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Abstract: A non-autonomous predator-prey model wi th stage-structured on prey, time delay, type

Ⅲ functional response, continuous harv esting on predato r has been studied in this paper. The

existence of a posi tiv e periodic solution of the system has been established.
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摘要:研究一类食饵具有阶段结构、捕食者具有时滞功能反应和连续收获的非自治捕食者 -食饵模型 ,得到该模

型存在正周期解的充分条件 .
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　 　 The research on biolog y models becomes

meaningful in order to exploit biological resources

reasonably. As we all know , physiological function

( bi rth rate, Morality , Dif fusivity , Predation Capaci ty

etc. ) of species varies in dif ferent stages. Mo reover,

there is interaction between mature and immature

species. All of these affect the continuous existence and

ex tinction of biological species more o r less. Therefore,

it is practically meaningful to study stage-structured

biological species models
[1 ] .

　 　 Stage-structured models have receiv ed much

at tention in recent years. Mathematical analyses fo r

stag e-st ructured models w ere demonstrated in many

papers
[2～ 7 ]

. Wang and Chen
[2 ]
considered the following

predato r-prey models:

　　

x
 
1 ( t ) = x 1 ( t ) [r - ax 1 ( t - f1 ) - bx 3 ( t ) ] ,

x
 
2 ( t ) = kbx 1 ( t - f2 )x 3 ( t - f2 ) -
　　 [D+ _ 1 ]x2 ( t ) ,

x
 
3 ( t ) = Dx 2 ( t ) + _ 1x 3 ( t ) ,

w here the predator population is divided into mature

and immature predator, and x 1 ( t ) denotes the density

of prey at time t ,x 2 ( t ) and x 3 ( t ) represents densities of

the immature individual predator and mature

individual predato r at time t respectively. The material

biological meaning can be seen in Reference [2 ].

　 　 However, the model ignores the functional

response and harv esting predato r. Recently , Song and

Chen
[8 ]

also investig ated a stage-st ructured population

model wi th tw o life stag es, immature and mature, w ith

harvesting mature population and stocking immature

population. Dong et al[9 ] and Jiao[10 ] inv estigated the

ex tinction and permanence of the predator-prey system

with stocking of prey and harvesting of predator

impulsiv ely. There are papers
[10～ 14 ]

studied the model

wi th time delay and functional response.

　 　 Motivated by the recent research mentioned

above, and to make the model is mo re close to reality ,
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certain research has been carried out in the local sea

area ( Guangxi Beibu Gulf ) , seeing fishermen using

fish and shrimp for Mari-culture, and w e consider the

following model:

　　

x
 
1 ( t ) = s ( t ) x2 ( t ) - r ( t )x 1 ( t ) -

　　a11 ( t ) x1 ( t ) - b12x
2
1 ( t ) ,

x
 
2 ( t ) = r ( t )x 1 ( t ) - a21 ( t )x 2 ( t ) -

　　b22x
2
2 ( t ) -

T( t )x 2
2 ( t ) y ( t )

1+ U( t )x 2
2 ( t )

,

y
 
1 ( t ) = - a31 ( t ) y ( t ) - b32y

2 ( t ) + d ( t )  

　　
T( t )x 2

2 ( t ) ( t - f( t , y ( t ) )y ( t )
1+ U( t ) x22 ( t - f( t , y ( t ) )

-

　　 E ( t ) y ( t ) ,

( 0. 1)

w here x , y is prey species and predator species

respectiv ely. y ( t ) denotes the density of predator at

time t ,x 1 ( t ) and x 2 ( t ) represents densities of the

immature individual prey and mature individual prey at

time t respectiv ely. ai1 ( t ) > 0( i = 1, 2, 3) i s the death

rate, and bi 2 ( t ) > 0( i= 1, 2, 3) is the coef ficient int ra-

specific competition of the immature individual prey

and mature individual prey and predato r respectiv ely;

x
2
2 ( t - f)y ( t )

1+ U( t ) x22 ( t - f) is the functions with type Ⅲ

functional response, T( t ) is the capture rate of

predato r, d ( t ) > 0 is the rate of conversion of

nutrients into the reproduction rate of predator; 1 >

E ( t ) > 0 is the ef fect of continuous harv esting

predato r.

