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Abstract: The compound Markov binomial model which was first proposed by Cosset te et al.

( 2003) is ex tended to the case where the premium income process, based on a binomial process, i s

no longer a linear function and its ruin probabi lity is inv estigated. Recursiv e formulas are provided

fo r the computation of the ruin probabilities. The Lundberg exponential bound is deriv ed for the

ruin probabi lity.
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摘要:将复合马尔可夫二项模型推广为保费收取过程而得到广义复合马尔可夫二项模型并研究其破产概率 .给

出该模型破产概率的递推公式及其 Lundberg型指数的上界 .
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The compound binomial risk model has been

studied by various authors, and some ex tensions have

been made on this model recently
[1～ 6 ]

. Reference [ 7 ]

and reference [ 8 ] study a compound binomial risk

model wi th time-correla ted claims, that is each claim

causes a by-claim which may be delay ed to the nex t

time period. The compound Markov binomial model,

an ex tension to the compound binomial model, was

fi rst proposed by cosset te et al.
[ 9]

as a discrete-time

model which int roduces time-dependence in the claim

occurrence process
[10 ]
.

In this paper, w e ex tend the compound Markov

binomial model to case w here the premium income

process, based on a binomial process, is no longer a

linear function. We define the surplus process of an

insurance company by

　　Uk= u+ Mk - Sk ,u∈ N ,k∈ N+ , ( 0. 1)

w here u = u0 corresponds to the ini tial surplus,

premiums are payable at a rate of 1 per time unit , Sk=

Y1+ Y 2+ …+ Yk and Yk is the eventual claim amount

in period k (k∈ N
+
) . W e suppose that one claim can

occur per period at most. The r. v. Yk is then defined

as

Yk=
Xk , Ik= 1,

0, Ik= 0,
( 0. 2)

w here the occurrence r. v. Ik and the individual claim

amount r. v. Xk are independent in each time period.

The r. v. Ik submits to Bernoulli dist ribution with mean

q∈ ( 0, 1) . { Ik ,k∈ N } is a Markov chain w ith a tw o-

state t ransition probability matrix:

P=
p00　 p01

p10　 p11
=

1- ( 1- c)q　 ( 1- c)q
( 1-c) ( 1- q)　c+ ( 1-c)q

, ( 0. 3)

w here P( Ik+ 1= j|Ik= i )= pij fo r i , j∈ { 0, 1} and k∈

N+ , ini tial probabilities P( I0= 1)= q= 1- P( I0= 0) ,
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q∈ ( 0, 1) andcis the dependence parameter ( 0≤c<

1) . We assume Xk i s a strictly posi tive discrete r. v.

{ Xk , k∈ N
+ } i s a sequence of i. i. d. r. v. s with

probabili ty mass function ( p. m. f. ) f , cumulativ e

distribution function( c. d. f. ) F, probability g enerating

function( p. g. f. ) f~ and mean _ .

{Mk , k ∈ N+ } is a binomial process with

pa rameterd, independent of { Ik ,k∈ N } and {X k , k∈

N
+ }. Mk = Z1+ Z2+ … + Zk , k∈ N

+ , where Mk is

corresponding to the number of the customers up to

time k. We denote by Zk = 1 the event w here a

payment occurs in (k- 1, k ] andZk= 0 the eventw here

no payment occurs in period (k- 1,k ] . Let P(Zk= 1)

= d, P(Zk= 0)= 1-d( 0 <d≤ 1) .

Moreover, w e assume that the r. v.s Ik and X k

are defined such that ( 1+ θ) q_ = d, w hereθis the

strictly posi tive relativ e risk margin.

In this paper, w e deriv e recursiv e formulas of the

infini te ruin probabili ties and a Lundberg exponential

bound for the ruin probabili ty in the ex tended

compound Markov binomial model ( 0. 1) .

1　 Definitions and notations

Let T= { k∈ N
+ ; Uk < 0} be the time of ruin.

