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Abstract:Multig raph Ramsey numbers are generalized to generalized mult igraph Ramsey num-
bers.Upper bounds and const ruct ive low er bounds fo r some multig raph Ramsey numbe rs are

obtained based on the Turán numbe rs for complete graphs ,by which their values are obtained.
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摘要:将多图 Ramsey数推广为广义多图 Ramsey 数.利用完全图的 Turá n 数 , 给出一些多图 Ramsey 数的上界

和构造性下界 , 进而确定出它们的准确值.
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　　The mult ig raph Ramsey number is defined in

reference[ 1] based on set-colo ring , as a generaliza-
tion o f the classic Ramsey number.In this paper , the
multig raph Ramsey number f(r)(a1 , … ,ak)is gene r-
alized to the generalized multig raph Ramsey numbe r

f
(r)(G1 , … ,Gk), and the upper bounds and con-
st ructive low er bounds fo r some mult igraph Ramsey

numbers are obtained based on the Turán numbers
fo r complete g raphs , by which their values are ob-
tained.

1　Upper bounds for generalized multigraph

Ramsey numbers

　　Let M(r)
n be the multig raph of o rder n , in w hich

there are r edges betw een any tw o different verti-
ces.In reference[ 1] , the multig raph Ramsey num-
ber f

(r)(a1 , … , ak)is def ined to be the m inimum

posit ive integ er n such that in any k-edge colo ring
of M(r)

n (every edge is colo red w ith one among k giv-
en colo rs , and edge s betw een the same pair of verti-
ces are colo red w i th dif fe rent co lors), there must

be some i ∈ {1 , … , k}such that M(r)
n has a com-

plete subg raph of o rder a i , of w hich all the edges

a re in co lor i .
　　No te that the set-colo ring of edges in a g raph is
the same as the edge-colo ring of a multig raph , in

w hich the edges be tw een the same pair o f vert ices

must be in di fferent co lors.Multig raph Ramsey

numbe r is a gene ralizat ion of the classic Ramsey

numbe r , because that the classical Ramsey number
R(a1 , …, ak)= f

(1)(a1 , … ,ak).In refe rence [ 2] ,

Ramsey numbers for mult igraph w ere studied wi th-
out success , because the autho rs had not used set-
colo ring.
　　For simple g raph G , H i sG-free if H contains no

subg raph that is isomo rphic to G .Other notations
used in this paper can be found in refe rence[ 1] and

reference[ 3] .
　　The gene ralized multig raph Ramsey number

f
(r)(G1 , … , Gk)is def ined to be the minimum posi-
tive integ er n such that in any k -edge colo ring o f

M
(r)
n (every edge is colo red w i th one among k given

colo rs , and edges be tw een the same pair of vertices
a re co lored w ith different co lors), there must be
some i ∈ {1 , … , k}such that M(r)

n has a subg raph

isomorphic to Gi , of w hich all the edge s are in

colo r i.
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　　If Gi i s isomorphic to G fo r any i ∈ {1 , … , k},
then w e denote f (r)(G1 , …,Gk)by f

(r)
k (G).

　　Some results on multigraph Ramsey numbers

can be generalized , and can be proved similarly .
　　Le t Turán number t(G , n)deno te the maximum
number o f edges in any G-f ree graph of order n .
Turán number for complete number is determined in
Turán theorem

[ 4]
.

　　Theorem 1　If ∑
k

i =1
t(Gi ,n)< r C

2
n , then

　　 f
(r)(G1 , …, Gk)≤n .

　　Proof　 If f(r)(G1 , … ,Gk)>n , then there are k
subg raphs of K n , say H1 , …, H k , of o rder n such
that H i i s Gi -f ree fo r any i ∈ {1 , …, k}, and every
edge of K n i s in r subg raphs among {H1 , …, Hk}.
Thus

　　∑
k

i=1
E(Hi) =r C

2
n .

　　On the othe r hand , E(H i)≤ t(Gi ,n)because

that H i is Gi-f ree ,which contradicts wi th ∑
k

i=1
t(Gi , n)

<rC
2
n .Thus

　　 f
(r)
(G1 , …, Gk)≤n .

　　In part icularly , Theo rem 1 together w i th Turán
Theorem can be used to obtain the upper bounds fo r

multig raph Ramsey numbers.N ote this appro ach

can no t be used to study the upper bound for the

classical Ramsey number.For instance , through
some simple computat ion , we can obtain the follow-
ing uppe r bounds.

