DOT: 10. 13656 /j . crki . gxkx. 2009. (2. 001

Guangxi Sciences 2009, 16(2): 126- 130

A Stage-Structured Predator-Prey System with Time
Delay and Typelll Functional Response
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Abstract A non-autonomous predator-prey model with stage-structured on prey, time delay, type
[T functional response, continuous harvesting on predator has been studied in this paper. The
existence of a positive periodic solution of the system has been established.
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The research on biology models becomes
meaningful in order to exploit biological resources
reasonably. As we all know, physiological function
(birth rate, Morality, Diffusivity, Predation Capacity
etc. ) of species varies in different stages. Moreover,
there is interaction between mature and immature
species. All of these affect the continuous existence and
extinction of biological species more or less. Therefore,
it is practically meaningful to study stage-structured
biological species models'".

Stagestructured models have received much
attention in recent years. Mathematical analyses for
stage-structured models were demonstrated in many

papersl} ) Wang and Chen"' considered the following
predatorprey models

: 2009-03-20
(19669,
*  Supported by the National Science Foundation of China
(10861003) , the Science Foundation of Guangxi (08320187, 0899017,
200808MS079) and the Science Foundation of Qinzhou University
(2008X JKY-03 A).

126

: 1005-9164(2009) 02-0126-05

xi(f) = () [r= avi(t= ) - bxa(n)].
x2(8) = kbxi(t— byxs(t - &) -
[D+ 1 x2(2),

x3(t) = Dx2(t)+ _wx3(r),
where the predator population is divided into mature
and immature predator, and X1(Z) denotes the density
of prey at timet,x2(¢) andx3 () represents densities of
the immature individual predator and mature
individual predator at time ? respectively. The material
biological meaning can be seen in Reference [2 .

However, the model ignores the functional
response and harvesting predator. Recently, Song and
Chen”™ also investigated a stage—structured population
model with two life stages, immature and mature, with
harvesting mature population and stocking immature
population. Dong et al’’ and Jao"" investigated the
ex tinction and permanence of the predator—prey system
with stocking of prey and harvesting of predator
impulsively. There are papers[m " studied the model
with time delay and functional response.

Motivated by the recent research mentioned
above,and to make the model is more close to reality,
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certain research has been carried out in the local sea
area ( Guangxi Beibu Gulf), seeing fishermen using
fish and shrimp for Mari—culture, and we consider the
following modet
xi1(t) = s(t)x2(t) — r(t)x1(¢t) -
an (t)xi(t) - blzx%(t),
x2(t) = r(txi(t) - ai(t)x2(t) -
5 T(H)x3(2) y(1)
b2 (1) = 9 Uiy
yi(t) = — an()y(t) = buy* () + d(t)
Teyxd() (1= f(ey())yv(n)
I+ Uyxi(e- f(z,p(1)
E(1)y(1),

(0.1)

where x,y is prey species and predator species
respectively. ¥(7) denotes the density of predator at
time ¢,x1(¢) and x2(¢) represents densities of the
immature individual prey and mature individual prey at

1,2,3) is the death

1,2, 3) is the coefficient intra—

timef respectively. a1 (t) > 0(i=
rate, and h2(2)> O(i=
specific competition of the immature individual prey

and mature individual prey and predator respectiv ely;

x3(t = DHy(o
1+ Ut)xi(t -

f is the functions with type I

functional response, 1(¢) is the capture rate of
predator, d(¢) > 0 is the rate of conversion of
nutrients into the reproduction rate of predator; 1 >

E(t) >

0 is the effect of continuous harvesting

predator.
All of the above variable coefficients (€ C(R,
R ),R = (0,+ ©°)) are positive periodic continuous

functions with period k> 0. The purpose of this paper
is to study the existence of positive periodic solution of
system (0. 1) by using continuation theorem of
coincidence degree theory which was proposed in

