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Abstract: The positiv e integers n such that the genus of the zero-divisor g raph of Zn [i ] is 0, 1, 2, 3,

4, or 5 are completely determined.
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摘要:完全决定了模 n高斯整环 Zn [i ]的零因子图的类数分别为 0, 1, 2, 3, 4, 5的情况 .
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　　 Throughout this paper i t is assumed that all rings

are commutative with identity. Let R be a

commutativ e ring with identi ty , Z [R ] denotes i ts set

of zero-div isors. For a ring R , w e associate a simple

g raphΓ ( R) to R with verticesZ (R )
*
= Z (R ) - { 0} ,

and for distinct x , y∈ Z ( R)
*

, the verticesx and y are

adjacent if and only if xy = 0 . An element a in R is

called a unit if there exists an element b of R such that

ab = 1 . We say that two elements a and b are

associates i f there exists a uni tu such thata = ub . Fo r

an element t of R , the associate class of t , denoted by

At , is the set of all associate elements of t .

　　 A simple g raph G is an ordered pair of disjoint sets

(V , E ) such that V= V (G) is the vertex set ofG andE

= E(G) is the edge set ofG . Givenv∈ V , the deg ree

of v , deno ted by deg (v ) , is the number of edges of

G incident wi th v . Let V′ V (G) , thenG- V′is the
subg raph of G obtained by deleting the vertices in V′
and all edges incident wi th them. If V′= {v ∈
V|deg (v ) = 1} , then the subgraph G- V′, denoted
by G

~ , is called the reduction ofG . A biparti te g raph G

is a g raph such that i ts v ertex set V (G) can be

partitioned into tw o subsets V1 and V2 and that each

edgee∈ E (G) joins a vertex of V1 to a v ertex of V2 . In

particular, if E(G) consists of all edges joining V1 w ith

V2 , then it is called a complete bipartite g raph and is

deno ted by Km ,n , where|V1|= m and|V2|= n . A

g raph G in w hich each pair of distinct vertices is joined

by an edge is called a complete g raph, deno ted by Kn ,

w heren = |V (G)|.

　 　 A surface is said to be of genus g if it is

topologically homemorphic to a sphere w ith g handles.

A g raphG can be drawn without crossing on a compact

surface of g enus g , but not on one of genus g - 1 , is

called a g raph of genus g . We w riteV(G) for the

genus of the g raph G . Recently, this subject has been

studied extensively in reference [1～ 6]. In this paper,

w e completely determine the positiv e integers n such

that the genus of the zero-divisor g raph of Zn [i ] is 0,

1, 2, 3, 4, or 5, where Zn [i ] = {a+ bi|a,b∈ Zn } is the

ring of Gaussian integers modulon .

1　 Some lemmas

　　 Lemmas 1. 1
[7 ]
　V(K n ) = {

1
12(n - 3) (n - 4) }

for n ≥ 3 , where the no tation { x } represents the

minimum interg er that is g reater than or equal to x .

　　 Lemmas 1. 2
[7 ]
　V(Km , n ) = {

1
4 (m - 2) (n -

2) } for m ,n≥ 2, w here the notation {x } represents

the minimum interger that is g reater than or equal to
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x .

　　 Lemmas 1. 3
[6 ]
　V( H )≤V(G) for any subg raph

H ofG , andV(G~ ) = V(G) , whereG~ is the reduction

of G .

　　 Lemmas 1. 4
[ 8]
　 If G is a connected g raph of

g enusVsuch that ev ery face is a t riangle, then q= 3( p

- 2+ 2V) , w herep = |V (G)|and q = |E(G)|.

　　 Lemmas 1. 5　 Let R = Zpk [i ] and p a prime.

Then the associate classes ApT( 1≤ T< k ) of R state

the following: ( 1) If p = 2 , then|A2T|= 22(k-T) - 1 ;

( 2) If p≡ 3( mod4) , then|ApT|= p
2(k-T- 1)

( p
2
- 1) ;

( 3) If p≡ 1( mod4) , then|Ap
T|= p

2( k-T- 1)
( p - 1)

2
.

　　proof　 Note that , R = Zp
k [i ] = {a+ bi|a,b∈

Zp
k } . Let Sp

T = {spT|s∈ Zp
k , gcd (s , p ) = 1 and 1≤

s < p
k -T} whereT∈ { 1, 2,… ,k - 1}. Then one can

divide the elements of Zpk into k - 1 sets. The use of

the Euler 's phi-function giv es the size of the set SpT 's

and one will g et|SpT|= p
k-T

- p
k- (T+ 1)

.

