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Abstract; This paper is concerned with the following higher-order rational difference equation:
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where k and / are non—negative integers,the parameter a is positive real number,the parameters

= 0,1,

Irz+l:(1+ :

A,B;.i = 1,2,+*,k + 1 and the initial conditions are non—negative real numbers. We give the
sufficient conditions, under which every non-negative solution of the equation converges to a
period-two solution of the equation.
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Recently there has been a great interest in stud- 2 =1+ Tutktl ()], e 0.1
Xy—21

ying nonlinear difference equations for developing

some techniques,which can be used in investigating The authors showed that every positive solution of

Equation(0. 1) converges to a period-two solution of
Equation(0. 1).

the equations arising in models describing real life

situations in biologys control theorys economicss,

etc”' ™% In reference[ 1], the following difference e Motivated by the above studies.in this paper.

we investigate the following difference equation
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quation was investigated:

Tyl :a+ =041, (0-2)

:2015-02-16 where k[ are non—negative integers,the parameter a
:201370471091’8 , is a positive real number, the parameters A,B;,i =
G 1,24+++5k+1 and the initial conditions are non—nega-
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2012GXSFA276040)  NSF of Guangxi University of Technology ( No. ket
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max{2k+1,2L},5s = I:%:I . We assume that the fol-

lowing statement is true:
(H) » > 1and i, +i,,**+1, are relatively prime.
Under this condition, we show that every solu-
tion of Equation(0. 2) converges to a period-two so-
lution of Equation(0. 2) if and only if
qg=A+a.
Since 7; 525 5*** s 1, are relatively prime,there exist non
-zero integers A; sAz 5 *** 54, such that
AirH A 20, = 1.
In the sequelsfor convenience;set
Ny =sCl A | iy +| A [ iz 4+ X 7)), then
for—s<<{j<s,
No+j=stUxlatlali++la i)+
J=Gla l+Ha0a+ Gl [+Ra)0 4+
G [ A [44a04,.

1 Preliminaries

Now some definitions and known results are
presented which will be useful in the investigation.

Let f:J"" — J be a continuous function,where
k is a non—negative integer and J is an interval of real
numbers. Consider the difference equation

T = f(x, s x,) sn = 0,1, (1.1)
with initial conditions &—, sx 41120 € J.

We say that {x,},— is a period-two solution of
Equation(1. 1) if {x,},2— is a solution of Equation
(1.1) and

X, = Zne for alln =—k.

The following result about Full Limiting Se-
quence is due to Karakostas.

Theorem 1. 1) Let {x,};= + be a solution of

Equation(1. 1). Set I = lim inf x, »S = limsup x, and

suppose that I,S € J. Let L be a limit point of the
sequence (&, },—— . Then the following statements
are true:

(1) There exists a solution {L, },—_.. of Equation
(1. 1), called a full limiting sequence of {x,},~—»
such that L, = L, and such that for everym &€ Z ,L,,
is a limit point of {x,}, — .

(2) For every i, € Z ,there exists a subse-

quence {z, };Zy of {x, },= such that L, = limz, y, for

>0

every n =i .

JEAE 201355 A F 2055 24

2 Main results

Lemma 2. 1 The following statements are
true:

(1) There exists a non—negative solution of E-
quation(0. 2) s which is periodic with prime period-
two if and only if

q=A+a.

(2)Suppose ¢ = A+ a. Then

PR W
is a solution of Equation (0. 2), which is periodic
with prime period-two if and only if

a(A+¢+¢) = & and ¢ #~ ¢.

The proof of Lemma 2. 1 follows by simple
computations and will be omitted.

Lemma 2.2 Suppose g = A + «. Then every
non-negative solution of Equation(0. 2) is bounded.

