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Abstract A new concept of N o511 metwork is given, and demonstrate that it s weaker than R -

weak base through an example. Then some characterizations about 830 - network are given, and

the relations among R o - eak base, R -1 -netw ork, ¢s —network, ¢s -network are discussed.
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Certain images of metric spaces have been studied
extensively in the past years[l]. It plays a very
important role in general topology. There are many
excellent results which have been made by many
people. C. Liu, S. Lin"/ defined S50 ~weak base. It is
very well connect weak base and 0 -weak base. C
Liu and S. Lin""’ prove that X is a quotient, countable—
to-one image of a metric spaces if and only if X has a
point-countable and point-countable o -weak base
From this, they generalized the 0 = eak base.

From their definitions, we easy know that a weak
base is anS3 0 -weak base But S50 —weak base may not
be weak base. We will give a new concept as a

of o -weak

characterizations of it- Therefore we generalize C. Liu s

generalization base, and some

and S. Lin s results.
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Throughout this paper, all spaces are regular T,
all maps are continuous and onto, and N is the set of
positive integer numbers. Sequence {xin € N},
sequence {Pr: 1€ N} of subsets and sequence {7« n
€ N} of collections of subsets are abbreviated to {x.},
{Pr} and {#’n} respectively. For terms which are not
defined here, please refer to reference [2] and related

references.
1 Definitions

Definition 1. 1 Let.%7 be a family of subsets of a
space X. .7 is said to be an S0 mnetw ork forX if. %
=U {(Z(n): X X< N} satisfies

(1)foreach xX& X,n< N,.%«(n)is anetwork at
x. Ttis closed under finite intersections and x&

N .Bx(n).

(2) L is a sequence converging tox & L inX.
Then there exist a subsequenceL, of L andno& N such
that L is eventually in Bx (n0) for any Br (no) €
L (o) .

X is called S o-sn -weakly firstcountable in the
sense of Sirois-Dumais”' if X has an 307 metwork
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B=U [ F:(n): ¥ XK= N}, B« (n) is countable for
eachx€ X.n€ N.

A spaceX is called S 0= -metric space if X' has a
€ docally finite N o-sn network. S o-s -network is a
generalization of N0 ~weak base and  metwork. It is
very easy to see that 50 ~weak base doesn't implysn —
network. For example, S has a countable 33 o = eak
base, but it does not have a countable sn —network
(since Frechet space with a countablesn —netw ork has
a countable base). sn network does not imply N -
weak base. For example, Uk ( stone-eech
compactification of k) is83 05 -weakly first—countable
since every convergent sequence is finite, but it is not
DY -w eakly first-countable, since it is not a sequential
space (a sequential space in which every convergent
sequence is finite is a discrete space) .

Definition 1. 2*  Let X bea space, PC X is
called a sequential neighborhood of x in X, if each
sequence converging tox inX is eventually in P.

Definition L 3°'  Let/: X> Y be a sequentially
quotient map if whenever {).} is a convergent
sequence in Y, there is a convergent sequence {x« } inX
with each v € £ ' ().

Definition 1. 4 Let” be a cover of X, then”’
is called a k —network for X if for any compact set K
and for any open set U such that KCJ 2 C U for
some finite”” C7 . A space X is called 3 —space if X

has € Hocally finitek metw ork.
2 Main results

In this section, we give some characterizations
about 3 0-n -network, and the relations among N -
weak Dbase, R - -network, c¢s -network, o -
netw ork are discussed.

Lemma 2 1% X has a point-countable&O -
weak base #=U [#. (n): x€ X,nE N).L bea
sequence converging tox< L in X. Then there exists
a subsequence L' of L andm€ N such that L is
eventually inBx(m,m) foranym& N.

Remark 2. 1

know that point—countable N0 -weak base is SSo-s1 -

From the Lemma 2. 1, it is easy to

netw ork.

Remark 2.2 From the definition of N o-sn —
network, it is easy to know thatS o-sm network iscs
—netw ork.
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Theorem 2. 1 Point—counatble N =veak base is
equivalent to a sequential space with a point—tountable
0 -network.

Proof Suffidency. Let-Z=U {#x(n): X X.n
€ N} bea point—countable& o —-weak base of a space
X. From Lemma 2. 1,it is easy to see that.% is point—
countable 3 0-sn —network of a space X. Since X has
point—countable& o -weak base, thenX is$0 —w eakly
first countable space- Therefore X is a sequential
space.

Necessity. X is a sequential space with a point—
countable S 051 metwork % . We shall prove that.”
Since . is a

point-countable&o -sn network, for each x€ X ,n&

is a Point—counatble 30 -weak base.

N, .%Bx(n) is closed under finite intersections and x
€N %« (n).
U,.%x(n) is a network atX, there existsnS N such
that B« (n)C U. For anyx€ X,n€ N, there exists
B:(n)€ P+ (n) such that B« (1) U. We only need
to prove that U is an open set of X .

