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The Genus of the Zero-divisor Graph of Z. [i |
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Abstract The positive integers 7 such that the genus of the zero—divisor graph of Z [i ]is 0, 1,2, 3,

4, 0r 5 are completely determined.
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n Z, 1]
n
: 01533 A

Throughout this paper it is assumed that all rings
identity. Let R be a

commutative ring with identity, Z[R | denotes its set

are commutative with

of zero-divisors. For a ring R, we associate a simple
graph T' (R) to R with verticesZ(R) = Z(R) - {0},
and for distinet x , y& Z(R)* , theverticesx andy are
adjacent if and only if xy = 0. An elementa in R is
called a unit if there exists an element b of R such that
ab = 1.

assodates if there exists a unitu such thata= ub. For

We say that two elements a and b are

an element? of R, the associate class of ¢ , denoted by
A , is the set of all associate elements of 7 .

A simple graph Gis an ordered pair of disjoint sets
(V,E) such that V=V (G) is the vertex set of Gand E
= E(QG) isthe edgeset of G. GivenvE V ,the degree
of v, denoted by deg (v) , is the number of edges of
Gincident withv . Let V'& V(G), thenG- V' is the
subgraph of G obtained by deleting the vertices in Vv
and all edges incident with them. If Vo= v e
M deg(v) = 1} , then the subgraph G- V', denoted
by'G, is called the reduction of G. A hipartite graph G
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is a graph such that its vertex set V(G) can be
partitioned into two subsets V1 and V2 and that each
edgedc E(G) joins avertex of Vito avertex of V2. In
particular, if E(G) consists of all edges joining V1 with
V2, then it is called a complete bipartite graph and is
denoted by Knn , where| Vil = m and| 12l = n. A
graph Gin which each pair of distinct vertices is joined
by an edgeis called a complete graph, denoted by K» ,
wheren= | V(G| .

A surface is said to be of genus g if it is
topologically homemorphic to a sphere with g handles.
A graph G can be drawn without crossing on a compact
surface of genus g , but not on one of genusg — 1, is
called a graph of genus g. We write V(G) for the
genus of the graph G. Recently, this subject has been
studied extensively in reference [ 6]. In this paper,
we completely determine the positive integers n such
that the genus of the zero-divisor graph of Z: [i ] is 0,
1,2,3,4,0r 5. where Z [i]= {a+ bi a,bE Zu}is the

ring of Gaussian integers modulo7 .
1 Some lemmas

1

Lemmas 1. 17" V(K:)= {75(n- 3)(n- 4)}

forn= 3, where the notation {x} represents the

minimum interger that is greater than or equal toX.
1
V(Kn.n) = {4 (m=- 2(n-

2)} form,n= 2, where the notation {x} represents

Lemmas 1. 2"

the minimum interger that is greater than or equal to
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X.

Lemmas 1. 3"’ V(HY< V(G) for any subgraph
Hof G, and V(G) = V(G), whereGis the reduction
of G.

Lemmas 1. 4”7 If Gis a connected graph of

genus Vsuch that every faceisa triangle, theng= 3(p
- 2+ V) ,wherep= | V(G| andg= | E(G)| .
Lemmas 1.5 Tet R= Z/[i] and p a prime
Then the associate classes 4" (< T < k) of R state
the following (1) fp = 2, then| Az’f\ = 20
(2) Ifp= 3(mod4) , then| 4"l = P " (p" = 1);
(3) It p= 1(mod4), then!| 4,"| = (p- 1)
proof Note that, R= Z/} [z]= {a+ bil a,b€
Zt) . LetST= lspls€ Z*,ged(s,p)= land K
_T} where TE {1,2,+- ,k = 1}. Then one can

divide the elements of Zy* intok —

le)

s <p
1 sets The use of
the Euler s phi—function gives the size of the set S' s

k T k- (F 1
and one will get| $7 = -p o

For anya+ bi€ U(R) s letpT= (a+ bi)p’r,
then we have
p(a= D= O(modp), (1)
o . (L1
p b= 0(modp"). (2)

From congruence equation ( 1. 1), we geta — 1€ {0}
U Syt 1U &/uzU U Spk—T’be {O}U Syt 1U St 2
U - U ST, so the numbers of solutions of these
congruence equation (1) and (2) in formula(L 1) are
both: | (0O)U SU $+U U s = [ {0} +
LS+ T2l + o+ [ = 14 (p- D+
(P - p)+ o+ (P -p =
of solutions of formula( 1. 1) is p21
L4 = | u@zeip! 1p"

