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Abstract Tet G be a finite group, p the smallest prime dividing the order of G and P a Sylow p -

subgroup of G. We will show that if every members of M (P) is either SS —quasinormal or C —

supplemented in G, then G isp -nilpotent.
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All groups considered in this paper will be
finite. If H is a subgroup of the group G, then H¢
denotes the normal core of H in G, the largest normal
subgroup of G which is contained in H . Also, H( G) is
the Frattini subgroup of G. M (G) denotes the set of all
maximal subgroups of all Sylow subgroups of G.

A class F of finite groups is called a formationif it

has the following properties

(1)ifGE Fand N4 G.thenGINE F.

(2)if G/IN/E F(i= 1,2),then G/INI() N2E
F.

If in addition that, GH(G) € Fimplies GE F,
then F is called saturated. It is well known that the
class of all supersovable groups is a saturated formation
denoted as U.

A subgroup H of G is called S quasinormal in G if
H permutes with every Sylow subgroup of G (i. e, HS
= SH for any Sylow subgroup S of G ). This concept

: 2009-03-13
: 2009-05-31
(1940-),
* Supported by the Foundation of the Guangxi Autonomous Region

(No. 105930903070) .
A 20104 20 % 175% 1B

SS —quasinormal subgroup, C —supplemented subgroup, Maximal subgroup, p -

. : G Sy low
G ,p G

was introduced by O. H. Kegel in 1962 and was
investigated by many authors Recently, Ballester—
Bolinches and Pedraza—Aguilera generalized this
concept to S —quasinormally embedded subgroups A
subgroup H of Gis called S —quasinormally embedded
in G, provided every Sylow subgroup of H is a Sylow
subgroup of some S —quasinormal subgroup K of G. H
is called C -supplemented in G if there exists a
subgroup N of Gsuch that G= HN and H) N< Hc
= Cores( H).

In 2008, Ii S and Shen 7" introduced the
concept of S§ -quasinormality. A subgroup H of a
group G is said to be an S —quasinormal subgroup of
G, if there is a supplement B of H to G such that H
permutes with every Sylow subgroup of B. In this
paper, we will show that if every member of M (P) is
either S§ —quasinormal or C supplemented in G, then
G is p —nilpotent. As applications, some further results

are obtained.
1 Preliminaries

In this section, we collect some known results

which are needed in this article.



Theorem 1. 17

order of G and P is a Sylow subgroup of G. If every

Let p be a prime dividing the

maximal subgroup of P is dther S —quasinormally
embedded or C -supplemented in Gand (| G ,p-1) =
1, then Gis p —ilpotent.

Theorem 1. 2"
containing U, G is a group with a normal subgroup H
such that G/HE F. Then G& F if one of the
following holds

Let I be a saturated formation

(1)all maximal subgroups of all Sylow subgroups
of H are either S —quasinormal or C -supplemented in
G;

(2)all maximal subgroups of all Sylow subgroups
of F (H) are
supplemented in G.

either § —quasinormal or C-

Lemma 1. 1" Suppose H is SS —quasinormal in
agroupG , K<< Gand N a nomal subgroup of G.

(1) = K, then H is SS —quasinormal inK .

(2) HN IN isSS —quasinormal in G/N .

(3)IfN< K andK /N isSS —quasinormal in
G /N, then K is SS —quasinormal in G.

(4) If K is quasinormal in G, then HK is SS -
quasinormal in G.

Lemma 1 2%)  Let Gbe a group

(1) If His C supplemented in G, = K<< G,
then H isC -supplemented in K.

(2) Let K4 G and H< K<< G, then His C -
supplemented in G if and only if H/K is C-
supplemented in G /K .

(3) Let ©be a set of primes, H a ¢ -subgroup of G
and N a normal © —subgroup of G.If H is C-
supplemented in G, then HN /N isC -supplemented in
G/N.

Lemma 1 3" Let H be a nilpotent subgroup of
G. Then the following statements are equiv alent.

(1) HisS —quasinormal in G.

(2) < F(G) and H is SS —quasinormal in G.

(3) H< F(G) and H is S ~quasinormally
embedded in G.

Lemma 1. 4" Let Gbe a group and p a prime
dividing| @ with (G ,p- 1)= 1.

(1) ¥ N is nomal in G of order p , then N<<
Z(G).

(2) If Ghas cyclic Sylow p —subgroup, then Gisp —
nilpotent.

2

(3)FM< Gand| G* M| = p, then M4 _G.
Lemma 1. 5"  Let G be a group and M is a
subgroup of G

()EM4 G, thenF (M)< F (G).

(2) F (G)F 1,if G~ 1; infact F (G) IF(G)
= soc(F(G)Co(F(G)) IF(G)).

(3)F (F (G))= F (G= F(G); if F (G)is
solvable, then ¥ (G) = F(G).

2 Main resul ts

Theorem 2. 1
order of G and P a Sylow p —subgroup of G. If every

Let p be a prime dividing the

maximal subgroup of P is either SS —quasinormal orC -
supplemented inGand (| G ,p— 1)= 1, thenGisp -
nilpotent.

Proof If all maximal subgroups of P are C -
suplemented in G, then G is p -nilpotent by Theorem
1. 1. Hence there exists a maximal subgroup Pi of P
such that P1 is 8§ —quasinormal in G. Fistly, fix an H
€ M(P) such that H is SS ~quasinormal in G.

Now we prove that there exists a Hall p, -
subgroup K of Gsuch that HK is a subgroup of index p
in G.

By conditions. thereis a subgroupB< Gsuch that
G= HB and HX= XH forallXE€ Syl(B) ,and H
B is of index p in By, a Sylow p —subgroup of B
containing H'| B. Thus S HandS) H= BN H
for all S€ Syl (B). SoB\ H=[1 (SN H)<)
= Oy (B).

