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Abstract: By int roducing a new perturbation st rategy , a perturbed feasible sequential quadratically

constrained quadratic prog ramming ( SQCQ P) alg orithm is proposed. The algo rithm is globally and

superlinearly convergent , and the unifo rmly posi tiv e defini teness assumption in the g lobal

convergence analy sis of tradi tional SQCQP algori thms is removed.
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摘要:通过引入新的摄动策略 ,提出一个摄动的可行序列二次约束二次规划 ( SQCQP)算法 .该算法全局和超线

性收敛并且去掉了传统 SQCQP算法全局收敛性分析中的一致正定性假设 .
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　　 Consider the　 inequali ty constrained nonlinea r

prog ramming problem:

　　 min
x∈ Rn

f 0 (x )

　　 s. t. f i ( x )≤ 0, i∈ I
def

{ 1, 2,… ,m } , ( 1)

w here f i , i∈ { 0} ∪ I: R
n
→ R are smooth functions.

Deno te the feasible set fo r problem ( 1) by F = {x ∈
R

n: f i (x )≤ 0, i∈ I }.

　　 During the past sev eral decades, the researches of

sequential quadratic prog ramming ( SQP) methods fo r

solving problem ( 1) have been g reatly improved, but

w hen the problems to be solv ed are highly nonlinear,

SQP methods usually show slow convergence, or even

fail. For this, in recent years a so-called sequential

quadra tically constrained quadratic prog ramming

( SQCQP ) method has been proposed
[ 1～ 4]

. In

pa rticular, Jian
[1 ]

proposed a feasible no rm-relax ed

SQCQ P algorithm, and under w eaker condi tions, the

g lobal, superlinear, and quasi-quadratic converg ence are

obtained. Compared with SQP methods, at each

iteration SQCQP methods only need to solv e a

quadratically const rained quadratic prog ramming

( QCQP) subproblem, and wi thout any correctional

directions the Maratos effect will not occur and

therefore the superlinear convergence can be obtained.

QCQ P subproblem is a quadra tic approximation of the

original problem, so it is a bet ter approximation than

the quadratic prog ramming ( Q P) subproblem solved

in SQP methods, therefore the expected numerical

performance of SQCQ P may be bet ter than SQP.

　　 Generally, in the g lobal convergence analysis, the

positiv e defini teness or even unifo rm ly posi tiv e

definiteness of the ( approximate) Hessian matrix G0 of

the objective function f 0 is needed to be assumed,

w hich is considered as a strong assumption. In o rder

to overcome this shortcoming , Liu
[5 ]

presented a

perturbed QCQP subproblem by adding a posi tiv e

multiple of identity matrix toG0 . By suitably adjusting

the perturbation parameters, the algo rithm in

Reference [ 5 ] ( belongs to penalty function type

SQCQP alg orithms ) is proved to be globally

convergent only under the assumption that G0 is

positiv e semidefini te. M otivated by the perturbation

idea in Reference [5 ] , w e propose a new perturbation

st rategy ( which is simpler than that given in Reference

[ 5 ] ) to modi fy the feasible SQCQP algori thm in
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Reference [1 ]. By using the new ly proposed st rategy

to upda te the perturbation parameters, w e remove the

assumption of uniformly posi tiv e definiteness used in

the global convergence analysis of the algo rithm in

Reference [1]. The new algo rithm is also proved to be

g lobally and superlinearly convergent.

1　 Algorithm

　　 We begin this section by making the following

basic hypothesis.

　　Assumption 1　 The functions f i , i∈ { 0}∪ I , are

fi rst-order continuously differentiable.

　　 For simplici ty, we denote the g radient vecto rs

 f i (x ) by gi ( x ) , i ∈ { 0} ∪ I . For the current

feasible iterate x
k ∈ F , w e consider the QCQ P

subproblem as follow s, w hich is perturbed from that in

Reference [1].

　　 min
(z ,d )∈ R

n+ 1
V0 z +

1
2 d

T
(G

k
0+ MkE )d

　　 s. t. g0 ( xk ) T d≤V0 z ,

　　 f i (xk ) + g i ( xk ) Td + 1
2
d

T
G
k
id≤Viek z , i∈ I ,

　　
1
2
ek d 

2
≤ cek

( 2f+ 1)
, ( 2)

w hereMk andek are positiv e parameters, E is an n× n

identi ty matrix , Vi ( i ∈ { 0} ∪ I ) ,c,f are positiv e

constants, andGi
k
( i∈ { 0}∪ I ) are symmetric, positiv e

semidefini te matrices. The QCQP subproblem ( 2) is

convex and therefore can be cast as a second-order

cone program and then be solv ed efficiently by using

interior point alg ori thms[6 ] .