(DIp= 2,R= Z¥[i], from Theorem 3. 1( 1)
in reference [9], we have | U(Z [l])| = 2.
Therefore| 4,7 = 2! /2= D

(2) f p= 3(mod4),R = ZS[i], then from

T
P then the number

. Hence, we have

Theorem 3. ( 2) in reference [9 ], we have
RUVZARNE p - p2k72. Therefore| 4" = (pzlc
-2y ;2T =Ty 2
-p )P =0p P -1
(3) f p= 1(mod4),R = Zx|[i], then from
Theorem 3. 1 ( 3) in reference [9 ], we have
\UzA il = p* - 20 '+ p* 7. Therefore| 4,7
— (p?k _ @Zk 1+ p?k*Z) /le — pz(k— [} (p _ 1)2'

2 The genus of ['(Zy [i])

Theorem 2.1  Let R= Z#[i]. Then {T'(R))
< 5ifand only if R= Z2[i],Zs+[i],0rZs [i]. Further
mores W22 [i])= V(Z:[i])= 0,and V(Zs[i]) = 3.

Proof Ifk= 1,2, by [10. Theorem 4 5], we
have V(22 [i]) = V(Z4[i]): 0;

Iftk= 3, thenn= 8= (- i)’(1+ i)°, we can

FE A 20105 28 £ 17TE%F 1

divide the nonzero zero-divisors of Zs i ] into the
A ot Ao oS
let (1+ i) '= (a+

,5}, then we have

following 5 sets Aw n, Aiw i, Aw
For any (a+ bl)e Zs[i ],

bi)(1+ i) ,’IE {1, 2,
1) I Tis odd, then

27 (a- b- 1)= 0(mod 8),

T (2. 1)
77 @+ b- 1)= 0(mod 8).

2)]fTis even, then

2’2(a— )= 0(mod 8), 22

2_2b* 0(mod 8).
By solving congruence equation (2 1) and

(2.2),we get the orders of the associate classes of

ZS[l.]|A(l+i)‘ = 24,|A(1H')2‘ = 23,‘A(1+i)3| = 22,
| Acw 5)4‘ = 2,and| Acw i)5| = 1. SnceV x& Auwny,
deg( x)= 1, and every othervertex in I (Zs [i ]) has
degree== 2, by Lemma 1. 3, we have I'(Zs[i |)=
D(zsli]) - Awon, and V(D(Z[i])) =

V((Zs[i])). Since I'(Zs[i]) is a connected graph,

and every face is a triangle, | V(D(Zs[i)) )‘ = 15,

|E(F(ZS [i]) )| = 45, by Lemma L 4, we have

VIT'(Zs[i])) = 3. Therefore V(I'(Zs [i])) = 3.

Ifk= 4, thenn= 16= (- i)'(1+ i)°.
Similarly, we have| A i3l = 2'.] 493l = 2 then
Kiis & T(Z#[i]) . Therefore Y(I'(Z[i])) =
V(Ks16)= 7> 5by Lemma 1. 2.

k= 5, by Lemma 1. 4, we havel 4#-2| = f,
| 4431 = 2, then Ks2 & I'(Z# [i]) . Therefore
VIL(Z# [i]))= V(Ks)= 45> 5by Lemma 1.2

Theorem 2 2 [et R = Z+[i], where p =
3(mod 4) is a prime. Then V(P(R))< 5if and only if

k= lork= 2andp= 3; Further more, fork= 1,
I'(Z [i]) is an empty graph, and V(I'(Zo [i])) = 2.
proof Ifk= 1, thenZ, [i ]is afinite field and in

this case, I'(Z, [i]) is an empty graph.

k= 2,1(Z2[i ] is complete graph by [ 11
Theorem 15] andI'(Z2[i]) = K- 1, thenforp= 3,
VIT(z2[i])) = V(Ks) = 2, and for p > 3,
VIT(Z»2[i]))> 5by Lemma 1. 1.

If k= 3,
elements in A4~ ? and at leastq2 — 1l elementsin A& ',
so thatKs 2= I'(Zf [i]) , therefore V(L'(Zf [i ]))=
V(Ks.2)= 105> 5by Lemma 1. 2.

Theorem 2. 3 LetR= Z/[i],p= 1(mod 4) a
prime. Then V(I'(R) )<< 5if and only if R= Zs[i];
Further more, V(I'(Zs [i])) = 1.

then there are at least qrz(q2 -1



Proof Ifk = 1, Z,[i]is a complete bipartite
graph by [11. Theorem 17] andI(Z [i])= Ko- 1.0 1,
then forp= 5,V(I'(Zs[i])) = MKss)= 1,and forp
> 5,V(I'(Z[i]))> 5by Lemma L 2

Ifk= 2,then thereare (p — 1)” elementsind, ,
so that Kis& I'(Z2[i]) . Therefore V(T'(Z2[i]) )=
V(Kis) = 13> 5by Lemma 1. 1.