The conditional and the unconditional infini te-time

ruin probabi lities are deno ted byj( u|i ) and j( u ) ,

w here

j(u|i )= P( T <∞|I0= i ) , i= 0, 1, ( 1. 1)

j(u )= P( T <∞ ) . ( 1. 2)

Deno tedO(u|i ) andO(u ) the conditional infini te-

time non-ruin probabili ties and infinite-time non-ruin

probabili ties respectiv ely, where

O(u|i )= 1- j(u|i )= P(Uk≥ 0, k∈ N+ |I0= i ) ,

i= 0, 1, ( 1. 3)

O(u )= 1- j(u)= P(Uk≥ 0, k∈ N
+ ) . ( 1. 4)

Clearly , w e have

O(u )= ( 1- q)O(u|0)+ qO(u|1) . ( 1. 5)

Define

　 　 E(e
- r (M

1
- Y

1
)
|I0= i )= ( 1-d) pi0+ dpi0e

- r
+ ( 1-

d) pi1 Ee
rX

1+ dpi1 Ee
- r ( 1- X

1
)
= dE(e

- r ( 1- Y
1
)
|I0= i )+ ( 1

- d) E(e
- rY

1|I0= i ) . ( 1. 6)

Also, let R0 and R1 be st rictly positive real numbers

such that

　　 E(e
- r (M

1
- Y

1
)|I0= 0)= 1 ( 1. 7)

and

　　 E(e
- r (M

1
- Y

1
)
|I0= 1)= 1 . ( 1. 8)

The solutions R0 and R1 of fo rmulae ( 1. 6) and

formulae( 1. 7) exist i f E(Y 1- M1|I0= i ) < 1, i= 0, 1.

2　 Main resul ts

　　 Theorem 2. 1　 The conditional infinite-time non-

ruin probabilities are given by

O(u|0)= ( ( p01+ dp00 )O(u- 1|0) - ( 1-d)p01 

∑
u - 1

k= 1
O(u - 1- k|1) f ( k ) - dp01∑

u

k= 1
O( u- k|1) f (k ) ) /

dp00 , fo r u= 1, 2, 3,… ; ( 2. 1)

O(u|1)= (p10O(u|0)+ ( 1-d)c∑
u

k= 1
O(u- k|1) 

f (k )+ dc∑
u+ 1

k= 2
O(u+ 1- k|1) f (k ) ) /( p00 -cdf ( 1) ) ,

for u= 1, 2, 3,… ; ( 2. 2)

O( 0|0)=
d- qu

d( 1- q)
; ( 2. 3)

O( 0|1)=
p10

p00-cdf ( 1)O
( 0|0) . ( 2. 4)

Proof　 We considerO(u|0) andO( u|1) , in the

first period ( 0, 1 ] and separate the four possible cases

as follows:

( 1) A1= { no premium arriv es in ( 0, 1 ] and no

claim occurs either};

( 2) A2= {a premium arriv es in ( 0, 1 ] but no claim

occurs };

( 3) A3= { no premium a rriv es in ( 0, 1 ] but a claim

occurs };

( 4) A4= {a premium arriv es in ( 0, 1] and a claim

occurs too}.

　　 Acco rding to the laws of condi tional probability ,

the conditional infini te-time non-ruin probabili ties is

equal to

O(u|i )= ∑
4

k= 1
O(u|i , Ai ) P( Ai|i ) , i= 0, 1. ( 2. 5)

So w e have

O( j|0)= ( 1-d)p00O( j|0)+ dp00O( j+ 1|0)+

( 1-d) p01∑
j

k= 1
O( j - k|1) f (k )+ dp01∑

j+ 1

k= 1
O( j+ 1-

k|1) f (k ) , ( 2. 6)

O( j|1)= ( 1-d)p10O( j|0)+ dp10O( j+ 1|0)+

( 1-d) p11∑
j

k= 1
O( j - k|1) f (k )+ dp11∑

j+ 1

k= 1
O( j+ 1-

k|1) f (k ) , j= 0, 1, 2,… ( 2. 7)

　　 From which follow s fo rmulae( 2. 1) .