Proof Let {x,},-—, be a non—negative solution
of Equation(0. 2). Choose m,M > 0 such that

m < min {1,225 201 ) << Maxix sz,

Tt < Mya(A+ M-+ m) = Mm.
From Equation(0. 2) we get

1
5 71821711}72:\2
i

_ qm
" Q+A+M<a+ A+~T172171 <a+
M
A +m M,
1. €.

m < x., << M.
It follows by induction that

m< x, < Mforalln > 1.
Hence {x,},-—, is bounded, and the proof is com-
plete.

Remark Let {x,},-—, be a non-negative solu-
tion of Equation (0. 2). It follows by Lemma 2. 2
that 0 <liminf x, <limsup x, << o°©. Throughout the

remainder of this section.,set

I = lim inf 2, and S = limsup x,.

n—>00 n—>co

Theorem 2.1 Every solution of Equation(0. 2)
converges to a period —two solution of Equation
0. 2).

Proof Let {x,},-—, be a non—negative solution
of Equation(0. 2). Note that g = A +a . hence

(A+a)S A+l

S<at A+1T A+S

9I>C(+

It flows that
89



alA+S+1D = SI.
Setmo = 25 max{ ‘ Al ‘ ’ ‘ Az ‘ 9% | /\7» ‘} SUIT
pose,without loss of generality that there is a sub-

sequence { }iZoof {x, }2— such that

}Lmryk =1, =1, l1mTZL =1 ’th{lr” =1,
’ ’jll)frgfz/ —20my+H1HN O T Imo—/+1+s\"o+/s ’ (2. D
jlirPx;h o =S ,}Lr{lxzﬁ 3= Sy,
}11}3125,72(”;0 LN ++1 = S 14N+ (2.2)
Note that
S B
Ty, = at yEm— ,
by taking limits.as j = ©©, we have
By I
et ZA+S,+1 St G L
Note that I<{I;,S; < Sforall: € {1,2,sm,+1+
1+ No +£%} swe have
r1
DBy = (A+)1.S., = S.
=1
Since
Bg,’j71 #=0forj=1,2,,7,
we have
Iij =Iforj=1,2,-,r.
It follows by induction that for pi,ps.+*,p, € {0
15250},
I/;111+/)2i2+---+/)7,i, = I’S/+l+/»11‘1+/)2i2+<--+/)7,iy = S.
For — s <{ j <5, note that
Ny +j5=CGlal+004 [, +
s+ GlA [+,
we have
In+j = 1.Siin,+; = Sfor —s << j < s.
(2.3
Similarly,by S;s1 = S swe get Iy = I, from which
we get
Lyvring ;g = L or —s << j <5, 2.4

Now we claim that there exists ¢ € N such that

I.=1,S,=Sforc—s<<i<ec. (2.5)
In fact,Case 1: /< k. Thens =k, takec = N, +5s ,
note that formula(2. 3),hence formula(2. 5) holds.
Case 2: L = k. Thens =k =1, takec = N, +2s+1
snote that formula(2. 3) and(2. 4), hence formula
(2.5) holds. Case 3: [ > k. Thens = [, takec = N,

90

-+ 27+ 1 ,note that formula(2. 3) and (2. 4), hence
formula(2. 5) holds.

(S —a)ec S—a
I "‘6*01 I 70(.

Then.in view of formula(2 1) and (2. 2) . there ex

Lete¢ > 0 be givenssetq =

istsz =0, such that
s L2k, —2(c—s) < I+

Lok, —2c 9 L2k, ~2(c—1) 2 °"°

and

L2k, —2c+1 9 L2k ~2(c—D+1 2 """ 2 Lok —2(c—9)+1 >S—aq
Hence

qgI+0
Lok 2tz << a+-+——"— =144
i A+S—q
q(S (1) .
Lok, —2(c=)+3 >gqt+——F"- =S—q.

A+ T+
It follows by induction that for all n = 2k; — 2¢ s we
have
x, << I+¢, whennis even;

x, > S—
And so clearly

a s when 7 is odd.

hml'z“ = IalimIZnJrl = S.

n—>co n—>co

The proof is complete.
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