
收稿日期: 2008-11-17

作者简介:韦增欣 ( 1963-) ,男 ,教授 ,主要从事最优化理论与方法的

研究。

* Supported by Natural Science Foundation of China( No. 10761001) .

广西科学 Guangxi Sciences 2009, 16( 2): 101～ 104, 108

A New Nonmonotone Line Search Method*

一种新的非单调线搜索方法

WEI Zeng-xin, Y AN G Zhi-mei, QIN Wei-da

韦增欣 ,杨志梅 ,覃炜达

( Colleg e of M athematics and Information Science, Guangxi Univ ersity, Nanning, Guangxi , 530004,

China)

(广西大学数学与信息科学学院 ,广西南宁　 530004)

Abstract: A new nonmono tone line search for the W YL conjugate g radient m ethod is presented.

The nonmono tone line search can guarantee the global convergence of W YL m ethod. Numerical

experiments show that W YL method with the nonmono tone line search is mo re avai lable than

Armijo method.
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摘要:给出一种新的非单调线搜索方法 ,并用数值实验来验证其优越性 .新方法能够确保 W YL共轭梯度法的全

局收敛性 ,实验效果比 Armijo线搜索更好 .
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　　We consider the general unconst rained

optimization problem

　　min { f ( x )|x ∈ R
n } , ( 1)

w here f : R
n
→ R is a continuously differentiable

nonlinear function w hose g radient is denoted by

g (x ) . The iteration of the g radient method is giv en by

　　 xk+ 1 = xk + Tkdk . ( 2)

In computing the steplength Tk , tradi tional line

searches require the function value to decrease

m onotonically at every iteration. Namely

　　 f (xk+ 1 ) < f ( xk ) . ( 3)

How ever, the nonmonotone line search does not

impose the condition ( 3 ) . In the already-existing

nonmonotone line search methods, the following line

searches are of ten used. The nonmonotone Armijo rule

as follow s:

　　 Fo r each k , let m (k ) satisfy: m ( 0) = 0 and 0≤

m (k)≤ min [m (k - 1)+ 1, M ] for k≥ 1, w hereM is

a nonnegative integer.

　　 LetTk = U
p
k a and pkbe the sm allest nonnegativ e

integer p such that f (xk+ U
p
adk )≤ max

0≤ j≤m (k)
[f (xk - j ) ]

+ VU
p
ag

T
k dk , wherea> 0,V∈ ( 0, 1) , andU∈ ( 0, 1) .

　　 Simi larly , the nonm onotone Goldstein rule can be

defined as follow s: f (xk + Tkdk )≤ max
0≤ j≤m (k)

[f (xk - j ) ]

+ _ 1TkgTk dk , f (xk + Tkdk ) ≥ m ax
0≤ j≤m ( k)

[ f (xk- j ) ] +

_ 2TkgTk dk , where 0 < _ 1≤ _ 2 < 1. The nonm onotone

Wolf rule can be described as follow s: f ( xk+ Tkdk )≤

max
0≤ j≤m (k )

[ f (xk- j ) ] + V1Tkg
T
k dk ,g (xk + Tkdk )

T
dk ≥

V2g
T
k dk , where 0 < V1≤ V2 < 1. Search direction dk

defined by

　　 dk =
- gk , if k = 0,

- gk + Ukdk- 1 , if k≥ 1,
( 4)

w here gk denotes g (xk ) ,Uk is computed by som e well-

know n formulas
[ 1～ 3] , such asU

FR
k =

 gk 2

 gk- 1 
2 ,UPRP

k =

g
T
k ( gk - gk - 1 )

 gk- 1 2 ,U
HS
k =

g
T
k (gk - gk- 1 )

d
T
k - 1 ( gk - gk - 1 )

.

　　 Among them, PRP conjugate g radient m ethod is

reg arded as the best one in practical com puta tion.

