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Abstract: M ultigraph Ramsey numbers are generalized to generalized multigraph Ramsey num -
bers. Upper bounds and constructive lower bounds for some multigraph Ramsey numbers are

obtained based on the Turdn numbers for complete graphs, by which their values are obtained.
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The multigraph Ramsey number is defined in
reference[ 1] based on set-coloring, as a generaliza-
tion of the classic Ramsey number. In this paper, the
multigraph Ramsey number f” (a1, ++ ax ) is gener-
alized to the generalized multigraph Ramsey number
£ (G, + Gy and the upper bounds and con-
structive lower bounds for some multigraph Ramsey
numbers are obtained based on the Turdn numbers
for complete graphs, by which their values are ob-

tained.

1 Upper bounds for generalized multigraph
Ramsey numbers

Let M3 be the multigraph of order n, in which
there are r edges between any two different verti-
ces. In reference| 1], the multigraph Ramsey num-
ber £ Car, - ac) is defined to be the minimum
positive integer n such that in any k -edge coloring
of M (every edge is colored with one among k giv-
en colors, and edges between the same pair of verti-

ces are colored with different colors), there must
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be some i € {1, - k} such that M»” has a com-
plete subgraph of order ai, of which all the edges
are in color i .

Note that the set-coloring of edges in a graph is
the same as the edge-coloring of a multigraph, in
which the edges between the same pair of vertices
must be in different colors. Multigraph Ramsey
number is a generalization of the classic Ramsey
number, because that the classical Ramsey number
RCa, v a) = " (a, -~ a0 . In reference[ 2],
Ramsey numbers for multigraph were studied with-
out success, because the authors had not used set-
coloring.

For simple graph G, His G free if H contains no
subgraph that is isomorphic to G. Other notations
used in this paper can be found in reference| 1] and
reference| 3] .

The generalized multigraph Ramsey number
£ (Giy ++ Gi) is defined to be the minimum posi-
tive integer n such that in any k -edge coloring of
M (every edge is colored with one among k given
colors, and edges between the same pair of vertices
are colored with different colors), there must be
some i € {1, -+ k} such that M,” has a subgraph
isomorphic to Gis of which all the edges are in

color 1.

187



If Giis isomorphic to Gfor any i € {1, -~ k} ,
then we denote f (G, -+ Ge) by £ (@ .

Some results on multigraph Ramsey numbers
can be generalized, and can be proved similarly.

Let Turan number ¢(G, n) denote the maximum
number of edges in any G -free graph of order n .
Turdn number for complete number is determined in

. 4
Turdn theorem'" .

k
Theorem 1 If Et(Gi, n)<< r Cu , then

=t
(G, s GO n.

Proof If /7 (Gi, - G:)>> n, then there are k
subgraphs of K., say Hi, -5 Hi, of order n such
that Hiis Gi free for any i € {1, --4 k} , and every
edge of K» is in r subgraphs among { H1, -5 Hk} .

Thus
k
SEHD|=rCh.
=1
On the other hand, E(H:) << t(Gi, n) because

k

that Hiis Gi free, which contradicts with Z[(Gi7 n)
=

< 1Cx . Thus

£ (G GO< .

In particularly, Theorem 1 together with Turdn
Theorem can be used to obtain the upper bounds for
multigraph Ramsey numbers. Note this approach
can not be used to study the upper bound for the
classical Ramsey number. For instance, through
some simple computation, we can obtain the follow -
Cn

ing upper bounds.
Corodllary 1 fégq "(3)<< 2m+ 1 and

1 m
fari S 3 <om+2.

Proof By Turin Theorem we know that ¢(K3,
2m—+1)= m(m+ 1). Since that

2
i ngmC%erl - M(}nﬂz > m (m +

2m — 1 2m— 1
I)C{lm )
by Theorem 1 we have f(i'r_f:_lc;’> G) < 2m+ 1.

mhL o
f(@zn"ﬁ_']cz”f“) (3) << 2m—+2can be proved by Theorem 1

similarly .

2 Constructive lower bounds based on Turan
graphs

In this section, we will give constructive lower
bounds for some generalized multigraph Ramsey
numbers based on Turan graphs. Note in reference
[ 1] it was proved that fi” () << f&” (@) .

2.1 Lower bounds for generalized multigraph Ram-
sey numbers

Theorem 2 If Gis a simple graph of order n,
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and Aut (G) is the automorphism group of graph
G, then

fﬁ_(m?()ct‘(ﬁ")/ Auce h (D> n.

Proof Let H be the Turdan graph of G, with n
vertices and #(G,n) edges. So we can find n lsub-
graphs that are isomorphic to H in the complete
graph K, .Based on these nslubgraphs of K» s we can
give M, an n-edge coloring that shows f4V ()= n

nt'(g n) _ 2(n —2)4(G, n) . Thus we

,wherer =

Q=2 0G n))

obtain that fu1 (G@®> n .Similarly, for the n |
- edge coloring of M,” , there are [Aut(G | sub-
graphs isomorphic to H with the edges with common
ends, we delete |Aut(G) 1 ones of them. This n |
/ 1Aut @) | -edge coloring of M,” MOD Shows that

QGr-214G, n)/ Aut(® D
fn/! Auw@ | (G)> n.

2.2 Values of some multigraph Ramsey number

In this subsection we will give constructive
lower bounds for some multigraph Ramsey numbers

based on Turdn graph.
Lemma 1 f%;@—]cgm) (3)> 2m, and

CTIRICIEE
far 3)>2m+1.
Proof Let Hbe the Turan graph of graphKs ,
with 2m vertices. By Turdn theorem we know that H
must be isomorphic to Kmm and of m’ edges. There-

fore similar to the proof of Theorem 2, we have that
f(czzﬁ_chg’ "3 > om . Similarly we can obtain that
FETTD 3)> omt 1.
By Corollary 1 and Lemma 1 we can obtain the

following theorem on the value of some multigraph

Ramsey numbers.
Theorem3 /& " 3) = 2m+ 1. and
nrtl a
Friem (3) = 2 .

2m—+1
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