　　 By substi tuting formulae( 2. 6) in fo rmulae( 2. 7) ,

w e have

O( j|1)=
p10
p00

[O( j|0) - ( 1-d)p01∑
j

k= 1
O( j - k|1) 

f (k ) -dp01∑
j+ 1

k= 1
O( j+ 1- k|1) f (k ) ]+ ( 1-d)p11 
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∑
j

k= 1
O( j- k|1) f (k )+ dp11∑

j+ 1

k= 1
O( j+ 1- k|1) f (k ) .

( 2. 8)

Which leads to the recursiv e equation ( 2. 2) .

To prove fo rmulae ( 2. 3 ) , w e sum fo r each

equality ( 2. 6) and ( 2. 7) which result in

∑
u- 1

j= 0
O( j|0)= ( 1-d)p00∑

u - 1

j= 0
O( j|0)+ dp00∑

u- 1

j= 0
O( j+

1|0)+ ( 1-d) p01∑
u- 1

j= 0
∑

j

k= 1
O( j- k|1) f (k )+

dp01∑
u- 1

j= 0
∑
j+ 1

k= 1
O( j+ 1- k|1) f (k ) ( 2. 9)

and

∑
u- 1

j= 0
O( j|1)= ( 1-d)p10∑

u - 1

j= 0
O( j|0)+ dp10∑

u- 1

j= 0
O( j+

1|0)+ ( 1-d) p11∑
u- 1

j= 0
∑

j

k= 1
O( j- k|1) f (k )+

dp11∑
u- 1

j= 0
∑
j+ 1

k= 1
O( j+ 1- k|1) f (k ) . ( 2. 10)

Since p00 = 1 - p01 , p11 = 1 - p10 , we rew ri te

formulae( 2. 9) and formulae( 2. 10) as follow s:

　　 ( 1-d)∑
u- 1

j= 0
O( j|0)+ d∑

u- 1

j= 0
O( j+ 1|0) -∑

u- 1

j= 0
O( j|

0)= p01 [ ( 1- d)∑
u - 1

j= 0
O( j|0)+ d∑

u- 1

j= 0
O( j+ 1|0) - ( 1-

d)∑
u- 1

j= 0
∑

j

k= 1
O( j- k|1) f (k ) -d∑

u - 1

j= 0
∑
j+ 1

k= 1
O( j+ 1-

k|1) f (k ) ] ( 2. 11)

and

　　∑
u- 1

j= 0
O( j|1) - ( 1-d)∑

u- 1

j= 0
∑

j

k= 1
O( j- k|1) 

f (k ) -d∑
u- 1

j= 0
∑
j+ 1

k= 1
O( j+ 1- k|1) f (k )= p10 [ ( 1-

d)∑
u- 1

j= 0
O( j|0)+ d∑

u- 1

j= 0
O( j+ 1|0) - ( 1-d)∑

u- 1

j= 0
∑

j

k= 1
O( j-

k|1) f (k ) -d∑
u- 1

j= 0
∑
j+ 1

k= 1
O( j+ 1- k|1) f (k ) ]. ( 2. 12)

Combining formulae( 2. 11) and formulae( 2. 12) , w e

have

d(∑
u- 1

j= 0
O( j+ 1|0) -∑

u- 1

j= 0
O( j|0)=

p01
p10

[∑
u - 1

j= 0
O( j|1) -

( 1- d)∑
u - 2

j= 0
O( j|1) F (u - 1- j ) - d∑

u- 1

j= 0
O( j|1) F ( u -

j ) ], ( 2. 13)

w hich becomes

　　O(u|0)= O( 0|0)+
p01

dp10
[ ( 1-d)∑

u- 1

j= 0
O( j|1) ( 1-

F (u- 1- j ) )+ d∑
u- 1

j= 0
O( j|1) F(u- j ) ]. ( 2. 14)

　 　 SinceO(∞|i )= lim
u→∞

O(u|i ) , i= 0, 1 andO(∞|0)

= O(∞|1)= 1, then w e take u→∞ in fo rmulae( 2. 14)

and find

O( 0|0)= 1-
p01
p10

EX -d
d

= d- qEX
d( 1- q)

, ( 2. 15)

w hich corresponds to the formulae ( 2. 3) .