How ever, PRP conjugate g radient m ethod has no t

global convergence in some condi tions
[4～ 6 ] . Som e

modified PRP conjugate g radient methods w ith global
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converg ence w ere proposed
[7～ 9 ]

, such as the WYL

conjugate g radient method
[9 ]

, where theUk i s described

as follow s:

　　UWYL
k =

g
T
k (gk -

 gk 
 gk - 1 

gk- 1 )

 gk- 1 2 . ( 5)

　　 In this paper, a new nonmonotone line search is

proposed fo r the W YL conjuga te g radient method.

The nonmonotone line search can guarantee the g lobal

converg ence of W YL method under some mild

conditions.

1　New nonmonotone l ine search

　　 The following tw o basic assumptions are of ten

used in the studies of the conjugate g radient methods.

　　 ( H1) The objectiv e function f (x ) is bounded

from below on the lev el setK= {x ∈ R
n
: f (x )≤

f (x 0 ) }.

　 　 ( H2 ) In some neighborhood N of K, f is

continuously differentiable, and its g radient g ( x ) is

Lipschi tz continuous, that i s to say, for all x , y ∈ N ,

there exists a constant L≥ 0 such that g (x ) - g ( y ) 

≤ L x - y .

　 　 Throughout this paper w e suppose that the

Lipschi tz constant L of g ( x ) is a know n prio r or easy

to estimate in practical com putation. There are some

estimations Lk for the Lipschitz constant L [ 10] .

　　 Give L0 > 0, in the k th i teration the sequence

{Lk } is taken by

　　 Lk = max ( Lk- 1 ,
 yk- 1 
 Wk - 1 

)k = 1, 2,… , ( 6)

o r

　　 Lk = max ( Lk- 1 ,
WT
k- 1yk- 1

 Wk- 1 
)k = 1, 2,… , ( 7)

w hereWk- 1 = xk - xk- 1 and yk - 1 = gk - gk- 1 .

　　 New nonmono tone line search: given_∈ ( 0, 1
2

) ,

P∈ ( 0, 1) and c∈ (
1
2

, 1) . Set Sk =
1 - c
2Lk

 gk 
2

 dk 2 and

Tk is the largest T in {sk , skd, skd2 ,… } such that

max
0≤ j≤m ( k)

[ f (xk- j ) ] - f (xk + Tdk ) ≥ - T_ g
T
k dk , and

satisfy the sufficient descent condi tion:

　　 g (xk+ Tdk ) Td ( xk+ Tdk )≤ - c g ( xk+ Tdk ) 2 ,

( 8)

w herem ( 0) = 0, 0≤ m (k+ 1)≤ max (m (k ) + 1,

m ) , for k≥ 1, and Lk is estim ated by formula ( 6) o r

formula ( 7) .

　　 Algorithm　 1

　　 Step0: Choosex 0∈ R
n

and set d0 = - g0 ,L 0 > 0,

k = 0.

　　 Step1: If gk = 0 then stop, otherwise go to step

2.

　　 Step2: Set xk+ 1 = xk + Tkdk , w here dk is defined

by formula ( 4) ,Uk = UWY L
k andTk is defined by the new

nonmonotone line search.

　　 Step3: Set k = k+ 1 and go to step 1.

　　 Lemma 1. 1　 Assum e that ( H1) and ( H2) hold.

The sequence { xk } i s generated by Algorithm 1, then

　　 L 0≤ Lk≤ max (L 0 , L ) . ( 9)

　　 Proof　 By formula ( 6) and formula ( 7) , w e have

Lk≥ Lk- 1≥…≥ L 0. By ( H2) , w e have yk- 1 =  gk

- gk- 1 ≤ xk - xk- 1 L =  Wk- 1 L , so
 yk - 1 
 Wk- 1 

≤ L .

Using Cauthy-Schw artz inequality, w e get

　　
WTk- 1yk - 1

 Wk- 1 
2≤
 WTk - 1yk- 1 
 Wk- 1 

2 ≤
 Wk - 1  yk- 1 
 Wk- 1 

2 =
 yk- 1 
 Wk- 1 

≤ L ,

therefore formula( 9) holds.

　　 Lemma 1. 2　 If ( H1) and ( H2) hold, then the

new nonm onotone line search is suitable for the W YL

conjugate g radient method.

