暋…暋
毿iN ,

Pi=[P1,i(毮)暋…暋 Pi-1,i(毮)暋 Pi+1,i(毮)暋…暋
PN,i(毮)],

暋暋Y=diag(y1,y2,…,yN),yi=diag(ci,1,…,ci,i-1,

ci,i+1,…,ci,N),

暋暋毟ij =-2毷iXi+毷2
icijI+Bi(Kj-Ki)+(KT

j -
KT

i )BT
i ,

thentheadmissiblecontroller(15)withKi=KiX-1
0

is mean飊square exponentially stabilized system
(14).
Proof暋DefinePi=X-1

i ,Ki=KiX0,毬i=毬-1
i ,毩li=毩-1

li ,

毼l=毼-1
l ,i暿 M,l=1,2.Itiseasytoverifythat(24)

and(27)areequivalentto (16)and (13),respec灢
tively.ApplyingSchurcomplementandLemma1,

thematrixinequality(25)implies

暋暋毊
^

i 灳

毜̂i 0 A0,i毩1i A1,i毩2i

* 毞̂i 0 0

* * -毩1iI 0

* * * -毩2i

é

ë

ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
úI

<0,i暿 M,

(28)

wherê毜i = (Ci +BiKi)Xi + Xi(Ci +BiKi)T +
Xi毬iG1iXi+Xi毩1iLT

iLiXi+Xi毼1Xi+

暺
N

j=1毿ijXiPjXi,̂毞i=-毼2I+毼2毬iG2i毼2+

毼2毩1iLT
iLi毼2.Thenpre飊andpost飊multiplyingthe

bothsidesof(28)bydiag{Pi,毼2I,毩1iI,毩2iI},(28)

ischangedequivalentlyto(17).
暋暋Furthermore,applyingLemma1again,andthe
inequalities-ci,jXiXi 曑-2毷iXi+毷i

2ci,jIwhichis
derivedfromLemma2to(26),weobtain
暋暋Bi(Kj-Ki)Xi+Xi(KT

j -KT
i )BT

i -
ci,jXiXi <0.
Multiplyingtheaboveinequalitytotheleftandthe
rightbyPiyields(18).

4暋Numericalexamples

Example1暋Considerthedynamicreliabilityprob灢
lemofmultiplexedcontrolsystem[31]:

暋暋Controller1:晍x1=u1,

暋暋暋暋Plant:晍x2=1.5x1+a22x2+1.5x3,

暋暋Controller2:晍x3=u2,

wherea22=0,andu1=-k1x1-k2x2,u2=-k2x2-
k1x3.In practice,thecontrollers may befailure
whichneedtomaintenance.Therefore,itisassumed
thatthefailurerateis毸andtherepairrateis毺(>
毸),andthefailureprocessandtherepairprocessare
bothexponentiallydistributed.Thenthesystemcan
bemodeledas(14)withfollowingparameters(see
[31飊32]):

暋暋C1=
0 0 0

1.5 0 1.5
é

ë

ê
ê
êê

ù

û

ú
ú
úú0 0 0

,K1=-
k1 k2 0
0 k2 k

é

ë

ê
ê

ù

û

ú
ú

1

,

C2=
0 0 0
0 0 1.5
é

ë

ê
ê
êê

ù

û

ú
ú
úú0 0 0

,K2=-
k1 0 0
0 k2 k

é

ë

ê
ê

ù

û

ú
ú

1

,

C3=
0 0 0

1.5 0 0
é

ë

ê
ê
êê

ù

û

ú
ú
úú0 0 0

,K3=-
k1 k2 0
0 0 k

é

ë

ê
ê

ù

û

ú
ú

1

,

C4=
0 0 0
0 0 0
é

ë

ê
ê
êê

ù

û

ú
ú
úú0 0 0

,K4=-
k1 0 0
0 0 k

é

ë

ê
ê

ù

û

ú
ú

1

,Bi=
1 0
0 0
é

ë

ê
ê
êê

ù

û

ú
ú
úú0 1

,

fi=0,gi=0,i=1,2,3,4,

wherethefirstmodecorrespondstothecasewhere
bothcontrollersaregood,andthesecondandthird
modescorrespondtothecasewhereoneofthecon灢
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trollersfails,andthefourth modecorrespondsto
thecasewherebothcontrollersarefailure.Thefail灢
ureprocessandtherepairprocessforma Markov
chainwithgenerator

暋暋毎=

-2毸 毸 毸 0

毺 -(毸+毺) 0 毸

毺 0 -(毸+毺) 毸
0 毺 毺 -2

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú毺

.

暋暋Theauthorsof[17]showedthatwhen毸=0.4,

毺=0.55,k1 =2.85andk2 =0.33,thesynchronous
statefeedbackcontrolleru(t)=K氁(t)x(t)stabilized
thesysteminmeansquare.Here,weareinterested
inthathowlargedetecteddelayofthecontrollercan
betoleratetopreservethestabilityofthesystem.
暋暋ApplyingTheorem2withthesamegainmatri灢
cesand Markovgenerator,ithasbeenfoundthat
maximum modedelay毮is0.61.ByusingtheEuler飊
Maruyamamethod[33]withstepsize0.001andset灢
tinginitialvalue氁0 =3,氄(s)=[-1,-0.3,0.5]T,

thetimeresponseofthesystemisdepictedinFig.
1.Observethattheasynchronousswitchingcontrol灢
lerwith毮=0.61canguaranteethestabilityofthe
system.