　　 All of the above variable coefficients (∈ C ( R,

R
+ ) ,R+ = ( 0, + ∞ ) ) are positiv e periodic continuous

functions wi th periodk> 0. The purpose of this paper

is to study the existence of positive periodic solution of

sy stem ( 0. 1 ) by using continuation theorem of

coincidence deg ree theory which w as proposed in

Reference [15] .

1　 Lemma

　　 LetX and Y be real Banach spaces, L: DomL X

→ Y a Fredholm mapping of index zero andP: X→ X ,

Q: Y → Y continuous pro jecto rs such that Im P =

KerL , KerQ= ImL andX = KerL⊕ KerP ,Y = ImL

⊕ ImQ. Denoted the restriction of L by Lp in DomL∩

KerP , K p: ImL→ KerP∩ DomL the inverse to Lp and

J: ImQ→ KerL an isomo rphism of ImQ onto KerL .

　　 Lemma 1. 1
[ 15]
　 LetK X be an open bounded

set andN: X→ Y be a continuous operator which is L-

compact onK( i. e. QN :K→ Y andK p ( I - Q )N:K→

Y a re compact) . Assume: ( a) for eachλ∈ ( 0, 1) ,x ∈

 K∩ DomL ,Lx≠λN x ; ( b) for each x∈  K∩ KerL ,

QN x≠ 0; ( c)deg {JQN ,K∩ KerL , 0}≠ 0. Then Lx

= N x has at least one periodic solution inK∩ DomL .

2　Main resul t

　　 In the following , we use the notations:

　　 f =
1
k∫

k

0
f ( t )dt , f

L
= min

t∈ [0,k]
|f ( t )|, f

M
=

min
t∈ [0,k]

|f ( t )|,

w here f is a continuousk-periodic function.

　　 Theorem 2. 1　 Assume the following conditions:

　　 ( H1)f( t , y ( t ) ) being continuous andk-periodic

wi th respect to t and due to gestation of y ,

　　 ( H2) (k- r - a11 ) L > 0,

　　 ( H3) [ (r - a21 )L ]2 > 4bM22 [ (
T
U
)M ]2  

d
M

b
L
32
,

　　 ( H4)
dT

1+ U- a31 - E
L

> 0

are satisfied. Then system ( 0. 1 ) has at least one

positiv ek-periodic solution.

　　 Proof　 Let xi ( t ) = e
u
i
(t)
, i = 1, 2,y ( t ) = e

u
3
(t)
,

then system( 0. 1) becomes

　　

u
 
1 ( t ) = s ( t )eu2( t) - u

1
( t) - r ( t ) - a11 ( t ) -

　　b12 ( t )e
u
1
(t )
,

u
 
2 ( t ) = r ( t )e

u
1
( t) - u

2
(t )
- a21 ( t ) - b22 ( t )e

u
2
(t )
-

　　
T( t )eu 2(t )eu3(t )

1+ U( t )e2u 2(t)
,

u
 
3 ( t ) = - a31 ( t ) - b32 ( t )e

u
3
(t )
+

　　d ( t ) T( t )e
2u
2
( t-f(t ,eu3( t ) ) )

1+ U( t )e
2u
2
( t-f(t ,eu3( t ) ) ) -

　　E ( t ) .

( 2. 1)

　　 It is easy to see that if system ( 2. 1) has onek-

periodic solution (u
*
1 ( t ) ,u

*
2 ( t ) , u

*
3 ( t ) )

T
, then (e

u*
1
(t)
,

e
u*
2
(t) ,eu

*
3
(t) ) T is a positiv e -periodic solution of system

( 0. 1) . Then, the nex t wo rk is to prove that system

( 2. 1) has onek-periodic solution.