　　 Proof　On the one hand, since

　　 lim
T→ 0

max
0≤ j≤m (k )

[ f k- j ] - f ( xk + Tdk )

T
≥

lim
T→ 0

f k - f ( xk + Tdk )
T = - g

T
k dk > - _ g

T
k dk ,

there is anT′k such that
max

0≤ j≤m (k)
[f k- j ] - f (xk + Tdk )

T
≥ - _ g

T
k dk , T∈ [0,T

′
k ]. Thus, letT

″
k = min(sk ,T

′
k ) ,

yields

　　
max

0≤ j≤m (k)
[ f k- j ] - f (xk + Tdk )

T
≥ - _ gT

k dk , T∈

[0,T
″
k ]. ( 10)

On the other hand, w e can obtain

　　 g ( xk+ Tdk )
T
d ( xk+ Tdk )≤- c g ( xk + Tdk ) 

2
.

( 11)

By dk+ 1 = - gk+ 1+ Uk+ 1dk , w e get g
T
k+ 1dk+ 1 = g

T
k+ 1 (-

gk+ 1+ Uk+ 1dk ) = -  gk+ 1 2+ Uk+ 1g
T
k+ 1dk , by fo rmula

( 11) we getUk+ 1g
T
k+ 1dk≤ ( 1 - c) gk+ 1 

2
, so fo rmula

( 11) holds if and only if

　　
g
T
k+ 1 (gk+ 1 -

 gk+ 1 
 gk 

gk )

 gk 
2 g

T
k+ 1dk≤ ( 1- c) gk+ 1 2 .

( 12)
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When T <
1 - c

2L

 gk 2

 dk 
2 , using Cauchy-Schw artz

inequality and ( H2) , w e have

　　
g
T
k+ 1 (gk+ 1 -

 gk+ 1 
 gk 

gk )

 gk 2 g
T
k+ 1dk≤

 gk+ 1 2 dk 
 gk 

2 ( gk+ 1 - gk +  gk -
 gk+ 1 
 gk 

gk )≤

 gk+ 1 2 dk 
 gk 

2 ( gk+ 1 - gk +   gk -  gk+ 1  )≤

2 gk+ 1 2 dk 
 gk 

2  gk+ 1 - gk ≤
2 gk+ 1 2 dk 2TL

 gk 
2 ≤ ( 1 -

c) gk+ 1 
2
.

LetT-k = min(T″k ,
1 - c

2L
 gk 

2

 dk 2 ) , w e can prove that the

new nonmonotone line search is sui table for the WYL

conjugate g radient method whenT∈ [0,T-k ].

2　 Global convergence

　　 Lemma 2. 1　 Assume that ( H1) and ( H2) hold.

The sequence { xk } is g enerated by Algori thm 1, then

　　 dk ≤ ( 1+
L ( 1 - C )

L0
) gk for k. ( 13)

　　 Proof　 For k = 0, w e have dk =  gk ≤ ( 1+

L ( 1 - c)
L 0

) gk . For k≥ 1 , by Lemm a 1. 1, we have

Tk≤
1 - c
2Lk

 gk 
2

 dk 2≤
1 - c
2L 0

 gk 
2

 dk 2 . By Cauchy-Schw artz

inequality and the above inequality, noting the WYL

formula and ( H2) , w e have

　　 dk+ 1 =  - gk+ 1 + UWYL
k+ 1 dk  dk ≤ gk+ 1 +

 gk+ 1 ( gk+ 1 -
 gk+ 1 
 gk gk ) 

 gk 
2  dk ≤  gk+ 1 ( 1 +

 gk+ 1 -
 gk+ 1 
 gk 

gk 

 gk 
2 )≤ gk+ 1 ( 1+ 2TkL

 dk 2

 gk 
2 )≤

( 1+
L ( 1 - c)

L 0
) gk+ 1 .