If Uis an open set of X and for eachx&

If Uis not open in X, then U is not sequentially
open set inX. There exists a convergent sequenceL in
X\U converging to a point x € U. Since.% is an
o metwork, there exist€ N and a subsequence
L' of L such thatL'is eventually in any elements of
Ax (no). Therefore there exists Bx(n0) € Bx (o)
such that Bx (n0)C U. ThenL/ is eventually in U. U'is
a sequentially open set. So U is an open set of X.

Theorem 2 2 Let. #=U {#x(n): x€ X.i<

N} be an 3 051 -network of a space X and 4 a subset

of X. Then {4 B:(n):B:(n)€ £:(n))} is an
$30-n metwork of 4.
Proof For anyX€ A andn€ N. It is easy to

seethat {4 B«(n) B«(n)€ % (n)} is closed under
finite intersections and x€ (| .#.(n))f) 4.

For anyxE A4 andn€ N, {4\ B:(n): B: (n)E€
Fx(n)} is a network atx in 4. In fact, if U is open in
A, A is a closed subset of X, there exists an open
subset V of X such that U= V] 4. For anyx € U
andn€ N, thereisa B (n)€ B+ (n) such thatx€
B:(n)C V. Thereforex€ B. (n)| AS {B: (n)) 4
B:(n)€ #:(n)} andB: (n)) AC U. We shall check
thatd {4N B:(n): B:(n)E Bx(n)) isan o —
network of 4.

Let L be a sequence comnverging toX ¢ LinA.
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Then L be a sequence converging tox€ LinX, since
B=U {Bx(n) x€ X, 1< N} be an 33 0-s1 —netw ork
of a spaceX. There exists a subsequenceL’ of L and no
€ N such that L' is eventually in B« (m) for any
B (n0)€ #x(m), [ A4, s0L < 4, Lis eventually in
Be (no)(1 A4 for any Bx (no) € P (no). Therefore

U {4N B (n):B:(n) € % (n)} is an No-sn -
network of 4.

Lemma 2 2 Let 2 be a €-hereditarily
closure—preserving collection of subsets of a space X. If
7 is acs -network, then? is ak metwork of X.

Theorem 2. 3 The following are equivalent for a
space X .

(1) X is an 3 057 -metric space

(2) X hasa© —discrete o - -netw ork;

(3) X has a € Hocally finiteSY 0 - —netw ork;

(4) X is an& 051 -w eakly firstcountable and
R —space.

Proof From the definition, it is easy know (1)
“>(3),and (2> (3) is obvious.

We prove (3)> (4). Let £ be a €ocally
finite Y o-n network, then .% is a point —countable
53 0-sm —netw ork, X is an5 o-sn -w eakly first-countable
space. From Remark 2. 2,.% is acs -network,% bea
€ docally finite N o-sn network, then .% is a ©-
hereditarily closurepreserving 0 network. From
Lemma 2. 2, X has a ©-hereditarily closure-preserving
k -network. So X be an® -space.

Now we prove (4> (2). X is an& —space, by
Theorem 4in reference [6], we can assume that X has
a € —discrete & —network”’ , where?’ is closed under
finite intersections. LetU {Zx(n) X X, N} be
an 3 o1 -network of X. Then for each x € X,n€
N, sinceX is an®o-sn -w eakly first countable, % (n)
is countable, here each % (n)= {Bx(n.m): m< N}
with B« (n,m+ 1)C B« (n,m) for eachm& N. For
each n€ N, let?x(n)= {P€P: B: (n,m)_ P for
somem S N }. Then?» (n) is closed under finite
intersections.J {7:(n): X X, N} is a © discrete
collection.

We shall prove that.?’x (n) is a network of X in
X. We only need to prove that there existm& N, k€
N and fixing a neighborhood U of x in X such that
B (n,m)C Pi, therefore € Zx(n) and B U. It
not, there is a neighborhood U of x inX,PZ U for
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each P€ 7« (n). Write {[PE€ 7: X P_U}= {P: k
€ N} such that B (n,m)Z P for anym, k& N. Pick
Xnk© B (n,m)\Pifor eachm= k. Letyi= xut, where
i = k+ m(m - 1)/2 Then the sequence {)i}
converges to x in X because {B: (n,m): m& N} isa
decreasing network of ¥ inX . Since”’ isacs metwork
of X, there existsk.j€ N such that {y: == j}C Px.

Pick 2= j such thatyi= xut for somem= k, thenxm
€ Pi, a contradiction.

Put.#=U {#x(n): x€ X,nE N}. We shall
prove that .% is an SN0-m network. Let L be a
sequence converging tox& L inX. Sinceld {%x (n):
x€ X,nE N} be an No-sm -network of a space X.
There exists a subsequenceL/ of L andnmo & N such
that L is eventually in Bx (no,m) for any Bx(no,m)€
Bx (no) . But Bx (no,m) C P:(no) for somem& N.L'
is eventually in Px(n0) for any Px(m) € Zx (mo).
Therefore. 2= ¥« (n): xX& X, N} is an S o= —
network of X.