　　 For any a + bi∈ U (R ) , let p
T
= (a+ bi ) p

T
,

then w e have

　　
p
T
(a - 1)≡ 0( mod p

k
) ,　 ( 1)

p
T
b≡ 0( modpk ) .　 　　　 ( 2)

( 1. 1)

From cong ruence equation ( 1. 1) , w e geta - 1∈ { 0}

∪ Sp
k- 1∪ Sp

k- 2∪ … ∪ Sp
k-T,b∈ { 0}∪ Sp

k- 1∪ Sp
k- 2

∪ … ∪ Sp
k- T, so the numbers of solutions of these

cong ruence equation ( 1) and ( 2) in fo rmula ( 1. 1) are

both : |{ 0}∪ Sp
k- 1∪ Sp

k- 2∪ … ∪ Sp
k-T|= |{ 0}|+

|Spk- 1|+ |Spk- 2|+ … + |Spk-T|= 1+ ( p - 1) +

(p2 - p )+ … + ( pT- p
T- 1 ) = p

T, then the number

of solutions of fo rmula ( 1. 1) is p
2T . Hence, w e have

|ApT|= |U (Zpk [i ] )|/p2T .

　　 ( 1) If p = 2, R= Z2k [i ] , from Theorem 3. 1( 1)

in reference [ 9 ] , we have |U (Z2
k [i ] )|= 2

2k- 1
.

Therefore|Ap
T|= 22k- 1 /22T= 22( k-T)- 1 .

　　 ( 2) If p≡ 3( mod4) , R = Zp
k [i ] , then from

Theorem 3. 1 ( 2 ) in reference [ 9 ] , w e have

|U (Zpk [i ] )|= p
2k
- p

2k- 2
. Therefore|ApT|= ( p

2k

- p
2k- 2 ) /p2T= p

2(k-T- 1) (p2 - 1) .

　　 ( 3) If p ≡ 1( mod4) , R = Zpk [i ] , then from

Theorem 3. 1 ( 3 ) in reference [ 9 ] , we have

|U (Zp
k [i ] )|= p

2k
- 2p

2k- 1
+ p

2k- 2
. Therefore|Ap

T|
= (p2k - 2p2k- 1 + p

2k- 2 ) /p2T= p
2(k-T- 1) (p - 1) 2 .

2　 The genus ofΓ(Zpk [i ] )

　　 Theorem 2. 1　 Let R = Z2k [i ] . ThenV(Γ(R ) )

≤ 5 if and only if R = Z2 [i ] , Z4 [i ] , o rZ8 [i ] . Further

more, V( Z2 [i ] ) = V(Z4 [i ] ) = 0 , andV(Z8 [i ] ) = 3.

　　 Proof　 If k = 1, 2 , by [10. Theorem 4. 5] , w e

haveV( Z2 [i ] ) = V( Z4 [i ] ) = 0 ;

　　 If k = 3 , then n = 8= ( - i ) 3 ( 1+ i ) 6 , w e can

div ide the nonzero zero-divisors of Z8 [i ] into the

following 5 sets: A( 1+ i) , A( 1+ i )
2 , A ( 1+ i)

3 , A( 1+ i)
4 , A( 1+ i)

5 .

　　 Fo r any (a+ bi ) ∈ Z8 [i ] , let ( 1+ i )T= (a+

bi ) ( 1+ i )
T
,T∈ { 1, 2,… , 5} , then w e have

　　 ( 1) IfTis odd, then

　　
2
T- 1

2 (a - b - 1)≡ 0( mod 8) ,

2
T- 1

2 (a + b - 1)≡ 0( mod 8) .
( 2. 1)

　　 ( 2) IfTis even, then

　　
2
T
2 (a - 1)≡ 0( mod 8) ,

2
T
2b≡ 0( mod 8) .

( 2. 2)

　 　 By solving cong ruence equation ( 2. 1 ) and

( 2. 2) , w e get the orders of the associate classes of

Z8 [i ]: |A ( 1+ i)|= 24 ,|A ( 1+ i) 2|= 23 ,|A ( 1+ i) 3|= 22 ,

|A( 1+ i )4|= 2 , and|A ( 1+ i) 5|= 1 . Since x∈ A( 1+ i) ,

deg ( x ) = 1 , and every other vertex inΓ ( Z8 [i ] ) has

degree≥ 2 , by Lemma 1. 3, we haveΓ( Z8 [i ] )
～

=

Γ( Z8 [i ] ) - A ( 1+ i ) , and V( Γ( Z8 [i ] )
～

) =

V(Γ( Z8 [i ] ) ) . SinceΓ( Z8 [i ] )
～

is a connected g raph,

and every face is a t riangle, |V (Γ( Z8 [i ] )
～

)|= 15 ,

|E (Γ( Z8 [i ] )
～

)|= 45 , by Lemma 1. 4, we have

V(Γ( Z8 [i ] )
～

) = 3 . ThereforeV(Γ( Z8 [i ] ) ) = 3 .