　　 Theorem 2. 1　 Assume that ( H1) and ( H2)

hold. The sequence {xk } is generated by Algori thm 1,

then there existsZ> 0 such that

　　 max
0≤ j≤m (k)

[ f k - j ] - f k+ 1≥Z gk 2 . ( 14)

　　 Proof　 LetZ0 = inf k {Tk }. IfZ0 > 0, then w e

have

　　 max
0≤ j≤m (k)

[f k- j ] - f k+ 1≥ - _TkgTk dk≥ _Z0c gk 2 ,

( 15)

by lettingZ= _Z0c we can prove fo rm ula ( 14) holds.

　　 For the contrary, assum e thatZ0 = 0 , then there

exists an infini te subset K { 0, 1, 2,… } such that

　　 lim
k∈ K , k→∞

Tk = 0. ( 16)

By Lemmas 1. 1 and 2. 1, w e have Sk =
1 - c
2Lk
 gk 2

 dk 
2≥

1 - c
2max( L0 ,L )

( 1+
L ( 1 - c)

L0
) - 2 > 0. Therefore, there

is ak′such that
Tk
d
≤ Sk , k≥ k′, and k∈ K . LetT

=
Tk
d

, at least one of the follow ing two inequali ties:

　　 max
0≤ j≤m (k)

[f k- j ] - f (xk + Tdk )≥ - T_ g
T
k dk ,

( 17)

and

　　 g ( xk+ Tdk ) T d ( xk+ Tdk )≤- c g ( xk + Tdk ) 2 ,

( 18)

does not hold for k≥ k′and k∈ K .

　　 If formula ( 17) does not hold, then w e have f k -

f (xk + Tdk )≤ max
0≤ j≤m (k )

[ f k- j ] - f (xk + Tdk ) < -

_TgT
k dk , where k≥ k′and k ∈ K . Using the m ean

value theorem on the lef t-hand side of the above

inequality , there isθk ∈ [0, 1] such that - Tg (xk +

θkTdk ) T dk < - _TgT
k dk , thus g (xk + θkTdk ) T dk >

_ gTk dk , wherek≥ k′and k ∈ K . By ( H2) , Cauthy-

Schwartz inequality and the above inequality , w e have

TL dk 2≥ g (xk+ Tdk ) - gk   dk ≥ (g ( xk+ Tdk )

- gk )
T
dk > - ( 1 - _ )g

T
k dk ≥ ( 1 - _ )c gk 

2
. By

Lemm a 2. 1 and the above inequali ty, we haveTk ≥

d( 1 - _ )c
L

 gk 
2

 dk 2≥
d( 1 - _ )c

L ( 1+
L ( 1 - c)

L 0
)

2
> 0, wherek

≥ k′and k∈ K , which contradicts to fo rm ula ( 16) .

　　 If formula ( 18) does not hold, then w e haveg (xk

+ Tdk ) T d ( xk + Tdk ) > - c g (xk + Tdk ) 2 , and thus

g
T
k+ 1 (gk+ 1 -

 gk+ 1 
 gk 

gk )

 gk 2 g
T
k+ 1dk > ( 1 - c ) gk+ 1 2 . By

the above inequality , ( H2 ) and Cauchy-Schwa rtz

inequality , we can deduce
2 gk+ 1 2 dk 2TL

 gk 2 > ( 1 -

c) gk+ 1 
2
, so w e haveTL

 dk 2

 gk 
2 >

1 - c
2

. By Lemma

2. 1, w e have

　　Tk >
d( 1 - c)

2L
 gk 

2

 dk 2≥
d( 1 - c)

2L ( 1+
L ( 1 - c)

m0
)

2
> 0,

w here k≥ k′and k ∈ K , which also contradicts to

formula ( 16) , this show s thatZ0 > 0 and formula ( 15)

alw ays holds. By letting Z= _Z0c , w e can obtain
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formula( 14) .

　　 Remark　 Theorem 2. 1 shows that if m = 0 ,

then the corresponding W YL conjugate g radient

m ethod reduces to a mono tone descent m ethod. In the

sequel, w e assume that m≥ 1 .