If &= 3, then there arepz(p - 1)2 elements in
Ay 2 and there are (p — 1)” elements in 4/~ 1 , so that
Kisan= T'(Z [i]) . Therefore V( Zti)= V(K i6.400)
= 1393> Sby Lemma 1. 2

3 Thegenus of [\Z. [i])

Theorem 3.1 LetR = Z[i],n = 2 pit-
pské'q{‘"- qzl’ , wherepi= 1(mod 4) and ¢= 3(mod 4)
are prime numbers, k> 17 l/> 1al: 17 5S;j: 17
e, tym= 0. ThenV(Zv[l'])< 5if and only if R =
Zo(i1, Ze[i ), Z5 (i 1, Ze [i 1, Zs [i ], Zo i ] or R = Zvi |
and p= 3(mod 4) is a prime; Further more, V(Z2[i])
= V(Zi[i) = OV(Z[i])= LMZ[i])= V(i)
= 2and V(Zs[i]) = 3.

Proof By [9. Theorem 3. 2], we have Z [i |=
Z2 i 24 [i1D D 25 [i[D 245 [i 1D D
Zy i ]

Case 1. Assumes= 2. In this case, letu= (0,a,
0, ,0),v = (0,0,b,-,00€ I'(R),a€ Zx [i ].b
€ Zplil,and| oo [i] > | Zok[i]l = 25. Since
uvi= Ofor everyi,j,Kux" I'(R) , then V(I'(R) )=
V(K2 u) = 121> 5by Lemma 1. 2

Case 2. Assumes= 1

(a)If= 1,letui= (0,a,0,--,0),vi= (0,0,b,
o, 00€ T(R),a€E Zoji [i],6€ Zur [i]and] Zo b [i ]|
= 25, Zy [i1= 9. Sinceuvi= Ofor everyi,j, Kz
< I(R) ., then V(I'(R))= V(Ksu) = 33> 5 by
Lemma 1. 2

(b) Ift= 0,m= 1, letu= (a,0),vi= (0,0),a
€ Zn[i,b€ Zymliland!| Z» [i]| = 4| Zul =
25. Sinceuv; = Ofor every i,j,Ks24 < I'(R) , then
VIT'(R))= VM Ks2)= 6> 5by Lemma 1. 2

(¢)ft= O0,m= 0, thenn= PlkUV(ZS[i])Z 1
by Theorem 2. 3.

Case 3. Assumes= 0.

(a)If= 2,letui= (0,a, 0,---,0),vi= (0,0,b,
o, 00€ D(R),a€ Zyn [i 1,6€ Zy,b [i]and| Z,a [ ]l
> | Zy [l]‘} 3.Snceuivy = Oforeveryi,j, Kss&
L(R) , then V(T(R))= V(Kss)= 9> 5by Lemma
L 2.

(b)Ift= 1,m= 2,letu= (a,0),vi= (0,b),a

10

€ Zr[il,b€ Z![i]landl Z2 [i1= 16, Z/i [i]=

9. Since uv; = 0 for every i,j,Ksis & I'(R) , then
VIT(R))= V(Ks.is) = 20> Sby Lemma 1. 2
(e)fft= 1,m= 1,1= 2, letu = (a,0),v=
(0,b),a € 2Zilb € Zn[illzr[i]l = 4,
| Zg/1 [i 1= 81. Sincewv; = 0 for everyi,j, Kss &

F(R) ,then\/(F(R) )> V(KS,SO) = 20> Sby Lemma

1.2
(d)Hf: 1,m: 1,[1: 1,thenn: qu. Ifq1>

3.letu = (a,0),vi= (0,b),aC Zr [i,bE Z, [i],

and| 20 [i] = 4,and | Z [i]|= 49, Sincewsvi= 0

foreveryi,j, K3.s< I'(R) ,then V(I'(R) )= V(K3.4)

= 12> Sby Lemma 1. 2. Ifqi= 3,Zl[i|= Z[i[D

Z3[i], then V(T'(Zs [i])) = V(K3s) = 2 by Lemma

1.2
(e)Ift= Lm= 0, thenn= q".V(Z(i)) = 2

by theorem 2. 2
(f) ft= 0,m7 O, thenn= 2".V(Zs(i))= 3by

theorem 2 1.
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