Reference [15].
1 Lemma

LetX and Y be real Banach spaces, L: DomLC X
— Y a Fredholm mapping of index zero and P: X> X,
Q Y— Y continuous projectors such that Im P =
KerL , KerQ= ImL and X = KerL® KerP,Y= ImL
SP) ImQ. Denoted the restriction of L by Lr in DomZ/ )
KerP,Kp: In[—~ KerP) DomL the inverse to L, and
J ImQ— Kerl an isomorphism of ImQ onto KerL.
FEAE 20094F 5A F 165% 2M

Lemma 1. 1°'  Let KC X be an open bounded
set and Nt X> Y be a continuous operator which is L-
com pact OHR(i- e QNZR_’ YandK»({ - Q)N: K>
Y are compact). Assume (a) for eachAC (0,1),x€
K\ DomL ,Lx# ANx; (b)for eachx€ I KerL,
ONx7# 0; (c)deg {(JON,KN KerL 0% 0. ThenLx
= NX has at least one periodic solution inK DomL.

2 Main resul t

In the folklowing, we use the notations

f= —if S@def = min £ (o)l =
aminl f(o)l
where f is a continuous k- periodic function.

Theorem 2. 1 Assume the following conditions

( H1) f(¢,y(t)) being continuous and k —periodic
with respect to? and due to gestation of ¥,

(H2) (k- r— an)"> 0,

T M
(H3) [(r - a21)L > 4p% [(TJ)M I dT,

32
dT ‘
(H4) 1+ U™ @ - > 0

are satisfied. Then system (0. 1) has at least one

positive K —periodic solution.
Proof Letxi()= ¢“.i= 1,2,y(0)= &,

then system( 0. 1) becomes

ui(t) = s(t)e?" Y — r(t) - an(t) -
u (1)
bu(t)e!,
w(t) = ()" = g () = ba(1)é"
T(r)é2") 5"

1+ Uz
us(t) = — asi(t) — bn(1)é"

T(ﬂeztz(t— f(¢,¢13(0y)
1+ el ey =

"+

d(1)

E(1).

(2. 1)

It is easy to see that if system (2 1) has one k —
periodic solution (uyl (1) 2 (1), 03 (Z))T, then (eu*‘ o,
én 0 s )'is a positive —periodic solution of system
(0. 1). Then, the next work is to prove that system
(2 1) has one k —periodic solution.

In order to apply the continuation theorem of
coincidence degree theory to establish the existence of
k periodic solution of system (2. 1), we takeX= Y=
(u= (w(t),u2(t),u5(t)) € CR,R Y w(t+ k)=
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3

w(t),i= 1,2,3) and G (8),u2(¢),us (2)) "1l = >,

Errlloa}ﬂ i (1)l , here,l " | denotes the Euclidean norm.
With this norm II' I, X and Y are Banach spaces. Set
L DomL N X,L(w(t),u2(t)us(t))" = (w(t),
u(t),us (1)), where DomL= {u(t)= (w(¢).,u2(t),
us(t))' € C(R.R)}, and N: X> X,Lu = Nu.
Define two projectors P and Q as Pu= Qu= _ﬂ l(:udt,
uc X.

Clearly, Kerl = R3,ImL = {(w(2),u2(1),

K
us(t))'€ ijou(l)dt= 0,i= 1,2,3} is closed inX

and dim Kerl = codim ImL =
Fredholm mapping of index zero. Through com puta—

3, therefore, L is a

tion we find that the inverse K, of L, has the form Kr:

t
ImL — DomL () KerP,Kru = Jou(s)ds -

LK
_kJ j Lu(s) dsdz. Moreover, we have

Kr(I - Q)Nu= KrNu - KrQNu-=

J;’u )ds - Jj 5)dsdZ — [Ju(s)ds—

Elzjo(éou (S)dS>dZ]—j u (s) ds — Jj u (s)dsdZ -

- —;J 1 (s) ds.

We can show that ON and Kr(I — Q)N are
continuous by Lebesgue convergence theorem and that
ON (K),Kr (1 -
any open bounded subset K by Arzela—Ascoli theorem.