　　 In o rder to apply the continuation theorem of

coincidence deg ree theory to establish the ex istence of

k-periodic solution of system ( 2. 1) , w e takeX = Y=

{u = (u1 ( t ) ,u2 ( t ) ,u3 ( t ) )
T
∈ C (R , R

3
): ui ( t+ k) =
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ui ( t ) , i = 1, 2, 3} and (u1 ( t ) ,u2 ( t ) ,u3 ( t ) ) T = ∑
3

i= 1

max
t∈ [0,k]

|ui ( t )|, here,| |denotes the Euclidean norm.

With this no rm    , X and Y are Banach spaces. Set

L: DomL ∩ X , L (u1 ( t ) ,u2 ( t ) ,u3 ( t ) )
T
= (u

 
1 ( t ) ,

u
 
2 ( t ) ,u

 
3 ( t ) )

T
, w here DomL = {u( t ) = (u1 ( t ) ,u2 ( t ) ,

u3 ( t ) ) T ∈ C
1 ( R, R3 ) } , and N : X → X , Lu = N u.

Define tw o projecto rs P and Q as Pu = Qu =
1
k∫

k

0
udt ,

u∈ X .

　 　 Clearly, KerL = R
3
, ImL = { (u1 ( t ) ,u2 ( t ) ,

u3 ( t ) ) T∈ X:∫
k

0
ui ( t ) dt = 0, i = 1, 2, 3} is closed inX

and dim KerL = codim ImL = 3, therefore, L is a

Fredholm mapping of index zero. Through computa-

tion w e find that the inverseK p of Lp has the form KP:

ImL → DomL ∩ KerP ,KPu = ∫
t

0
u (s )ds -

1
k∫

k

0∫
t

0
u(s ) dsdt . Mo reover, w e have

　　 KP ( I - Q) Nu = KPNu - KPQNu =

∫
t

0
u
 
(s ) ds -

1
k∫

k

0∫
Z

0
u
 

(s) dsdZ - [
t
k∫

k

0
u
 
(s ) ds -

1
k
2∫
k

0
(Z∫

k

0
u
 
(s) ds )dZ]=∫

t

0
u
 
(s ) ds -

1
k∫

k

0∫
Z

0
u
 
(s ) dsdZ-

(
t
k

-
1
2
)∫
k

0
u
 
(s) ds.

　　 We can show that QN and KP ( I - Q)N are

continuous by Lebesgue convergence theo rem and that

QN (K-) , KP ( I - Q)N (K-) are relatively compact fo r

any open bounded subsetKby Arzela-Ascoli theo rem.

Therefore, N is L -compact onK
-
for any open bounded

subsetK∈ X . Co rresponding to the operator equation

Lu = λN u,λ∈ ( 0, 1) , w e have

　　

u
 
1 ( t ) = λ[s ( t )e

u
2
( t) - u

1
(t )
- r ( t ) - a11 ( t ) -

　　b12 ( t )eu 1(t ) ] ,

u
 
2 ( t ) = λ[r ( t )eu1( t) - u

2
(t ) - a21 ( t ) -

　　b22 ( t )e
u
2
(t )
-
T( t )e

u
2
(t )
e
u
3
(t )

1+ U( t )e
2u
2
(t) ] ,

u
 
3 ( t ) = λ[- a31 ( t ) - b32 ( t )eu3( t) +

　　d ( t )
T( t )e2u2 (t-f(t ,e

u
3
( t )

) )

1+ U( t )e2u 2(t-f(t ,e
u
3
( t )

) )
- E ( t ) ].