Y. Gé"! give a equivalent characterization aboutsn
—-metric space. From his proof, we ask the following
question naturally.

Question 2. 1

closure—preserving o —sn -network, SNo-m -w eakly

Is a space X with € -hereditarily

first—countable space and 3 —space.

Theorem 2. 4 X is a sequentially quotient,
countable~o-one image of a metric space if and only if
X has point—countable& 081 —netw ork.

Proof Necessity. Let f: X Y be asequentially
quotient, countable-to-one map from a metric space M
onto the spaceX. Let.#Z be a point—countable base for
M. For each y€ M, let £#yC.% be a countable,
decreasing local base at y in M. Put.#'= (B
M. Then.% ' isa point-countable family of M. Since
f is a countableto—one map, f (/J)/) is a point—
countable in X. We shall prove thatU f (ﬁ,) is an
0 -network.

For each y © M, let. #By= {By: i< N} with
each By.io 1C By.i. For eachx€ X, letf” '(x)= {xu
n< NY. Because/ is countable—to-one map; let

P(n)= f(HB<). TheaU £(#)=U £+ (n): x€

X. /= N). LetU be openinX, for eachx€ U,n€
N,x.€ ' (U), thenB: .C ' (U) forsomei€ N,
thus f(Bx,.i)) € #x(n) and f(Bx.i) C U.L be a
sequence converging to X in X.f is a sequentially
Guangxi Sciences, Vol. 17 No. 1, February 2010



quotient map, there exists sequence S in M convergent
tox, € f'(x). For any £ N,anOA,E '%)x"o , from the
Lemma2 1, it is easy to see that Br, .i is a sequence
neighborhood of x»,, S is eventually in B, .i for any i<

N, so f(S) is eventually inf(Bx”O.i) forany i€ N and
S (B, i) € 7« (m), f(S) is a subsequence of L and

f(S) is eventually in any elements of #’x (o).
Therefore f (/J’/) is an S o-m -network.

Sufficiency. Let.#=U {#.(n): Xc X,k N} be
a point-countable& 051 network.- Each . Zx(n)=
{B: (n,m): W€ N} with each B: (n,m+ 1)% B«(n,
m) for eschm& N. Then any infinite subsequence%)/x
of {B: (n,m): mE N}isanetwork atx inX for each x
€ X andn€ N. We rewrite # = {Bt 1& ).
Endow I with discrete topology and let /i be a copy of
for each i€ N. For convenience sake, two families
{P:n€ N} and {Qz mE N} of subsets of a space
are said to be cofinal if there exists no,mo & N such
that Py i= QOny i foreveryi€ N. PuuM = {T= (T)
S H enlt {Br i€ N}is cofinal to.Z:1 (n) for
somex (€ X,n€ N, {B1: i€ N}is a network of
x (D) }. Definef: M> X asf (1) = x (). Itis easy to
see that f is well-defined and onto because X is T> and
each .%Zx (n) is a network of x in X for each n€ N.
Andf (D =N € NBT for each T= (TYe M. Notice
that.% is point-eountable, then f is countable-to-one
Also it is easy to provef is continuous. We shall prove
that /' is sequentially quotient map.

Let. #=U (%« (n) x€ X,nE N} be a point-
countableSS o-sn —network. It is easy to see that L be a
sequence converging toX & L inX. Then there exists
a subsequence L' of L andm€ N such that L is
eventually in Bx (no,m) forany m& N. Foreachic N
take Y€ I withBT = Bx(mo,i). Let T= (), thenT
€ M. Foreachk€ N, putm = min{m& N: &
B (no,m) ). Letzi= (UNE || ¢ Ii as follows
if i < m, pick U(k) € I with Buw = B:(mo,i) ;
otherwise pick U(k) € [ such that Buw = Brx (1, i+
+ 1). Then {Bu(k): i€ N} is cofinal to.Zx (1),
thuszx& M and f (zx) = xx. On the other hand, for
each i€ N there existsko& N such thatx+€ B: (no,

i) for any &= ko, becauseL is eventually in Bx (n0,17).
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Theni <m whenk= koby the definition of 7, so U (k)
= F. It means that {By (k) i€ N} converges to liin
the discrete space Ii. Hence z¢ converges to | in M.
Therefore, f is sequentially quotient map.

Remark 2. 3 3 o-sn -network may not besn —
network. If not, point-countable 805 network is
point-countable sn network. A space with point—
countable sn metwork is sequential space, then point—
countable sn -network is point-countable weak base.
So point-countable $30-sn -network is point-countable
weak base"'. This is not true.

Remark 2. 4 So-m metwork may not becs —
network. Every quotient finitetoone image of a
locally compact metric space does not have a point—
countable s —network”’. But C. Liu proof that it has
point—countable& o -weak base”'. Then X has point—
countable 5 o-sn network.
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