　　 Lemma 2. 2　 If the condi tions of Theorem 2. 1

hold, then

　 　 max
1≤ j≤m

[f ( xml+ j ) ] ≤ max
1≤ i≤m

[ f (xm (l - 1)+ i ) ] - Z

min
1≤ j≤m

 gml+ j- 1 
2
, ( 19)

and

　　∑
∞

l= 1

min
1≤ j≤m

 gml+ j- 1 2 <+ ∞ . ( 20)

　　 Proof　 By ( H1) and Theo rem 2. 1, i t suffices to

show that the following inequali ty holds for j = 1, 2,

… ,m ,

　　 f (xml+ j )≤ max
1≤ i≤m

[ f (xm (l - 1)+ i ) ] - Z gml+ j - 1 
2
.

( 21)

Theorem 2. 1 im plies that

　　 f (xml+ j )≤ max
1≤ i≤m

[ f (xml - i ) ] - Z gml 2 , ( 22)

w hich yields that formula ( 21 ) holds for j = 1.

Suppose that formula ( 21) holds fo r any j: 1≤ j≤ m

- 1. With the descent property of dk , this implies that

　　 max
1≤i≤ j

[f (xml+ i ) ]≤ max
1≤ i≤m

[ f ( xm (l- 1)+ i ) ]. ( 23)

By the induction hypothesis, Theorem 2. 1 and form ula

( 23) , we obtain

　　 f ( xml+ j+ 1 )≤ max
0≤ i≤m

[ f (xml+ j- i ) ] - Z gml+ j 
2
≤

max { max
1≤i≤m

f (xm (l - 1)+ i ) , max
1≤i≤ j

f (xml+ i ) } - Z gml+ j 
2
≤

max
1≤ i≤m

[ f ( xm (l- 1)+ i ) ] - Z gml+ j 2 ,

thus, formula ( 21 ) is also t rue for j + 1. By

induction, fo rm ula ( 21) holds for 1≤ j≤ m , this

show s that fo rm ula ( 19) holds. Since f ( x ) is bounded

from below by ( H1) , i t follow s tha t max
1≤ i≤m

[ f (xml+ i ) ]

> - ∞ , by summing fo rm ula ( 19) over l , w e can get

∑
∞

l= 1
min

1≤ j≤m
 gml+ j - 1 

2
<+ ∞ . Therefo re formula ( 20)

holds.

　　 Theorem 2. 2　 Assume that ( H1) and ( H2)

hold. The sequence {xk } is generated by Algori thm 1,

then lim
k→+ ∞
 gk = 0.

　　 Proof　 By Lemma 2. 2 and let ting  gh(l ) =

min
1≤ j≤m

 gml+ j- 1 , w e have∑
∞

l= 1

 gh( l) 2 <+ ∞ , w hich

yields

　　 lim
l→∞
 gh(l) = 0. ( 24)

The new nonmonotone line search implies that g
T
k dk

≤ - c gk 
2
, which results in

　　 dk ≥ c gk . ( 25)

By using Cauthy-Schwartz inequality , Lemma 1. 1 and

2. 1, formula ( 25 ) and the new nonmono tone line

search, w e have

　　 gk+ 1 =  gk+ 1 - gk+ gk ≤ gk +  gk+ 1 - gk 

≤ gk + TkL dk ≤ gk + TkL ( 1+
L ( 1 - C )

L0
) gk 

≤ gk [1+
1 - c
2Lk

L ( 1+
L ( 1 - c)

L 0
)
 gk 2

 dk 
2 ]≤ gk [1

+
1 - c
2c2

Lk
L ( 1+

L ( 1 - c)
L 0

) ]≤ gk [1+
1 - c
2c2L 0

L ( 1+

L ( 1 - c)
L0

) ] = m
- gk , ( 26)

w here m- = 1 +
1 - c
2c2L 0

L ( 1+
L ( 1 - c)

L 0
) . Fo rmula

( 26) implies that gm (l+ 1)+ j ≤ m
- gm (l+ 1)+ j- 1 ≤…≤

m
-m
 gh(l ) fo r j = 1, 2,… ,m , by fo rm ula ( 24 ) w e

obtain lim
k→+ ∞
 gk = 0.

