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Abstract: A new concept of 0-sn -netwo rk is given, and demonst rate that it 's weaker than 0 -

w eak base through an example. Then some characterizations about 0 -sn -netw ork are given, and

the relations among 0 -w eak base,  0 -sn -netw ork, cs -netw ork, cs* -netw ork a re discussed.
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摘要:先给出 0-sn -网的定义 ,并用实例说明此定义比 0-弱基更弱 ,并再讨论 0-sn-网的一些性质 ,得出 0-

弱基、 0-sn -网、 cs-网、 cs* -网之间的一些等价关系 .
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　　 Certain images of metric spaces have been studied

ex tensively in the past years
[1 ]
. It plays a very

impo rtant role in general topology. There a re many

excellent results which have been made by many

people. C. Liu, S. Lin[2 ] defined 0 -w eak base. It is

very w ell connect weak base and 0 -w eak base. C.

Liu and S. Lin
[2 ]

prove that X is a quotient , countable-

to-one image of a metric spaces i f and only if X has a

point-countable and point-countable 0 -weak base.

From this, they generali zed the 0 -w eak base.

　　 From their definitions, w e easy know that a w eak

base is an 0 -w eak base. But 0 -w eak base may not

be w eak base. We wi ll give a new concept as a

generalization of  0 -w eak base, and some

characterizations of it. Therefore w e generali ze C. Liu 's

and S. Lin 's results.

　　 Throughout this paper, all spaces are regular T 1 ,

all maps are continuous and onto , and N is the set of

positiv e integ er numbers. Sequence { xn: n ∈ N } ,

sequence {Pn: n∈ N } of subsets and sequence {P n: n

∈ N } of collections of subsets are abbreviated to { xn } ,

{Pn } and {P n } respectively. For terms which are no t

defined here, please refer to reference [2 ] and related

references.

1　 Definitions

　　 Definition 1. 1　 LetB be a family of subsets of a

space X . B is said to be an 0 -sn -netw ork forX ifB

= ∪ {B x (n): x∈ X ,n∈ N } satisfies

　　 ( 1) for each x∈ X ,n∈ N ,B x (n) is a netwo rk at

x . It is closed under finite intersections and x∈

∩ B x (n ) .

　　 ( 2) L i s a sequence converging to x  L in X .

Then there exist a subsequenceL′of L andn0∈ N such

that L′i s eventually in Bx (n0 ) for any Bx (n0 )∈

B x (n0 ) .

　　 X is called 0-sn -w eakly first-countable in the

sense of Si rois-Dumais
[3 ]

if X has an 0-sn -netwo rk
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B = ∪ {B x (n): x∈ X ,n∈ N } ,B x (n) is countable fo r

each x ∈ X ,n∈ N .

　　 A spaceX is called 0-sn -metric space if X has a

e-locally fini te 0-sn -netwo rk.  0-sn -netw ork is a

g eneralization of 0 -w eak base and sn -netw ork. It is

very easy to see that 0 -w eak base doesn′t imply sn -

netw ork. For example, Sk has a countable 0 -w eak

base, but i t does not have a countable sn -netw ork

( since Frechet space with a countable sn -netw ork has

a countable base) . sn -netwo rk does not imply 0 -

w eak base. For example, Uk ( stone-cech

compactification ofk) is 0-sn -w eakly fi rst-countable

since every converg ent sequence is finite, but it is not

 0 -w eakly first-countable, since it is not a sequential

space ( a sequential space in which every converg ent

sequence is fini te is a discrete space) .

　　 Def inition 1. 2[ 4]　 Let X be a space, P X is

called a sequential neighborhood of x in X , if each

sequence converging to x inX is ev entually in P.

　　Definition 1. 3[5 ]　 Let f : X→ Y be a sequentially

quotient map if w henever { yn } is a converg ent

sequence in Y , there is a converg ent sequence {xk } inX

w ith each xk ∈ f
- 1

(ynk ) .

　　Definition 1. 4　 Let P be a cover of X , thenP

is called a k -netw ork for X if for any compact set K

and for any open set U such that K ∪ P
′
 U fo r

some fini teP
′ P . A space X is called -space if X

hase-locally finitek -netw ork.

2　Main results

　　 In this section, w e give some characterizations

about 0-sn -netw ork, and the relations among 0 -

w eak base,  0 -sn -netw ork, cs -netw ork, cs
*

-

netw ork are discussed.

　　 Lemma 2. 1[ 2]　 X has a point-countable 0 -

w eak baseB = ∪ {B x (n ): x∈ X , n∈ N }. L be a

sequence converging to x ∈ L in X . Then there exists

a subsequence L′of L and n0 ∈ N such that L′is

ev entually inBx (no ,m ) for anym ∈ N .