　　We call (zk ,dk ) a KK T ( Karush-Kuhn-Tucker)

point fo r subproblem ( 2) if there exist multipliers_k ,

vk ∈ R,uk = (uki , i∈ I )∈ R
m
such that

　　 (Gk0 + Mk E) dk + _ kg0 ( xk ) + ∑
i∈ I

u
k
i (gi ( xk ) +

G
k
i d

k
) + ek vk d

k
= 0, ( 3)

　　V0 = V0_ k + ∑
i∈ I

u
k
iViek , ( 4)

　　 0≤ _ k⊥ (V0zk - g0 (x
k
)
T
d
k
)≥ 0, ( 5)

　　 0≤ u
k
i ⊥ (Viek zk - f i ( xk ) - gi (xk ) T dk -

1
2
(d

k
)
T
G
k
id

k
)≥ 0, i∈ I , ( 6)

　　 0≤ vk⊥ (cek ( 2f+ 1) -
1
2
ek dk 2 )≥ 0, ( 7)

w here no tation x⊥ y means x
T
y = 0 .

　　 The following lemmas show that the QCQ P

subproblem ( 2) is w ell defined, and thei r proofs are

similar to those in Reference [1 ] due to the fact that

G
k
0 + Mk E is a positiv e definite matrix.

　　 Lemma 1　 Suppose that Assumption 1 holds.

Then ( i ) QCQ P subproblem ( 2 ) has an optimal

solution, ( ii ) (zk ,dk ) is an optimal solution of

subproblem ( 2) if and only if it is a KKT point for

subproblem ( 2) .

　　 Lemma 2　 Suppose that Assumption 1 holds, and

that (zk , d
k ) is an optimal solution of subproblem ( 2) .

Then ( i ) zk≤ -
1
2V0

(d
k
)
T
(G

k
0 + MkE )d

k
≤ -

1
2V0
Mk dk 2 , ( ii ) zk = 0 d

k = 0 x
k
is a Frit z John

point for problem ( 1) , ( iii ) if zk < 0 , then d
k is a

feasible descent direction of problem ( 1) at x
k
.

　　 Now we present the perturbed feasible SQCQ P

alg orithm as follow s.

　　 Algorithm A

　　 Step 0: Ini tiali zation. ChooseVi > 0, i∈ { 0}∪ I ,

M0 > 0,e0 > 0,f> 1,c> 0,T∈ ( 0, 0. 5) ,U,Z,θ∈ ( 0,

1) ,x
0
∈ F, G

0
i ( i∈ { 0}∪ I ) symmetric and posi tiv e

semidefinite. Set k = 0.

　　 Step 1: Solv e QCQ P. Solv e subproblem ( 2) to

obtain a KK T point (zk ,d
k ) . If k= 0 , setd=  d

k . If

zk = 0 , stop.

　　 Step 2: Line search. Compute the step sizeλk , the

first value of λ in the sequence { 1,U,U
2
,… } that

satisfies

　　 f 0 (x
k
+ λd

k
)≤ f 0 ( x

k
) + Tλg0 (x

k
)
T
d
k
, ( 8)

　　 f i (x
k
+ λd

k
)≤ 0, i∈ I . ( 9)

　　 Step 3: Generate perturbation parameter. If
 d

k
 
d

≤Z, setMk+ 1 = θMk andd=  d
k ; otherw ise setMk+ 1 =

Mk .

　　 Step 4: Upda te. Set x
k+ 1
 = x

k
+ λkd

k
. Compute

new symmetric positiv e semidefini te matricesG
k+ 1
i ( i∈

{ 0}∪ I ) as w ell as posi tiv e parametersek+ 1 . Setk = k

+ 1 and go to step 1.

　　 Remark　 From Lemma 2( iii) , w e know tha t the

line search in step 2 can be terminated in a finite

number of computations, and therefore Algorithm A is

w ell-defined. The updating strateg y of perturbation

parameters in step 3 is new and different from ( more

precisely, simpler than) that in Reference [5] .

2　 Global and superl inear convergence

　　 We first establish the g lobal convergence of the

proposed algo rithm w ithout assuming that G0
k

is

( unifo rm ly ) positiv e definite. Once Algori thm A stops

fini tely at xk , it follow s f rom Lemma 2 that xk is a

Frit z John point fo r problem ( 1) . Now assume that an
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infini te sequence { x
k
} of iterates is generated by

Algori thm A, w e will show that there exists an

accumulation point x
*

of { xk } such that it i s a KKT

point for problem ( 1) .