( 2. 2)

Chooseai ,Zi ∈ [0,k] such that ui (ai ) = max
t∈ [ 0,k]

ui ( t ) ,

ui (Zi ) = min
t∈ [0,k]

ui ( t ) , i = 1, 2, 3. Then it i s clear that

u
 
i (ai ) = u

 
i (Zi ) = 0, i = 1, 2, 3. From this and system

( 2. 2) , w e obtain

　　 s (a1 )e
u
2
(a
1
)- u

1
(a
1
)
- r (a1 ) - a11 (a1 ) - b12 (a1 )e

u
1
(a
1
)

= 0; r (a2 )eu1 (a2) - u
2
(a
2
) - a21 (a2 ) - b22 (a2 )eu 2(a2) -

T(a2 )eu2(a2)eu 3(a2 )

1+ U(a2 )e
2u
2
(a
2
) = 0; - a31 (a3 ) - b32 (a3 )e

u
3
(a
3
)
+

d (a3 )
T(a3 )e

2u
2
(a
3
-f(a

3
,eu3(a3) ) )

1+ U(a3 )e
2u
2
(a
3
-f(X

3
,eu3(a3) ) )

- E (a3 ) = 0, ( 2. 3)

and

　　 s (Z1 )e
u
2
(Z
1
)- u

1
(Z
1
)
- r (Z1 ) - a11 (Z1 ) - b12 (Z1 )e

u
1
(Z
1
)

= 0; r (Z2 )eu1 (Z2) - u
2
(Z
2
) - a21 (Z2 ) - b22 (Z2 )eu 2(Z2) -

T(Z2 )eu2(Z2)eu 3(Z2 )

1+ U(Z2 )e2u 2(Z2)
= 0; - a31 (Z3 ) - b32 (Z3 )e

u
3
(Z
3
)
+

d (Z3 )
T(Z3 )e

2u
2
(Z
3
-f(Z

3
, eu3(Z3) ) )

1+ U(Z3 )e
2u
2
(Z
3
-f(Z

3
,eu3(Z3) ) )

- E (Z3 ) = 0. ( 2. 4)

If u1 (a1 )≥ u2 (a2 ) , then u1 (a1 )≥ u2 (a2 )≥ u2 (a1 ) .

From the fi rst formula of ( 2. 3) , w e have

　　 b12 (a1 )e
u
1
(a
1
)
≤ s(a1 ) ,e

u
1
(a
1
)
≤
k

M

b
L
12
 = d1 . ( 2. 5)

If u1 ( t1 ) < u2 ( t2 ) , then u1 ( t2 )≤ u1 ( t1 ) < u2 ( t2 ) . By

the second fo rmula of ( 2. 3) , w e get

　　 b22 (a2 )e
u
2
(a
2
)
< r (a2 ) e

u
2
(a
2
)
<

r
M

b
L
22
 = d2 . ( 2. 6)

Setd= max {d1 ,d2 } , by fromula ( 2. 5) and fromula

( 2. 6) , for t∈ [0,k] , w e have

　　 e
u1 (a1) < d,eu2(a2) < d. ( 2. 7)

From the last fo rmula of ( 2. 3) , w e haveb32 (a3 )eu3(a3)

≤ d (a3 )
T(a3 )
U(a3 )

, so

　　 e
u
3
(a
3
)
< (

dT
b32U)

M
 = d3 . ( 2. 8)

If u1 (Z1 )≤ u2 (Z2 ) , then u1 (Z1 )≤ u2 (Z2 )≤ u2 (Z1 ) . By

the first formula of ( 2. 4) , we get b12 (Z1 )eu 1(Z1) =

s (Z1 )eu2(Z1 )- u
1
(Z
1
) - r (Z1 ) - a11 (Z1 ) , so

　　 e
u
1
(Z
1
)
>

1
b
M
12
[k- r - a11 ]

L
 = W1 . ( 2. 9)

If u1 (Z1 ) > u2 (Z2 ) , then u1 (Z2 )≥ u1 (Z1 ) > u2 (Z2 ) . By

the second fo rmula of ( 2. 4) , w e obtain

　　 b22 (Z2 )e
u
2
(Z
2
)
= r (Z2 )e

u
1
(Z
2
) - u

2
(Z
2
)
- a21 (Z2 ) -

T(Z2 )eu2(Z2)eu 3(Z2 )

1+ U(Z2 )e
2u
2
(Z
2
) > r (Z2 ) - a21 (Z2 ) -

T(Z2 )e
u
3
(Z
2
)

U(Z2 )eu 2(Z2)
 e

u2(Z2) > [ (r - a21 ) L +

[ (r - a21 )L ]2 - 4bM22 [ (T
U
)M ]2  d

M

b
L
32
] / ( 2bM22 ) = W2 .