　　Remark 2. 1　 From the Lemma 2. 1, i t is easy to

know that point-countable 0 -w eak base is 0-sn -

netw ork.

　　Remark 2. 2　 From the definition of 0 -sn -

netw ork, it is easy to know that 0-sn -netw ork iscs
*

-netw ork.

　　 Theorem 2. 1　 Point-counatble 0 -w eak base is

equivalent to a sequential space w ith a point-countable

 0-sn -network.

　　 Proof　 Suf ficiency. LetB = ∪ {B x (n): x∈ X ,n

∈ N } be a point-countable 0 -w eak base of a space

X . From Lemma 2. 1, i t is easy to see thatB is point-

countable 0-sn -netwo rk of a space X . Since X has

point-countable 0 -weak base, thenX is 0 -w eakly

first countable space. Therefore X is a sequential

space.

　　 Necessi ty. X i s a sequential space wi th a point-

countable 0-sn -netw orkB . We shall prov e thatB

is a Point-counatble 0 -w eak base. Since B is a

point-countable 0 -sn -netw ork, for each x∈ X ,n∈

N , B x ( n ) is closed under finite intersections and x

∈ ∩ B x (n) . IfU is an open set of X and for each x∈

U ,B x (n) is a netw ork at x , there exists n∈ N such

that Bx (n ) U. For any x ∈ X ,n∈ N , there exists

Bx (n )∈ B x (n) such that Bx (n ) U. We only need

to prove thatU is an open set of X .

　　 If U is no t open in X , then U is no t sequentially

open set inX . There exists a converg ent sequenceL in

X \U converging to a point x ∈ U. Since B i s an

 0-sn -netwo rk, there exist n0∈ N and a subsequence

L′of L such that L′is eventually in any elements of

B x ( n0 ) . Therefore there exists Bx (n0 ) ∈ B x (n0 )

such that Bx (n0 ) U. Then L′i s ev entually inU. U is

a sequentially open set. So U is an open set of X .

　　 Theorem 2. 2　 LetB = ∪ {B x ( n): x∈ X , n∈

N } be an 0-sn -netwo rk of a spaceX and A a subset

of X . Then∪ {A∩ Bx (n): Bx (n ) ∈ B x ( n) } i s an

 0-sn -network of A.

　　 Proof　 For any x ∈ A and n∈ N . It is easy to

see that {A∩ Bx (n ): Bx (n)∈ B x (n ) } is closed under

fini te intersections and x ∈ (∩ B x (n) )∩ A.

　　 For any x ∈ A andn∈ N , {A∩ Bx (n): Bx (n )∈

B x (n) } is a netw ork at x in A. In fact, ifU is open in

A , A is a closed subset of X , there exists an open

subset V of X such that U = V∩ A. For any x ∈ U

and n∈ N , there is a Bx (n )∈ B x (n) such that x ∈

Bx (n ) V. Thereforex∈ Bx (n )∩ A∈ {Bx (n)∩ A:

Bx (n )∈ B x (n) } andBx (n)∩ A U. We shall check

that∪ {A ∩ Bx (n): Bx (n )∈ B x (n ) } i s an 0-sn -

netwo rk of A.

　　 Let L be a sequence converging to x  L in A.
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Then L be a sequence converging to x L inX , since

B = ∪ {B x (n ): x∈ X , n∈ N } be an 0-sn -netw ork

of a spaceX . There exists a subsequenceL′of L and n0

∈ N such that L′is ev entually in Bx (n0 ) for any

Bx (n0 )∈ B x (n0 ) , L A, soL′ A, L′is eventually in

Bx (n0 )∩ A fo r any Bx (n0 ) ∈ B x (n0 ) . Therefore

∪ {A ∩ Bx (n): Bx (n ) ∈ B x ( n ) } is an 0-sn -

netw ork of A.

　 　 Lemma 2. 2
[1 ]　 Let P be a e-hereditarily

closure-preserving collection of subsets of a spaceX . If

P is acs
* -netw ork, thenP is ak -netwo rk of X .

　　 Theorem 2. 3　 The following are equiv alent fo r a

space X .

　　 ( 1) X is an 0-sn -metric space;

　　 ( 2) X has ae-discrete 0 -sn -netw ork;

　　 ( 3) X has ae-locally fini te 0 -sn -netw ork;

　　 ( 4) X is an 0-sn -w eakly first-countable and

 -space.

　　 Proof　 From the defini tion, i t is easy know ( 1)

 ( 3) , and ( 2)→ ( 3) is obvious.