　　Corol lary 1　 f
( m
2m-1

Cm
2m
)

Cm
2m

(3)≤2m +1 and

　　 f
(m+1
2m+1

Cm
2m+1

)

C
m
2m+1

(3)≤2m +2 .

　　Proof　By Turán Theorem we know that t(K 3 ,
2m +1)=m(m +1).Since tha t

　　 m
2m -1

C
m
2mC

2
2m+1 =(2m +1)m

2

2m -1
C

m
2m >m(m +

1)C
m
2m ,

by Theorem 1 w e have f
( m
2m-1

Cm
2m
)

Cm
2m

(3)≤ 2m + 1.

f
(m+1
2m+1C

m
2m+1

)
C
m
2m+1

(3)≤2m +2 can be proved by Theorem 1

similarly .

2　Constructive lower bounds based on Turán
graphs

　　In this section , we wi ll give const ructive lowe r
bounds for some generalized mul tig raph Ramsey

numbers based on Turán g raphs.Note in reference
[ 1] it w as pro ved that f (r)k (q)≤ f

(sr)
sk (q).

2.1　Lower bounds for generalized multigraph Ram-
sey numbers

　　Theorem 2　If G i s a simple graph o f o rder n ,

and Aut(G)is the automo rphism g roup o f graph

G , then
　　 f

(2(n-2)!t(G , n)/|Aut(G)|)
n/!|Aut(G)| (G)>n .

　　Proof　Let H be the Turán g raph o f G , with n

ve rtices and t(G ,n)edges.So we can f ind n !sub-
g raphs that are isomo rphic to H in the complete

g raph K n .Based on these n !subg raphs of K n ,we can

g iveM
(r)
n an n-!edge colo ring that show s f

(r)
n !(G)>n

,where r = n !t(G ,n)
C
2
n

=2(n -2)!t(G , n).T hus we

obtain that f
(2(n-2)!t(G , n))
n ! (G)>n .Similarly , for the n !

-edge colo ring o f M(r)
n , there are |Aut(G)|sub-

g raphs isomorphic to H w ith the edges wi th common

ends ,we delete|Aut(G)|-1 ones o f them.This n !
/ |Aut(G)|-edge colo ring of M(r/|Aut(G)|)

n show s that

　　 f
(2(n-2)!t(G , n)/|Aut(G)|)
n/!|Aut(G)| (G)>n .

2.2　Values of some multigraph Ramsey number

　　In this subsection w e wi ll give const ructive

lowe r bounds fo r some multigraph Ramsey numbers

based on Turán g raph.

　　Lemma 1　 f
( m
2m-1

Cm
2m
)

Cm
2m

(3)>2m , and

　　 f
(m+1
2m+1C

m
2m+1)

C
m
2m+1

(3)>2m +1 .

　　Proof　Let H be the Turán g raph of g raphK 3 ,
w ith 2m vertices.By Turán theo rem we know that H

must be isomorphic to K m ,m and of m
2
edges.The re-

fore similar to the proo f o f Theorem 2 , we have that

f
( m
2m-1

Cm
2m
)

Cm
2m

(3)>2m .Similarly w e can obtain that

　　 f
(m+1
2m+1(

m
2m+1)

( m
2m+1

) (3)>2m +1 .

　　By Coro llary 1 and Lemma 1 w e can obtain the
following theo rem on the value of some mult igraph

Ramsey numbers.

　　Theorem 3 f
( m
2m-1

Cm
2m
)

Cm
2m

(3)=2m +1 , and

　　 f
(m+1
2m+1C

m
2m+1

)
C
m
2m+1

(3)=2m +2 .

References:

[ 1] 　Xu X , Shao Z , Su W , et al.Set-coloring o f edge s and
multig raph Ramsey number s[ J] .Graphs and Combinati-

o rics , 2009 , 25:863-870.
[ 2] 　H arary F , Schw enk A J.Genera lized Ramsey theor y of

g raphs VII Ramsey number s f or multig raphs and ne t-
wo rks[ J] .Ne tw o rks , 1978 , 8(3):209-216.

[ 3] 　Bondy J A ,Mur ty U S R.Graph theor y with applications

[ M ] .New York:Elsevie r science publishing co , inc ,
1976.

[ 4] 　Turá n P.On an extr ema l problem in g raph theo ry[ J] .
Mat Fiz Lapok , 1941 , 48:436-452.

(责任编辑:陈小玲)　　

188 Guangxi Sciences , Vol.18 No.3 , August 2011