We claim that B has a Ha]lp, -subgroup. Because
lOv(B)* BN H = p or 1, it follws that
|BIOy(B)l ) = por L As({G ,p— 1)= 1, then
B /0y (B) isp -nilpotent by Lemma 1. 4( 2), and hence
B isp —=solvable- SoB has a Hallp, —subgroup Thus the
claim holds. Now, let K be a Hall p/ -subgroup of
B.%(K)= {p2.p} and P.€ Syl (K). By the
conditions, H is SS —quasinormal in G, so H permute
with subgroup (P2, ,P) = K and HK <
G. Moreover, | G* HK| = p as desired.

Now, for every Hi € M(P)(H is SS-
quasinormal in G), there exists a Hallp/ -subgroup Ki
of G such that Mi =
index pinG. As(I G ,p- 1)= 1,by Lemma 1. 4,
M:4_G. Obvioudly, Hi is S —quasinormally embedded

Guangxi Sciences, Vol. 17 No. 1, February 2010

HKi, which is a subgroup of



in G. Thus every maximal subgroup of G is either C —
supplemented or S —quasinormally embedded in G. By
Theorem 1. 1, Gis p —ilpotent.

Corollary 2.1 Let p be the smallest prime
dividing the order of G and P a Sylow p -subgroup of
G. If every maximal subgroup of P is dther 55—
quasinormal or C -supplemented in G, then G is p -
nilpotent.

Corollary 2.2  Suppose that G is a group K
every member of M (G) is either SS -quasinormal or
C —supplemented in G, then G has Sylow tower of
supersolvable type.

Proof It is clear that (‘ a ,p— 1)= 1,ifpis
the smallest prime dividing | Gl . By the hypothesis,
every member of M (G) is either SS —quasinormal or
C —supplemented in G, so G satisfies the condition of
Theorem 2. 1, and hence Gisp —nilpotent. Let U be the
normal p complement of G, then U satisfies the
condition by induction, hence G possesses Sylow tower

property of supersolvable type.

Theorem 2.2 Let F be a saturated formation
containing U. Suppose that G is a group with a normal
subgroup H such that G/HE F. If for every primep
dividing | Hl and P€ Syl,(H), every member of
M (P) is either SS <uasinormal or C -supplemented in
G, then GE F.

Proof Assume that the theorem is not true and
let Gbe a minimal counter-example.

(1) H has minimal normal subgroup H, H< QO

< H,0< Sylb(H)andqis the largest prime in ( H).

Obviously, H satisfies the condition of Corollary
2.2, so H possesses Sylow tower property of
supersolvable type. Let ¢ is the largest prime dividing
| H and Qis a Sylow ¢ <subgroup of H, then &4 H,
so H has minimal normal subgroup Hi, H= Qand H,
is an elementary abelian ¢ group,as desired.

(2) G/Hi€ F,H<H(G), Hi= Q€ Syl(H).

Obviously, G/Hi € F. Since F is a saturated
formation, so Hi is the unique minimal normal
subgroup of G H,H </
H(G). Moreover, Hi= F(H). Since H is solvable, so
CH(H1)< F(H) andCu(H1)= Hi= F(H). Since
M H,0< F(H), thus Hi= Q€ Syk(H).

(3) The final contradiction.

containing  in

For any maximal subgroup Q1 of O, Qi is a@ther SS
;EAE 20104 28 F 17TE% 14

—quasinormal or C -supplemented in G by (2) and the
hypothesis. Thus Or is ether S —quasinormal or C -
supplemented in G by Lemma 1. 3. Hence GE F by
Theorem 1. 2. We get the final contradiction.
Corollary 2.3  Let G be a group, H a normal
subgroup of G such that G/H is supersolvable. I all
maximal subgroups of all Sylow subgroups of H are
either SS —quasinormal or C supplemented in G, then
Gis supersolvable.
Theorem 2. 3
containing U. Suppose that Gis a group with a solvable
normal subgroup H such that G/H € F. If all

maximal subgroups of all Sylow subgroups of F'( H)

Let F be a saturated formation

are either SS —quasinormal or C -supplemented in G,
then GE F.

Proof As H issolvable,by Lemma 1.5, F( H)
= F (H). Let P € M(F(H)), if Pi is SS -
quasinormal in G, then Pi is S —quasinormal in G by
Lemma 1. 3. Applying Theorem 1. 2(2),we can get G
€ F.

Theorem 2. 4
containing U. Suppose that Gis a group with a normal
subgroup H such that G/HE F. If every member of
M(F (H)) is
supplemented in G, then G& F.

Proof Suppose that the theorem is false and let

Let F be a saturated formation

either SS —quasinormal or C -

G be a minimal counter-example.

Case 1 F= U.

Let G be a minimal counter-exam ple.

(1) Every proper notmal subgroup N of G
containing F' ( H) is supersolvable.

Since N /N1 H= N H /H is supersolvble, we get
F (Hy= F (F (H))< F (NN H F (H) by
Lemma 1.5 S F (H)= F (N} H) and N,N(
H satisfy the hypothesis of the theorem. Hence N is
supersolvable by the minimal choice of G.

(2) H= Gand ¥* F (G) = F(G) < G.

If H < G, then H is supersolvable as H contains
F (H) and F (H) = F(H), it follows that G is
supersolvable by Theorem 2. 3, a contradiction.

If £ (G = G, then G is supersolvable by
applying  Corollary 2.3, a
F (G) < G,it is supersolvable by (1), so F (G) =
F(G)# 1by Lemma 1. 5.

(3) The final contradiction.

contradiction. Thus
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