　 　 We prove ( 3 )→ ( 4) . Let B be a e-locally

fini te 0-sn -netw ork, then B is a point-countable

 0-sn -netw ork, X is an 0-sn -w eakly fi rst-countable

space. From Remark 2. 2,B is a cs* -network,B be a

e-locally fini te  0-sn -netwo rk, then B is a e-

hereditarily closure-preserving  0 -sn -netw ork. From

Lemma 2. 2, X has ae-hereditarily closure-preserving

k -netw ork. So X be an -space.

　　Now we prove ( 4)→ ( 2) . X is an -space, by

Theorem 4 in reference [6 ] , we can assume that X has

ae-discrete cs -netw orkP , whereP is closed under

fini te intersections. Let∪ {B x (n ): x∈ X , n∈ N } be

an 0 -sn -netw ork of X . Then fo r each x ∈ X ,n∈

N , sinceX is an 0-sn -w eakly first countable,B x (n)

is countable, here eachB x ( n) = {Bx ( n,m ): m∈ N }

w ith Bx (n,m+ 1) Bx (n,m ) for eachm ∈ N . Fo r

each n∈ N , let P x (n) = {P∈ P : Bx (n, m ) P fo r

somem ∈ N } . Then P x ( n ) is closed under fini te

intersections.∪ {P x (n): x∈ X ,n∈ N } is ae-discrete

collection.

　　We shall prov e that P x (n) is a netw ork of x in

X . We only need to prove that there existm∈ N ,k∈

N and fixing a neighborhood U of x in X such that

Bx (n ,m ) Pk , thereforePk∈ P x (n) and Pk U. If

not , there is a neighborhood U of x in X , P U fo r

each P∈ P x (n) . W rite {P∈ P : x∈ P U }= {Pk: k

∈ N } such that B (n ,m ) Pk for anym , k∈ N . Pick

xmk ∈ B (n ,m ) \ Pk for eachm≥ k. Let yi = xmk , where

i = k + m (m - 1) /2. Then the sequence { yi }

converges to x in X because {Bx (n ,m ): m ∈ N } is a

decreasing netw ork of x inX . SinceP i s acs -netwo rk

of X , there existsk , j∈ N such that { yi: i≥ j } Pk .

Pick i≥ j such that yi = xmk for somem≥ k , then xmk

∈ Pk , a cont radiction.

　　 PutB = ∪ {P x (n ): x∈ X , n∈ N }. We shall

prove that B is an  0-sn -netw ork. Let L be a

sequence converging to x L inX . Since∪ {B x (n ):

x∈ X , n∈ N } be an 0-sn -netw ork of a space X .

There exists a subsequence L′of L and n0 ∈ N such

that L′i s eventually in Bx (n0 ,m ) fo r any Bx (n0 ,m )∈

B x (n0 ) . But Bx (n0 ,m ) Px (n0 ) for somem∈ N . L′

is eventually in Px (n0 ) fo r any Px (n0 ) ∈ P x ( n0 ) .

Therefo reB = ∪ {P x (n): x∈ X ,n∈ N } is an 0-sn -

netwo rk of X .

　　 Y. Ge[7 ] giv e a equiv alent cha racteriza tion aboutsn

-metric space. From his proof , we ask the following

question naturally.

　　 Question 2. 1　 Is a space X withe-heredi tarily

closure-preserving  0 -sn -netw ork,  0 -sn -w eakly

first-countable space and -space.

　　 Theorem 2. 4　 X is a sequentially quo tient,

countable-to-one image of a metric space i f and only if

X has point-countable 0-sn -netw ork.

　　 Proof　Necessity. Let f : X→ Y be a sequentially

quo tient, countable-to-one map from a metric spaceM

onto the spaceX . LetB be a point-countable base for

M . For each y ∈ M , let B y B be a countable,

decreasing local base at y in M . PutB′= {B y: y∈

M }. ThenB′is a point-countable fami ly of M . Since

f is a countable-to-one map, f (B′) is a point-

countable in X . We shall prov e that∪ f (B′) is an

 0-sn -network.