　　Assumption 2　 ( i) The sequences { x
k
} and {G

k
i } , i

∈ { 0}∪ I are bounded. ( ii ) The parameter sequence

{ek } is strictly posi tive and bounded.

　　 Define the index set of shrinking the perturbation

pa rameters by S = {k:Mk+ 1 = θMk } .

　　 Lemma 3　 Suppose that Assumptions 1 and 2

hold. Then the sequences {_k } , {d
k
} and {zk } are

bounded.

　　 Proof　 The boundedness of {_ k } is obvious from

formula ( 4) . From the last constraint of subproblem

( 2) , i t follow s that {d
k
} i s bounded. This tog ether with

the boundedness of { x
k
} and the inequality: 0≥ zk≥

1
V0

g0 (xk ) T dk≥- 1
V0
 g0 ( xk )   dk shows that {zk } is

bounded.

　　 Lemma 4　 Suppose that Assumptions 1 and 2

hold. Then there exists an infinite index set K such

that lim
k∈ K

d
k
= 0.

　　 Proof　We divide the proof into two cases.

　　 Case 1: S is an infinite set. From step 3 of

Algori thm A andZ∈ ( 0, 1) , i t is obvious that there

exists an index set K such that lim
k∈ K

d
k = 0 .

　　 Case 2: S is a finite set. From step 3 of Algo rithm

A, we know tha t there exists a constantM> 0 such that

Mk≥ Mfor all k. Without loss of g enerali ty , suppose by

contradiction that there exists a constantk- > 0 such

that

　　 dk ≥k, for allk . ( 10)

　　 This together w ith the last constraint of

subproblem ( 2) show s that

　　 0 < einf
def

inf {ek }≤ek , for allk. ( 11)

Nex t w e will prov e that there is a constantλ-> 0 such

that the step sizeλk≥ λ-for allk .

　　 Analy ze inequali ty ( 8) . From Taylor expansion,

formula ( 5) , Lemma 2( i ) and formula ( 10) , w e have

　　 f 0 ( x
k
+ λd

k
) - f 0 ( x

k
) - Tλg0 ( x

k
)
T
d
k
= ( 1 -

T)λg0 ( xk ) T dk+ o(λ)≤ ( 1- T)λV0zk+ o(λ)≤- 1
2
( 1

- T)λMk d
k
 

2
+ o(λ)≤-

1
2
M( 1 - T)k

2
λ+ o(λ) .

This shows tha t inequali ty ( 8) holds for allk andλ> 0

small enough.

　　 Analy ze inequalities ( 9) . From Taylor expansion,

formula ( 6) , Lemma 2( i ) , formula ( 10) and formula

( 11) , w e have fo r i∈ I ,

　　 f i (x
k
+ λd

k
) = f i ( x

k
)+ λgi ( x

k
)
T
d

k
+ o(λ)≤ ( 1

- λ) f i ( xk ) + λViek zk -
1
2
λ(dk ) T Gki dk + o(λ)≤-

1
2V0
λViekMk dk 2 + o(λ)≤ - 1

2V0
VieinfMk2λ+ o(λ) .

This together w ith
1
2V0
Vieinf Mk2 > 0 show that the

inequalities ( 9) hold for allk andλ> 0 small enough.

　　 Summarizing the analysis above, w e can conclude

that there exists aλ-> 0 such thatλk≥ λ-hold for allk.

So f rom inequali ty ( 8) , fo rmula ( 5) , Lemma 2( i) and

formula ( 10) , w e have

　　 f 0 (xk+ 1 )≤ f 0 (xk ) + Tλkg0 (xk ) T dk≤ f 0 (xk ) +

TλkV0 zk≤ f 0 (xk ) -
1
2
TλkMk dk 2≤ f 0 (xk ) -

1
2
Tλ-Mk2 ,

for all k. Thus the sequence { f 0 (xk ) } is decreasing.

Since {xk } is bounded, there exist an infini te set K 1 and

a point x
*

such that lim
k∈ K 1

x
k
= x

*
, and therefore

lim
k∈ K

1

f 0 (xk ) = f 0 (x* ) . So w e have lim
k→∞

f 0 (xk ) =

f 0 ( x* ) . This contradicts formula ( 12) , and the proof

is completed.