　　 If k = 4 , then n = 16 = ( - i ) 4 ( 1 + i ) 8 .

Similarly, we have|A ( 1+ i )3|= 24 ,|A( 1+ i) 5|= 22 , then

K 4, 16  Γ( Z24 [i ] ) . Therefore V(Γ(Z24 [i ] ) ) ≥

V(K 4, 16 ) = 7> 5 by Lemma 1. 2.

　　 If k≥ 5 , by Lemma 1. 4, we have|A2k- 2|= 2
3
,

|A2
k- 3|= 25 , then K 8, 32  Γ(Z2

k [i ] ) . Therefore

V(Γ( Z2k [i ] ) )≥V( K 8, 32 ) = 45> 5 by Lemma 1. 2.

　　 Theorem 2. 2　 Let R = Zpk [i ] , where p≡
3( mod 4) is a prime. ThenV(Γ( R ) )≤ 5 if and only if

k = 1 o r k = 2 and p = 3; Further more, for k = 1,

Γ( Zp [i ] ) is an empty g raph, andV(Γ( Z9 [i ] ) ) = 2 .

　　 proof　 If k= 1 , then Zp [i ] is a fini te field and in

this case,Γ( Zp [i ] ) is an empty g raph.

　　 If k = 2,Γ(Zp 2 [i ] ) is complete g raph by [ 11.

Theo rem 15 ] andΓ( Zp2 [i ] ) = K p2- 1 , then forp = 3,

V(Γ( Z32 [i ] ) ) = V( K8 ) = 2 , and fo r p > 3,

V(Γ( Zp2 [i ] ) ) > 5 by Lemma 1. 1.

　　 If k ≥ 3 , then there are at least q
2
(q

2
- 1)

elements in Aq
k- 2 and at leastq

2
- 1 elements in Aq

k- 1 ,

so that K 8, 72 Γ( Zq
k [i ] ) , therefo reV(Γ(Zq

k [i ] ) )≥
V(K 8, 72 ) = 105 > 5 by Lemma 1. 2.

　　 Theorem 2. 3　 Let R = Zp
k [i ] , p≡ 1( mod 4) a

prime. ThenV(Γ( R ) )≤ 5 if and only if R = Z5 [i ] ;

Further more,V(Γ( Z5 [i ] ) ) = 1 .
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　　 Proof　 If k = 1 , Zp [i ] is a complete biparti te

g raph by [11. Theorem 17] andΓ( Zp [i ] ) = Kp - 1, p- 1 ,

then for p = 5,V(Γ( Z5 [i ] ) ) = V( K 4, 4 ) = 1 , and for p

> 5,V(Γ( Zp [i ] ) ) > 5 by Lemma 1. 2.

　　 If k = 2 , then there are (p - 1) 2 elements inAp ,

so that K 16 Γ( Zp
2 [i ] ) . ThereforeV(Γ( Zp

2 [i ] ) )≥
V( K16 ) = 13 > 5 by Lemma 1. 1.

　　 If k≥ 3 , then there are p
2 ( p - 1) 2 elements in

Apk- 2 and there are ( p - 1) 2 elements in Apk- 1 , so that

K 16, 400 Γ(Zp
k [i ] ) . ThereforeV( Zq

k
[i ] )≥V( K 16, 400 )

= 1393> 5 by Lemma 1. 2.

3　 The genus ofΓ(Zn [i ])

　　 Theorem 3. 1　 Let R = Zn [i ] ,n = 2
m
p1

k
1…

ps
k
sq1

l
1… qt

l
t , wherepi≡ 1( mod 4) and qi≡ 3( mod 4)

are prime numbers, ki≥ 1, lj≥ 1, i = 1,… , s; j = 1,

… , t ;m≥ 0 . ThenV( Zn [i ] )≤ 5 if and only i f R =

Z2 [i ] , Z4 [i ] , Z5 [i ] ,Z6 [i ] , Z8 [i ] , Z9 [i ] or R = Zp [i ]

and p≡ 3( mod 4) is a prime; Further more,V(Z2 [i ] )

= V( Z4 [i ] ) = 0,V( Z5 [i ] ) = 1,V( Z6 [i ] ) = V(Z9 [i ] )

= 2 andV( Z8 [i ] ) = 3 .