We deriv e fo rmulae ( 2. 4) by combining both

formulae( 2. 5) at j= 0 and formulae( 2. 6) at j= 0.

O( 0|0)= ( 1-d)p00O( 0|0)+ dp00O( 1|0)+

dp01O( 1|1) f ( 1) , ( 2. 16)

and

O( 0|1)= ( 1-d)p10O( 0|0)+ dp10O( 1|0)+

dp11O( 1|1) f ( 1) , ( 2. 17)

that is fo rmulae( 2. 4) .

　　 Remark:

O( 0 ) = ( 1 - q ) O( 0|0 ) + qO( 0|1 ) =

( 1-cdf ( 1) ) (d- qEX )
d( 1-cdf ( 1) - ( 1-c)q)

. ( 2. 18)

　　 From transi tio n probabili ty matrix, one can see

that thecparameter int roduces a positiv e correlation

among the claim occurrence r. v. { Ik , k∈ N
+
}. W e

show in the following theorem that O(u ) ( u∈ N )

decrease as the dependence parameter c increases

resulting in the increase ofO(u ) (u∈ N) wi thc.

Theorem 2. 2　 The nonconditional infini te-time

non-ruin probabi litiesO(u ) ( u∈ N) decrease whenc

increases.

Proof　 we prove ( d|dc)O(u )≤ 0 for u∈ N by

induction.

Since the infinite-time non-ruin probability can be

w ri tten as

O(u)= ( 1- q)O(u|0)+ qO(u|1) . ( 2. 19)

　　 We prove that the deriv ativ e of bo thO(u|0) andO
(u|1) ( u∈ N ) with respect toc are smaller than or

equal to 0.

First , w e demonst rate

( d /dc)O(u|i )≤ 0, for i= 0, 1. ( 2. 20)

By formulae( 2. 3) and formulae( 2. 4) , w e have

( d /dc)O( 0|0)≤ 0, ( 2. 21)

and

　　 ( d /dc)O( 0|1)= (d /dc) (
p10

p00-cdf ( 1)O
( 0|

0) )=
- ( 1- q) ( 1- df ( 1) )
(p00-cdf ( 1) ) 2 O( 0|0)≤ 0. ( 2. 22)

w hich imply (d /dc)O( 0)≤ 0. Now , we assume that

　　 ( d /dc)O( j|0)≤ 0, ( 2. 23)

and

　　 ( d /dc)O( j|1)≤ 0 ( 2. 24)

are v erified for j= 1,… ,u- 1 and w e prove that these
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inequalities also hold for j= u.

From formulae( 2. 14) , one can find

d
dc

O(u|0) =
d
dc
{O( 0|0) +

p01

dp10
[ ( 1 -

d)∑
u- 1

j= 0

O( j|1) ( 1 - F (u - 1 - j ) ) + d∑
u - 1

j= 0

O( j|

1) F(u - j ) ] } ,

and given formulae( 2. 24) , concludes that

(d /dc)O(u|0)≤ 0. ( 2. 25)

From equation( 2. 2) , one can find

d
dc

O(u|1)=
d
dc
[ ( p10O(u|0)+ ( 1-d)c∑

u

k= 1
O(u-

k|1) f (k )+ dc∑
u+ 1

k= 2
O(u+ 1- k|1) f (k ) ) /( p00-

cdf ( 1) ) ]=
d
dc
[

p10
p00- cdf ( 1)

O(u|0)+

∑
u- 1

j= 0

( 1-d)cf (u- j )+ dcf (u+ 1- j )
p00 -cdf ( 1) O( j|1) ]≤

[O(u|0)
d
dc

p10
p00 -cdf ( 1)

+ ∑
u- 1

j= 0
[ ( 1-d) f (u- j )+

df (u+ 1- j ) ]O( j|1)
d
dc

c
p00-cdf ( 1) ]. ( 2. 26)

Since p00 -cdf ( 1)= ( 1-c) ( 1- q)+ c( 1- df ( 1) )≥

0.