暋暋Fig.1暋SimulationofExample1withk1 =2.85,k2 =

0灡33and毮=0.61;(a)Samplepathtrajectories;(b)Switching

signals

暋暋Furthermore,inordertoshowtheeffectofthe
maximumdelayofasynchronousMarkovianswitc灢

hingonthestabilityclearly,assigningthat毸 =
0灡4毿0,毺=0.55毿0,k1 =2.85andk2 =0.33,thenfor
differentvaluesof毿0,wecalculatethe maximum
valuesofthedelay毮.TheresultsarelistedinTable
1.ItcanbeseenfromthetablethatwhentheMark灢
ovswitchingisslowlyswitching,theadmissiblede灢
layofasynchronousswitchingislarge,otherwise,

theallowabledelayisrelativelysmall.Thisiscon灢
sistentwithourintuition.Next,assumethatk1 =
k2=k,wecomputetheminimumcontrolintensityk
forvarious毮.From Table2,thecalculationresults
showthatthecontrolintensityincreaseswiththe
increaseofthedelayofasynchronousswitching.
Table1暋Themaximumvaluesof毮fordifferent毿0

毿0 毮 毿0 毮
0.1 5.72 1.6 0.39
0.3 1.95 2.0 0.31
0.7 0.86 3.0 0.21
1.0 0.61 5.0 0.13

Table2暋Theminimumvaluesofk(k1=k2)fordifferent毮
毮 k 毮 k

0.05 0.09 0.25 0.93
0.10 0.21 0.30 1.70
0.15 0.36 0.35 5.48
0.20 0.57 0.40 -

Example2暋Consideratwodimensionalswitched
system (14)withfollowingparameters

暋暋C1=
2.23 -1
3 -4.

é

ë
êê

ù

û
úú92
,A01=0,

暋暋A11=
0.25 0.16
-0.2 0.

é

ë
êê

ù

û
úú51
,B1=

é

ë
êê

ù

û
úú

1
0

,

暋暋G11=
0.51 1.23
0.46 -0.
é

ë
êê

ù

û
úú4
,C2=

-1 1
-

é

ë
êê

ù

û
úú2 5
,A02=0,

A12=
0.1 -0.3
0.27 0.
é

ë
êê

ù

û
úú18
,

暋暋B2=
é

ë
êê

ù

û
úú

0
1

,G12=
0.21 0.43
0.40 -0.
é

ë
êê

ù

û
úú22
,

毎=
-1 1
1 -

é

ë
êê

ù

û
úú1
,

fi(x,t)=x,gi(x,y,t)=G1ix,i=1,2,andthetime
delayofasynchronousswitching毮=0.1.Thishybrid
stochasticsystemisnotmean飊squareexponentially
stablewithoutcontrolinput.Ourpurposeistode灢
signa mode飊dependentstate飊feedbackcontroller
(14)tostabilizethesystemwithanyconstantstate
delay.Therefore,applying Theorem 3 with the
choicesof毷1=18,毷2=12,毰11=0.06,毰21=0.05,毰12=
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毰22=0.01,ithasbeenfoundthatLMIs(24)-(27)

arefeasible,andthecorrespondingcontrolgainma灢
tricesare
暋暋K1=[-7.67暋-3.39],K2=[0.75暋-7.56].

(29)

暋暋Forsimulationstudies,weusetheEuler飊Ma灢
ruyamamethod[33] withstepsize0.001andinitial
values氁0=1,氄(s)=[4,-3]T,s暿 [-氂,0].Then,

the sample path ofthe solution is plotted in
Fig.2a-bfor氂=1and氂=10,respectively.Thecor灢
respondingswitchingsignalisalsogiveninFig.2c.
Itisseenthattheasynchronousswitchingcontroller
(14)withgainmatrices(29)indeedasymptotically
stabilizesthesystemwithdifferentdelays.

暋 暋Fig.2暋SimulationofExample2underasynchronous
switchingcontrol;(a)Samplepathtrajectoriesfor氂=1;
(b)Samplepathtrajectoriesfor氂=10;(c)Switchingsignals

5暋Conclusion

暋暋Byexploringtherelationshipbetweenthesizes
ofdetecteddelayofswitchingsignalandthegenera灢
toroftheMarkovchain,anovelintegral飊inequality飊
estimationtechniqueisdevelopedtodealwithtime飊
varyingdelay,andsomestate飊delay飊independentsta灢
bilitycriteriahavebeenestablishedforhybridsto灢
chasticretardedsystemswithasynchronousMark灢
ovianswitching.Ithasshownthatifthesynchro灢
nousswitchedcontrolledsystemispth飊momentex灢
ponentiallystable,thensufficientlysmalldelaysof
asynchronousswitchingwillnotdestroythestabili灢
tyofthesystem.Comparedwithsomeexistingre灢
sultsonthesynchronousswitching,ourTheorem1
doesnotimposeanyrestrictiononthederivativeof
statedelay.Asitsapplication,theobtainedresults
havebeenappliedtodesignstabilizing mode飊de灢
pendentcontrollerforaclassoftime飊delaystochas灢
ticsystemsunderasynchronous Markovianswitc灢
hing.Simulationresultshaveverifiedtheeffective灢
nessofthetheoreticalresults.
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