　　 Proof　 By [9. Theorem 3. 2 ] , we have Zn [i ] 
Z2m [i ] Zp

1
k1 [i ] …  Zp

s
ks [i ] Zq

1
l1 [i ] …  

Zq
t
l t [i ].

　　 Case 1. Assumes≥ 2 . In this case, let ui = ( 0,a,

0,… , 0) ,vj = ( 0, 0,b,… , 0) ∈ Γ(R ) ,a∈ Zp
1
k1 [i ] ,b

∈ Zp
2
k
2 [i ] , and|Zp

2
k
2 [i ]|> |Zp

1
k
1 [i ]|≥ 25 . Since

uivj = 0 for every i , j ,K 24, 24 Γ( R ) , thenV(Γ( R) )≥
V( K24, 24 ) = 121> 5 by Lemma 1. 2.

　　 Case 2. Assume s = 1.

　　 ( a) If t≥ 1 , letui = ( 0,a, 0,… , 0) ,vj = ( 0, 0,b,

… , 0)∈ Γ( R) ,a∈ Zp
1
k1 [i ] ,b∈ Zq

1
l1 [i ] and|Zp

1
k1 [i ]|

≥ 25,|Zq
1
l 1 [i ]|≥ 9 . Sinceuivj = 0 for every i , j , K 8, 24

 Γ( R) , thenV(Γ( R ) ) ≥ V( K 8, 24 ) = 33 > 5 by

Lemma 1. 2.

　　 ( b) If t = 0,m≥ 1, let ui = (a, 0) ,vj = ( 0,b) ,a

∈ Z2m [i ],b∈ Zp
1
k1 [i ] and|Z2m [i ]|≥ 4,|Zp

1
k1|≥

25. Since uivj = 0 for every i , j , K 3, 24 Γ( R ) , then

V(Γ(R ) )≥ V( K 3, 24 ) = 6> 5 by Lemma 1. 2.

　　 (c) If t = 0,m = 0 , then n = p1
k
1 ,V( Z5 [i ] ) = 1

by Theorem 2. 3.

　　 Case 3. Assume s = 0.

　　 ( a) If t≥ 2 , letui = ( 0,a, 0,… , 0) ,vj = ( 0, 0,b,

… , 0)∈ Γ( R) ,a∈ Zq
1
l1 [i ],b∈ Zq

2
l2 [i ] and|Zq

2
l2 [i ]|

> |Zq
1
l1 [i ]|≥ 3 . Sinceuivj = 0 for every i , j , K 8, 8 

Γ( R) , thenV(Γ(R ) )≥V(K 8, 8 ) = 9 > 5 by Lemma

1. 2.

　　 ( b) If t = 1,m≥ 2 , let ui = (a, 0) ,vj = ( 0,b) ,a

∈ Z2
m [i ] ,b∈ Zq1

l
1 [i ] and|Z2

m [i ]|≥ 16,|Zq1
l
1 [i ]|≥

9 . Since uivj = 0 for every i , j ,K 8, 15 Γ( R ) , then

V(Γ( R ) )≥V( K 8, 15 ) = 20> 5 by Lemma 1. 2.

　　 ( c) If t = 1,m = 1, l1≥ 2, let ui = (a, 0) ,vj =

( 0,b ) ,a ∈ Z2
m [i ] ,b ∈ Zq

1
l
1 [i ] ,|Z2

m [i ]| = 4,

|Zq
1
l
1 [i ]|≥ 81. Sinceuivj = 0 for every i , j , K 3, 80 

Γ( R) , thenV(Γ( R) )≥V( K 3, 80 ) = 20> 5 by Lemma

1. 2.

　　 ( d) If t = 1,m = 1, l1 = 1 , then n = 2q1 . If q1 >

3 , let ui = (a, 0) ,vj = ( 0,b) ,a∈ Z2m [i ],b∈ Zq
1
[i ] ,

and|Z2m [i ]|= 4, and|Zq
1
[i ]|≥ 49. Sinceuivj = 0

for every i , j , K 3, 48 Γ(R ) , thenV(Γ( R ) )≥V(K 3, 48 )

= 12> 5 by Lemma 1. 2. If q1 = 3, Z6 [i ] = Z2 [i ] 
Z3 [i ] , thenV(Γ( Z6 [i ] ) ) = V( K 3, 8 ) = 2 by Lemma

1. 2.

　　 ( e) If t = 1,m = 0 , then n = q1
l
1 .V(Z9 ( i ) ) = 2

by theorem 2. 2.

　　 ( f) If t = 0,m≠ 0 , then n = 2m .V( Z8 ( i ) ) = 3 by

theorem 2. 1.
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