　　 For each y ∈ M , letB y= {By, i: i∈ N } w ith

each By, i+ 1 By, i . For each x∈ X , let f
- 1

( x ) = {xn:

n∈ N } . Because f is countable-to-one map, let

P x (n) = f (B x
n
) . Then∪ f (B′)= ∪ {P x ( n): x∈

X ,n∈ N }. LetU be open inX , fo r each x ∈ U ,n∈

N , xn∈ f
- 1 (U ) , thenBx

n
, i f

- 1 (U ) fo r some i∈ N ,

thus f (Bx
n
, i ) ∈ P x ( n ) and f (Bx

n
, i )  U. L be a

sequence converging to x in X . f is a sequentially
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quotient map, there exists sequence S in M converg ent

to xno ∈ f
- 1 (x ) . For any i∈ N ,Bx

n
0
, i∈ B x

n
0
, f rom the

Lemma2. 1, i t is easy to see that Bx
n
0
, i is a sequence

neighborhood of xn 0 , S is eventually inBx
n
0
, i fo r any i∈

N , so f ( S ) is ev entually in f ( Bx
n
0
, i ) fo r any i∈ N and

f (Bx
n
0
, i ) ∈ P x (n0 ) , f ( S ) is a subsequence of L and

f ( S) is eventually in any elements of P x ( n0 ) .

Therefore f (B′) is an 0-sn -network.

　　 Suf ficiency. LetB = ∪ {B x (n): x∈ X ,n∈ N } be

a point-countable 0-sn -netwo rk. EachB x (n)=

{Bx (n,m ): m∈ N } with each Bx (n,m+ 1) Bx (n,

m ) for eachm∈ N . Then any infinite subsequenceB
′
x

of {Bx (n,m ): m∈ N } is a netwo rk at x inX fo r each x

∈ X and n ∈ N . We rew ri te B = {BT:T∈ I }.

Endow I with discrete topology and let I i be a copy of I

for each i∈ N . Fo r convenience sake, two families

{Pn: n∈ N } and {Qm: m ∈ N } of subsets of a space

are said to be cofinal if there exists n0 ,m0 ∈ N such

that Pn0+ i = Qm0+ i fo r ev ery i∈ N . PutM = {T= (Ti )

∈ ∏ i∈ N
Ii: {BT

i
: i ∈ N } is cofinal toB x (T) (n ) fo r

somex (T)∈ X ,n∈ N , {BT
i
: i∈ N } is a netw ork of

x (T) }. Define f : M→ X as f (T) = x (T) . It is easy to

see that f is well-defined and onto becauseX is T2 and

eachB x (n ) is a netwo rk of x in X for each n∈ N .

And f (T) = ∩ i∈ N BT
i for eachT= (Ti ) ∈ M . Notice

thatB is point-countable, then f is countable-to-one.

Also it is easy to prove f is continuous. We shall prov e

that f is sequentially quotient map.

　　 LetB = ∪ {B x (n ): x∈ X , n∈ N } be a point-

countable 0-sn -netw ork. It is easy to see that L be a

sequence converging to x  L in X . Then there exists

a subsequence L′of L and n0 ∈ N such that L′is

ev entually inBx (n0 ,m ) for any m∈ N . Fo r each i∈ N

takeTi ∈ Ii withBTi = Bx (n0 , i ) . LetT= (Ti ) , thenT

∈ M . For each k ∈ N , put nk = min{m∈ N: xk  

Bx (n0 ,m ) }. Let zk = (Ui (k ) )∈ ∏ i∈ N I i as follow s:

if i < nk , pickUi (k ) ∈ Ii w ith BU
i
( k) = Bx (n0 , i ) ;

o therwise pickUi (k ) ∈ Ii such that BUi (k) = Bx
k ( 1, i-nk

+ 1) . Then {BU
i
(k ): i∈ N } is cofinal toB x

k
( 1) ,

thus zk ∈ M and f (zk ) = xk . On the other hand, fo r

each i∈ N there existsk0∈ N such that xk ∈ Bx (n0 ,

i ) for any k≥ k0 , becauseL′is eventually inBx (n0 , i ) .

Theni < nk whenk≥ k0 by the definition of nk , soUi (k )

= Ti . It means that {BU
i
(k ): i∈ N } converg es toTi in

the discrete space I i . Hence zk converges toTin M .

Therefo re, f is sequentially quotient map.

　　 Remark 2. 3　 0-sn -netwo rk may no t be sn -

netwo rk. If not , point-countable 0-sn -netwo rk is

point-countable sn -netwo rk. A space with point-

countable sn -netw ork is sequential space, then point-

countable sn -netwo rk is point-countable w eak base.

So point-countable 0-sn -netwo rk is point-countable

w eak base
[8 ]
. This is no t true.

　　 Remark 2. 4　 0 -sn -netw ork may not be cs -

netwo rk. Every quo tient finite-to-one image of a

locally compact metric space does not have a point-

countable cs -netw ork
[9 ]
. But C. Liu proof that i t has

point-countable 0 -w eak base
[2 ] . Then X has point-

countable 0-sn -netwo rk.
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