( 2. 10)

SetW= min{W1 ,W2} , fo r t∈ [0,k] , w e have

　　 e
u
1
(a
1
) > W,eu2(a2) > W. ( 2. 11)
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From the last formula of ( 2. 4) w e have

　　 b32 (Z3 )e
u
3
(Z
3
)
= - a31 (Z3 ) + d (Z3 )  

T(Z3 )e2u 2(Z3-f(Z3, e
u3(Z3) ) )

1+ U(Z3 )e2u 2(Z3-f(Z3, e
u
3
(Z
3
)
) )

- E (Z3 ) > - a31 (Z3 ) +

d (Z3 )
T(Z3 )

1+ U(Z3 )
- E (Z3 ) ,

and then

　　e
u
3
(Z
3
)
>

1
b
M
32
[- a31+

dT
1+ U

- E ]
L
 = W3 .

( 2. 12)

　 　 Therefore, f rom formula ( 2. 11 ) , formula

( 2. 12 ) , it follow s that there ex ist two positiv e

constantsW,W3 , such that

　　 e
u
i
(t ) > W( i = 1, 2) ,eu3 (t) > W3. ( 2. 13)

From formula ( 2. 7 ) , formula ( 2. 8 ) and formula

( 2. 13 ) , w e obtain |ui ( t )| < max {|lnd|,|lnd3|,

|lnW|,|lnW3|} = Ri , i = 1, 2, 3. Obviously , Ri ( i = 1,

2, 3) are independent ofλ.

　 　 Using the integ ral mean valued theorem, it

follow s that there exist some pointsYi ∈ [0,k] ( i= 2,

3) such that when (u1 ,u2 ,u3 )
T
is a constant v ector, w e

get

　　 QN

u1

u2

u3

=

　 s
-
e
u
2
- u

1 - r
-- a

-
11 - b

-
12e

u
1

　 r
-
e
u
1
- u

2 - a
-
21 - b

-
22e

u
2 -

T-eu2eu3
1+ U(Y2 )e2u2

　 - (a31+ E) - b-32eu3 + dTe
2u
2

1+ U(Y3 )e
2u
2

. ( 2. 14)

Deno teM = ∑
3

i= 1
Ri + R0 , R0 i s taken suf ficient larg e

such that each solution (T
*
,U

*
,V

*
)
T
of the system:

　　

s
-
e
U-T

- r
-- a

-
11 - b

-
12e
T
= 0,

r
-
e
T-U - a

-
21 - b

-
22e
U -

T-eUeV

1+ U(Y2 )e2U
= 0,

- (a31+ E) - b-32eV+ dTe
2U

1+ U(Y3 )e
2U = 0,

( 2. 15)

satisfies (T
* ,U* ,V* ) T = |T* |+ |U* |+ |V*| <

M . We will prov e that sy stem ( 2. 15) has a solution

o r a number of solutions. Now we takeK= {u = (u1 ,

u2 ,u3 )
T
∈ X:  u < M } . This satisfies condi tion ( a)

in Lemma1. 1. When (u1 ,u2 ,u3 ) T ∈  K∩ KerL =  K

∩ R
3
, (u1 ,u2 ,u3 )

T
is a constant vector in R

3
with

∑
3

i= 1
|ui|= M. If system ( 2. 15) has a solution or a

number of solutions, then QN (u1 ,u2 ,u3 ) T ≠ ( 0, 0,

0) T . If there is no solution of system ( 2. 15) , then

naturally

　　 QN

u1

u2

u3

≠

0

0

0

. ( 2. 16)

This proves that condi tion ( b ) in Lemma 1. 1 is

satisfied.