Q)N (KR) are relatively compact for

Therefore, N is L wompact onK for any open bounded

subsetKE X . Corresponding to the operator equation

Lu= ANu, A& (0,1), we have

() = RO = ()~ an() -
bi(t)é" ],

w(t)= Ar()e" " — an(t) -

T[l] u (1) 2(t)
- 1+ U( )e 2, (1) ]7

.u3(t) = X[ an (1) - bxn(t)e"" +

Ty et s
a(?) 1+ Ui fr,d3)) ~

b (1)e"

E(1) ]
(22

e [oi(]ut( )?
Err[lgyli{l]u[(t),i= 1,2,3. Then it is clear that

Choose 4,2€ [0,k] such that ui(3) =
wi (4) =
itf(ezl) = u,(Z) = 0,i= 1,2,3 From this and system
(2 2),weobtain

128

|
s(A)e2 T _ @y = an(A) - b (&)
= Gr(&)a' Y o g (&) - bn()E? -

M u a

1+ 6(32):242(22) = 0 - an(B) - b32(%)e3(3)+
Tpay) s (e

d(%) 1+ U(a;) 2,(%- 1(X,en3("3))) T E(QB): 0, (2 3)

and

S(Z)euz(xl)* M[(Z]) _ I"(Z)— all(Z) _ blz(Z)eul(Z])
= (}»I’(ZZ)e'"(Z)fuz(zz) - an(%) - bzz(zz)euz(ZZ) -

T{ ) 2% g3(%) e
1+ZZI§(72) s = 0 = an(b) — bu(h)e" Y +
_Z_ f(Z 3% 3)))
a(z) R
1+ U(Z)e
Ifu (84)= u2(d), thenu1(31)> w(d)= w(d).
From the first formula of (2. 3),we have

ba( @)1 V< g(a), < bK;;: d.

12

E(%) = 0. (2.4

fZ &2(23))) -

(2.5)

fui (1) < w(2), thenwi ()<< wi(h) < w(t). By
the second formula of (2. 3), we get

M
bn (&)Y < p(ap> g2 <g—§2:z d.
Set d= max{d, d}, by fromula(2 5) and fromula
(2 6),forY t€ [0,k], wehave

(2. 6)

S < e < d (2.7
From the last formula of (2 3), we havebx ()5 ™
sy
< d(%) U®) , SO
- dT
& < (m)M:: & (2.8)

Ifu (AY< w2 (2), thenw (4)< u2(%)y< w(4). By
the first formula of (2. 4), we get br(Z)en™ =
s(Z)e = A — (2 - an(Z), so
N EAlg[k—r—all]L::W. (2.9
Ifur (4)> w2(%), thenw (%)= ui(4)> w(%). By
the second formula of (2. 4),we obtain

bn(B)e? ™ = p(B)e B

Lzl > r(Z) - azl(Z)

é‘l(zl

wi(4) -

v UZ)e
%(%))eu%jez(z’ > [(r- an)' +
L2 ETEANY d"
[(r = an) ] - 42 [(U) I bh 1/( %)= W,
(2. 10)
SetW= min{W W) forV r€ [0,k], we have
b s Wl s W (2. 11)
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From the last formula of (2 4) wehave

b(2)e" ™ = — an(L)+ d(%)
T(Zz )ez,z(zz, CAREIC)))

e UZ)esi o

4

E(B) > - an(5) +

T %)
and then
" 1 T
RN - an+ lf U- Ef:=W.

(2. 12)

Therefore, from formula ( 2. 11), formula
(2.12), it follows that there exist two positive
constants WW , such that

&> Wi= 1,2),6:" > W, (2. 13)
From formula (2 7), formula (2 8) and formula
(2 13), we obtain | ui(f)l < max{| Ind ,[ Ind|
LWL W ) =2 RLi= 1,2, 3 Obviously, Ri(i= 1,
2,3) are independent ofA.