　　 Corol lary 1　 Suppose that Assumptions 1 and 2

hold. Then lim
k→∞
Mk = 0.

　　 Lemma 5　 Suppose tha t Assumptions 1 and 2

hold. If lim
k∈ K

d
k = 0 , then lim

k∈ K
zk = 0 .

　　 Proof　 From formula ( 5) and Lemma 2( i ) , w e

have g0 (xk ) T dk /V0≤ zk ≤ 0, for all k. This together

wi th lim
k∈ K

d
k = 0 and the boundedness of { x

k } show s that

lim
k∈ K

zk = 0.

　　 In order to obtain the g lobal converg ence, w e

further make the following assumptions.

　　 Assumption 3　 Suppose that the Mangasarian-

Fromovitz constraint qualification holds at each limi t

point x
*

of {x
k
} , i. e. , there exists a v ectord∈ R

n
such

that gi (x* ) T
d < 0, i∈ I (x* )

def
{i∈ I: f i (x* ) =

0}.

　　 Assumption 4　 The multiplier sequence {vk } is

bounded.

　　 Theorem 1　 Suppose that Assumptions 1～ 4

hold. Then Algori thm A ei ther stops fini tely at a Fri tz

John point x
k
for problem ( 1) o r generates an infinite

sequence {x
k
} of i terates such that there exists an

accumulation point x
*

which is a KKT point for

problem ( 1) .

　　 Proof　 From Lemma 4, Lemma 5 and the

boundedness of {xk } , w e have that there exist an
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index set K and a point x
*

such tha t ( x
k
, d

k
, zk ) →

(x
*
, 0, 0) ,k∈ K . So following the proof of Theorem

3. 2 in Reference [ 1 ] , w e can conclude that x
*

is a

KKT point for problem ( 1) .

　　 Assumption 5　 ( i ) f i , i∈ { 0}∪ I , are the third-

o rder continuously differentiable. ( ii) The matricesG
k
i , i

∈ { 0}∪ I , are chosen asG
k
i =  2

f i ( xk ) , i∈ { 0}∪

I , if k is sufficient ly large, and the parameter sequence

{ek } satisfies lim
k→∞
ek = 0 . ( iii ) The sequence {G

k
0 } of

ma trices is unifo rm ly positiv e defini te, i. e. , there exist

tw o positive constantsa and b such thata d 
2≤ d

T
G

k
0d

≤ b d 2 , d∈ R
n , k.

　　 Using Corollary 1, similar to Theorem 4. 2 in

Reference [1 ] , w e can prove the following result.

　　 Theorem 2　 Suppose that Assumptions 2～ 5

hold. Then Algori thm A is superlinearly converg ent, i.

e. ,  x
k+ 1

- x
*
 = o( x

k
- x

*
 ) .
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Tabl e 1　 Iterations\ funct ion evaluat ions

Problem dim N-WYL1 N-WYL2 WYL

1 2 35\ 70 35\ 70 40\ 84
2 4 37\ 74 37\ 74 40\ 77

3 2 16\ 38 13\ 30 19\ 33
4 2 7\ 20 5\ 14 6\ 21

5 2 16\ 38 11\ 28 F
6 2 25\ 50 23\ 47 F

7 4 31\ 62 30\ 61 31\ 65
8 2 18\ 32 13\ 28 10\ 21

9 4 27\ 54 25\ 50 F
10 6 53\ 108 50\ 103 55\ 100

11 100 285\ 574 217\ 438 292\ 580
12 2 26\ 52 25\ 50 27\ 58

13 4 27\ 54 26\ 52 F
14 100 79\ 161 78\ 158 82\ 166

15 2 70\ 141 69\ 140 65\ 131
16 2 272\ 544 267\ 534 260\ 551

17 20 99\ 201 98\ 196 103\ 220
18 200 629\ 1261 647\ 1295 650\ 1302

19 5 73\ 146 72\ 144 F
20 11 75\ 150 74\ 146 74\ 148

4　 Conclusion

　　 In this paper, a nonmonotone line search has been

proposed for gua ranteeing the global convergence of

WYL conjugate g radient method. It needs to estimate

the Lipschi tz constant but the estimation is easy and

available in practical. In particular, if m = 0, then the

new nonmono tone line search wi ll reduce to a

monotone line search and the WYL conjugate g radient

method w ith the monotone line search has also global

converg ence. The Numerical experiments show that

WYL method wi th the nonmonotone line search is

available and ef ficient in practical computation.
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