　　 Finally w e will show that condi tion( c) of Lemma

1. 1 is satisfied. So, w e defineO: DomL× [0, 1]→ X ,

by

　　O(u1 ,u2 ,u3 ,_ ) =

s
-
e
u
2
- u

1 - r
-

r
-
e
u
1
- u

2 - a
-
21

- b
-
32e

u
3+

dTe
2u
2

1+ U(Y3 )e
2u
2

+

_

- a
-
11 - b

-
12e

u
1

- b
-
22e

u2 -
T-eu 2eu 3

1+ U(Y2 )e2u 2

- (a31+ E )

, ( 2. 17)

w here_ ∈ [0, 1] is a pa rameter.

　　When (u1 ,u2 ,u3 )
T∈  K∩ KerL =  K∩ R

3 , (u1 ,

u2 ,u3 ) T is a constant v ector in R
3
with∑

3

i= 1

|ui|= M .

We w ill show that w hen (u1 ,u2 ,u3 )
T
∈  K∩ KerL ,

O(u1 ,u2 ,u3 ,_ ) ≠ ( 0, 0, 0)
T
. Otherwise, constant

vecto r (u1 ,u2 ,u3 )
T
with∑

3

i= 1

|ui|= M satisfiesO(u1 ,u2 ,

u3 ,_ ) = ( 0, 0, 0)
T
, then from

　　 s
-
e
u2- u1 - r

-- _ (a-11+ b
-
12e

u 1 ) = 0; r-eu1- u2 - a
-
21 -

_ (b-22e
u
2 +

T-eu2eu3

1+ U(Y2 )e
2u
2
) = 0; - b

-
32e

u
3 +

dTe
2u
2

1+ U(Y2 )e
2u
2
- _ (a31 + E ) = 0, ( 2. 18)

by above-mentioned argument formula ( 2. 7) , fo rmula

( 2. 8) and formula ( 2. 13) , magnifying f- into f
M
and

reducing f
-
into f

L , and magnifying _ into 1 and

reducing _ into 0, w e get|ui| < max {|lnd|,|lnd3|,

|lnW|,|lnW3|} , i = 1, 2, 3. Then∑
3

i= 1
|ui| <∑

3

i= 1
Ri <

M , w hich contradicts the fact that constant v ector

(u1 ,u2 ,u3 ) T satisfies∑
3

i= 1

|ui|= M . Therefo re, O(u1 ,

u2 ,u3 ,_ )≠ ( 0, 0, 0)
T
, for (u1 ,u2 ,u3 )

T
∈  K∩ KerL .

Using the property of topological deg ree and takeJ =

I: ImL→ KerL , w e have

129广西科学　 2009年 5月　第 16卷第 2期



　　 deg { JQN (u1 ,u2 ,u3 ,_ )
T
,K∩ KerL , ( 0, 0, 0)

T
}

= deg {O(u1 ,u2 ,u3 , 1) ,K ∩ KerL , ( 0, 0, 0)
T
} =

deg {O(u1 ,u2 ,u3 , 0) ,K ∩ KerL , ( 0, 0, 0)
T
} = -

sgn(s-T-vb-32e- u
1
- u

2
+ u

3 ) = - 1≠ 0. This completes the

proof of condition( c) of Lemma 1. 1.

　 　 By now w e know that K satisfies all the

requirements of Lemma 1. 1. So, system ( 0. 1) has at

least one positiv ek-periodic solution.

　　 From Theo rem 2. 1, i t is clear that the excess

harv esting causes the ex tinction of the predato r

population, and breaches the sustainable development

of biological resources. That is, the behavio r of

reasonable harvesting can bring the permanence of the

exploi tativ e predator-prey sy stem. How ever, there is

an interesting problem: how to do impulsiv e stocking

on prey and for predator optimal harv esting. We will

continue to study such problems in the future.
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