The right-hand side of formulae ( 2. 26) can also be

w rit ten as

　　- ( 1- q) ( 1- df ( 1) )
( p00-cdf ( 1) )

2 O(u|0)+ ∑
u - 1

j= 0
[ ( 1- d) 

f (u- j )+ df (u+ 1- j ) ]O( j|1)
1- q

( p00 -cdf ( 1) )
2 ,

w hich is equiv alent to

　　
1- q

( p00- cdf ( 1) ) 2
[-O(u|0) ( 1- df ( 1) )+

∑
u- 1

j= 0
[ ( 1-d) f (u- j )+ df (u+ 1- j ) ]O( j|1) ]=

1- q
c(p00-cdf ( 1) )

2 [- cO( u|0) ( 1- df ( 1) )+ ( p00 -

cdf ( 1) )O(u|1) - p10O(u|0) ]. ( 2. 27)

Replacing formulae ( 2. 27) in formulae ( 2. 26) and

af ter further simplifications, w e obtain

　　 (d /dc)O(u|1)≤
1- q

c(p00-cdf ( 1) )
 

O(u|1) - O(u|0) . ( 2. 28)

In order to compareO( u|1) and O(u|0) , w e

rearrange fo rmulae ( 2. 6 ) and formulae ( 2. 7 ) as

follow s:

　　p01 [ ( 1- d)∑
u

k= 1
O(u- k|1) f (k )+ d∑

u+ 1

k= 1
O(u+ 1-

k|1) f (k ) - ( 1- d)O(u|0) -dO(u+ 1|0) ]= O(u|0) -

( 1-d)O(u|0) - dO(u+ 1|0) ( 2. 29)

and

　　 p11 [ ( 1-d)∑
u

k= 1
O(u- k|1) f (k )+ d∑

u+ 1

k= 1
O(u+ 1-

k|1) f (k ) - ( 1-d)O(u|0)- dO(u+ 1|0) ]= O(u|

1) - ( 1-d)O(u|0) -dO(u+ 1|0) . ( 2. 30)

The combination of equations fo rmulae ( 2. 29) and

formulae( 2. 30) leads to

O(u|1) - ( 1-d)O(u|0) -dO(u+ 1|0)
O(u|0) - ( 1-d)O(u|0) -dO(u+ 1|0)

=
p11

p01
=

1+ c
( 1-c)q

,

f rom which we deduct

O(u|1) -O(u|0)= cd
( 1-c)q

(O(u|0) - O(u+ 1|

0) )≤ 0. So w e obtain

( d /dc)O(u|1)≤ 0. ( 2. 31)

Given formulae ( 2. 25 ) and formulae ( 2. 31 ) , w e

conclude that O ( u ) ( u ∈ N+ ) decrease as the

dependence parametercincreases since

　　 ( d /dc)O(u)= ( d /dc) [ ( 1- q)O(u|0)+ qO(u|

1 ]= ( 1- q) ( d /dc)O(u|0)+ q( d /dc)O(u|1)≤ 0.

( 2. 32)

We deriv e an exponential bound on the ruin

probability within the ex tended compound Markov

binomial model which is similar to the Lundberg

exponential bound wi thin the classical risk model.

Lemma 2. 1　 In the ex tended compound Markov

binomial model( 0. 1) , w e have

　　 R
*
= min(R0 , R1 )= R1 . ( 2. 33)

Proof　 Define

　　 gi ( r )= E(e
- r (M

1
- Y

1
)|I0= i ) , for i= 0, 1 ( 2. 34)

The functions g0 (r ) and g1 (r ) are equal when r= 0.

　　 g0 ( 0)= g1 ( 0)= 1. ( 2. 35)