3　Numerical experiments

　　 Choose 20 num erical examples( http: / /ww w . ici.

ro /camo /neculai /ansof t. h tm. ) to test the W YL

conjugate g radient method with the new nonmonotone

line search and com pare the numerical results wi th that

of the WYL conjugate gradient method with the

nonmonotone Armijo line search.

　　 In the new nonmonotone line search , w e set_ =

0. 38,d= 0. 618, L0 = 1, c= 0. 618 andm = 3. If Lk

is estimated by formula ( 6) o r formula ( 7) then the

co rresponding W YL conjugate g radient method is

deno ted by N-W YL1 or N-W YL2, respectiv ely. W YL

deno tes the WYL conjugate g radient method wi th the

nonmonotone Armijo line search. We deno te the

dimension of problems by “ dim” . The stop criteria is

 gk ≤ 10- 5 . The num erical results are sum marized in

table 1.

　　 As you can see in table 1, the new nonmonotone

line search is available and efficient for the W YL

conjugate g radient method, and the estimation fo rmula

( 7) is superior to the estimation formula ( 6) .

(下转第 108页 Continue on page 108)　　
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index set K and a point x
*

such tha t ( x
k
, d

k
, zk ) →

(x
*

, 0, 0) ,k∈ K . So following the proof of Theorem

3. 2 in Reference [ 1 ] , w e can conclude that x
*

is a

KKT point for problem ( 1) .

　　 Assumption 5　 ( i ) f i , i∈ { 0}∪ I , are the third-

o rder continuously differentiable. ( ii) The matricesG
k
i , i

∈ { 0}∪ I , are chosen asG
k
i =  2

f i ( xk ) , i∈ { 0}∪

I , if k is sufficient ly large, and the parameter sequence

{ek } satisfies lim
k→∞
ek = 0 . ( iii ) The sequence {G

k
0 } of

ma trices is unifo rm ly positiv e defini te, i. e. , there exist

tw o positive constantsa and b such thata d 
2≤ d

T
G
k
0d

≤ b d 2 , d∈ R
n , k.

　　 Using Corollary 1, similar to Theorem 4. 2 in

Reference [1 ] , w e can prove the following result.

　　 Theorem 2　 Suppose that Assum ptions 2～ 5

hold. Then Algori thm A is superlinearly converg ent, i.

e. ,  x
k+ 1

- x
*
 = o( x

k
- x

*
 ) .
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Tabl e 1　 Iterations\ funct ion evaluat ions

Problem dim N-W YL1 N-W YL2 W YL

1 2 35\ 70 35\ 70 40\ 84
2 4 37\ 74 37\ 74 40\ 77

3 2 16\ 38 13\ 30 19\ 33
4 2 7\ 20 5\ 14 6\ 21

5 2 16\ 38 11\ 28 F
6 2 25\ 50 23\ 47 F

7 4 31\ 62 30\ 61 31\ 65
8 2 18\ 32 13\ 28 10\ 21

9 4 27\ 54 25\ 50 F
10 6 53\ 108 50\ 103 55\ 100

11 100 285\ 574 217\ 438 292\ 580
12 2 26\ 52 25\ 50 27\ 58

13 4 27\ 54 26\ 52 F
14 100 79\ 161 78\ 158 82\ 166

15 2 70\ 141 69\ 140 65\ 131
16 2 272\ 544 267\ 534 260\ 551

17 20 99\ 201 98\ 196 103\ 220
18 200 629\ 1261 647\ 1295 650\ 1302

19 5 73\ 146 72\ 144 F
20 11 75\ 150 74\ 146 74\ 148

4　 Conclusion

　　 In this paper, a nonmonotone line search has been

proposed for gua ranteeing the global convergence of

W YL conjugate g radient method. It needs to estim ate

the Lipschi tz constant but the estimation is easy and

available in practical. In particular, if m = 0, then the

new nonmono tone line search wi ll reduce to a

m onotone line search and the W YL conjugate g radient

m ethod w ith the monotone line search has also global

converg ence. The Num erical experiments show that

W YL m ethod wi th the nonm onotone line search is

available and ef ficient in practical com putation.
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