Using the integral mean valued theorem, it
follows that there exist some points YE [0, k](i= 2,

T.
3) such that when (u1,u2,u3) is a constant vector, we

get
Ui
ON| w3 =

u.

" = = an — bne!

R - G = Bndr - ——

1+ Ux)e (2. 14)
4"

- (an+ E) - bné3+ W

3
Denote M = Z R+ Ro,Rois taken suffident large
i=1

such that each solution (T ULV )T of the system

S - F- au- bue= 0,
uv
LU = U Tee B
re  — axn — bne - s U(Sé)ezu_ 0,
N4 s
- (as+ E) - bne+ H—T(\@)eﬂ: 0,

(2. 15)
satisfies 1 (T ,U ,V )l = T+ U+ [ V] <
M. We will prove that system (2 15) has a solution
or a number of solutions. Now we takeK={u="(u1,
uz,us)TE X: llull < M}. This satisfies condition (a)
in Lemmal. 1. When (u1,12,u3)' € &K KerL = K
n r, (ul,uz,us)T is a constant vector in R with

A 200045 5H % 165% 24

3

Z lul = M. If system (2 15) has a solution or a

i=1
number of solutions, then ON (ui,u2,u3)" # (0,0,
0)". I there is no solution of system (2. 15), then

naturally
Ui

ON| ul #

u

(2. 16)

This proves that conditon (b) in lLemma 11 is
satisfied.

Finally we will show that condition(c) of Lemma

1. 1is satisfied. So,we define? DomLX [0, 1}> X,
by
e —
—uu =
Quiue,us, ) = re @ o +
0 drI‘eZu2
— bne3+ 1+ U(Y3)e242
- an - bie"
p Tg2é'
|~ 52262 - 1+ U(YQ)@QM2 , (2 17)
- (asi+ E)
where € [0, 1]is a parameter.
When (u17u2’u3)T6 ‘Kﬂ Kerl = m R3a(ul7
3
u2,u3)" is a constant vector in R’ withz lul = M.

=1
We will show that when (u ,uz,u3)T6 KN Kerl,
Qui,uwe,us, ) # (0,0, O)T. Otherwise, constant
3

vector (¢ ,HZ,LB)T Witl’E | ul = Msatisfiesqul ,uz,

=1

w, )= (0,0, O)T, then from

€7 — = _(an+ bné')= Oré" " - an -
E u, uzel’ _ O E Uy
_(bne? + I+ U(sz)e%) = ;- bxne?® +

?'EMZ
1+ U¥ )e2“2 -

by above-mentioned argument formula ( 2 7), formula
(2 8) and formula (2. 13) , magnifying f intofM and
reducing / into f/°, and magnifying _ into 1 and

_(a3r+ E)= 0, (2. 18)

reducing _ into 0, we get| wl < max{| Ind ,| Ind| )

3 3
W W ) Li= 1,2,3 Then, luwl <) R <
i=1 i= 1
M, which contradicts the fact that constant vector

3
(ur,uz,us) " satisfiesz lul = M. Therefore, Qui,

i= 1
w,us, )7 (0,0,0)", for (w,we,w) € K Kerl.
Using the property of topological degree and takeJ =
I Im—~ KerL, we have
129



deg {JON (ui,uz,us,_ ) KN KerL, (0,0,0)"}
= deg{Qui,w,us, 1), KN KerL, (0,0,0)'} =
deg{Qui,uz,us,0), K N KerL, (0,0,0)'} = -
sgn(s e ™" "3) = — 17 0. This completes the
proof of condition(c) of Lemma 1. L

By now we know that K satisfies all the
requirements of Lemma 1. 1. So, system (0. 1) has at
least one positive K periodic solution.

From Theorem 2. 1, it is clear that the excess
harvesting causes the extinction of the predator
population, and breaches the sustainable development
That is, the

reasonable harvesting can bring the permanence of the

of biological resources. behavior of

exploitative predator-prey system. However, there is
an interesting problem how to do impulsive stocking

on prey and for predator optimal harvesting. We will

continue to study such problems in the future.
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