Since p01≤ p11 ,

w e have

g0 ( r ) = ( 1- r ) + re
- r+ p01 [ ( 1- r ) Ee

rX
1+

r Ee
- r ( 1- X

1
)
- ( 1- r ) - re

- r
]≤ ( 1- r )+ re

- r
+

p11 [ ( 1- r ) Ee
rX

1+ r Ee
- r ( 1- X

1
)
- ( 1- r )- re

- r
]=

g1 (r ) , r≥ 0. ( 2. 36)

Furthermore, we have

　　 g0′( 0)= E( ( Y1 - M1 )|I0= 0) < 1 ( 2. 37)

and

　　 g1′( 0)= E( ( Y1 - M1 )|I0= 0) < 1. ( 2. 38)

Which indicates that the function g0 ( r ) and g1 ( r )

cross the st raigh t line wi th slope 1 at another point r

g reater than 1 and by formulae ( 2. 36) , this crossing

point is first obtained by g0 (r ) . Consequently, w e get

R1≤ R0 .

　　 Theorem 2. 3　 If there exist R0 , R1> 0 satisfying

formulae( 1. 7) and formulae( 1. 8) respectiv ely, then
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　　j(u )≤ e
- R* u , ( 2. 39)

w here R* = R1 and u= ∈ { 0, 1, 2,… }.

　　 Proof　 We first prove that { e
- R

*
U
k , k∈ N

+ }

corresponds to a supermarting ale.

Letting Y
-
k- 1 = ( Y1 = y1 ,… , Yk- 1 = yk- 1 ) , it

follow s that Y-k- 1 summarize all relevant information

about the surplus process during the k - 1 first

periods. We have

E(e
- R* U

k|I0= i , Y-k- 1 )= E(e
- R* (U

k- 1
+ Z

k
- Y

k
)
|I0= i ,

Y-k- 1 )= e
- R

*
U
k- 1 E(e- R

*
(Z
k
- Y

k
)|I0= i, Y-k- 1 )=

e
- R* U

k- 1 [dE(e
- r ( 1- Y

k
)
|I0= i ,Y-k- 1 )+

( 1- d) E( erYk|I0= i , Y-k - 1 ) ]= e
- R

*
U
k- 1 [dE(e- r ( 1- Y

k
)|

Ik- 1= ik- 1 )+ ( 1-d) E(erYk|Ik - 1= ik- 1 ) ] .

　　 Since R* = R1 , w e have

　　 [dE(e
- R* ( 1- Y

k
)|Ik- 1= 1)+ ( 1-d) E(e

R* Y
k|Ik- 1=

1) ]= 1,

and from formulae( 2. 36) , we obtain that

　 　dE(e- R
*
( 1- Yk )|Ik- 1= 0)+ ( 1- d) E(eR

*
Yk|Ik- 1=

0)≤dE(e
- R

*
( 1- Y

k
)|Ik- 1= 1)+ ( 1- d) E(e

R
*
Y
k|Ik- 1=

1)= 1.

Then, it follows that

E(e- R
*

U
k|I0= i , Y-k- 1 )= e

- R
*
U
k- 1|[dE(e- r ( 1- Y

k
)|

Ik- 1= ik- 1 )+ ( 1-d) E(e
rY

k|Ik - 1= ik- 1 ) ]≤e
- R* U

k- 1 .

　 　 From the Kolmogorovs inequali ty fo r positiv e

supermartingales, one can find that

　　 P( max
k∈ { 0, 1,… }

{e
- R* U

k }≥ 1|I0= i0 )≤ e
- R* u

,u∈ { 0, 1,

… } .

Since

j(u|i0 )= P( min
u∈ { 0, 1,… }

{Uk } < 0|I0= i0 )≤

P( max
k∈ { 0, 1,… }

{e
- R* U

k≥ 1}|I0= i0 )≤e
- R* u

,

w e obtain

　　j(u|i0 )≤ e
- R* u ,u∈ N, ( 2. 40)

　 　 From formulae( 2. 40) , the noncondi tional ruin

probability must satisfy the follow ing inequali ty

　　j(u )= ( 1- q)j(u|0)+ qj(u|1)≤ e
- R* u

.
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