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Abstract: A new class of generalized convex functions, w hich are called zero-set quasi-convex

functions are defined, and some of their basic properties are discussed. Acco rding to the properties of

the functions, suf ficient optimali ty condi tions for the nonlinear zero-set quasi-convex prog ramming

with inequali ty constraints are giv en.
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摘要:定义一种广义凸函数: 零集拟凸函数 ,讨论其相关性质 ,并结合函数性质给出零集拟凸不等式约束规划的

最优性条件 .
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　　 Convexi ty play s a vi tal role in many aspects of

ma thematical prog ramming , for example, suf ficient

optimali ty conditions and duality theorems. Over the

years, many generali zed convexities w ere

presented
[1～ 4 ]

. In this paper, w e int roduce a new class

of functions, which are called zero-set quasi-convex

functions and present some results of them. The

results of optimality in zero-set quasi-convex

prog ramming problems with inequali ty constrains are

established.

　　 In the following, w e review several concepts of

g eneralized convexity w hich have some relationships

w ith zero-set quasi-convexity. In this paper, w e

assume that the set S Rn
is a nonempty convex set.

1　 Definitions

　　 Def inition 1. 1
[ 2]　 A real function f : S Rn→ R

is said to be quasi-convex function, i f

　　 f (λx + ( 1 - λ) y )≤ max { f (x ) , f ( y ) } , x , y

∈ S, λ∈ ( 0, 1) .

　　 Definition 1. 2
[2 ]
　 Let f : S  R

n
→ R be a

dif ferentiable function. f is said to be pseudo-convex

function, if x , y∈ S with f (x ) T ( y - x )≥ 0 one

can get f (y )≥ f (x ) .

2　 Zero-Set quasi-convex functions and their

properties

　　 In this section, w e present the definition of zero-

set quasi-convex function and discuss its main

properties.

　　 Def inition 2. 1　 A function f : S→ Ris said to be

zero-set quasi-convex on Z , i f

　　 f (λx + ( 1 - λ) y )≤ max { f (x ) , f ( y ) } , x ∈
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Z , y∈ S, λ∈ [0, 1 ] ,

w here Z {x ∈ S|f ( x ) = 0}.

　　 Proposition 2. 1　 If f ( x ) is a quasi-convex

function and Z = {x|f (x ) = 0}≠○ , then f ( x ) is a

zero-set quasi-convex function on Z .

　　Remark 2. 1　 The converse of Proposi tion 2. 1 is

not necessarily t rue. A counterexample is given as

follow s.

　　Example 2. 1　 Let f : R→ R be defined as

　　 f (x ) =
(x + 1) 2 - 2,x≤ 0,

(x - 1) 2 - 2,x > 0.

　　 The g raph of the function f i s shown in Fig. 1

　　 Fig. 1　 Function f

　　 Let x 1 = - 1,x 2 = 1,λ0 =
1
2
, then

　 　 f (λ0x 1 + ( 1 - λ0 )x 2 ) = f ( 0) = - 1 >

max { f (x 1 ) , f ( x2 ) } = - 2.

So, f i s not a quasi-convex function. On the other

hand, from Fig. 1, one can see that f i s a zero-set

quasi-convex function (one can also get from Theorem

2. 2) .

　　 Proposition 2. 2　 Let f i: Si→ R( i = 1, 2,… ,m )

be zero-set quasi-convex on Zi = { x|f i ( x ) = 0} ( i =

1, 2,… ,m ) and Z = ∩ m
i= 1Zi ≠ ○ , then f (x ) =

max { f i (x ) , i = 1, 2,… ,m } is a zero-set quasi-convex

on Z i. e. ,

　　 f (λx+ ( 1 - λ) y )≤ max { f ( x ) , f (y ) } , x∈

Z , y∈ S,λ∈ [0, 1] ,

w here S = ∩ m
i= 1 Si .

　　 Proof　 For x∈ Z , y∈ S and λ∈ [0, 1 ] ,

f rom the zero-set quasi-convexity of f i (x ) , w e have

　　 f (λx + ( 1 - λ) y ) = max { f i (λx+ ( 1 - λ) y ) ,

i = 1, 2,… ,m }≤ max {max { f i ( x ) , f i (y ) } , i = 1, 2,

… ,m } = max {max { f i ( x ) , i = 1, 2,… ,m } , max

{ f i ( y ) , i = 1, 2,… ,m } } = max { f (x ) , f ( y ) } .

So, f (x ) is zero-set quasi-convex on Z .

　　 Theorem 2. 1　 If continue function f (x ) is a

zero-set quasi-convex function on Z= { x|f (x ) = 0} ,

then S0 = { x|f ( x )≤ 0} is a convex set.

　　 Proof　 Suppose S0 is not a convex set, then there

exist x , y∈ S0 ,λ-∈ ( 0, 1) , such that f (λ-x + ( 1 -

λ-) y ) > 0 . If f (x ) = 0 o r f ( y ) = 0 , then f rom the

zero-set quasi-convexi ty of f (x ) w e have f (λ-x+ ( 1-

λ-) y )≤ max { f (x ) , f ( y ) }≤ 0. So f ( x ) , f (y ) < 0.

By the continue property of f ( x ) , one know s that

there exist_
-∈ ( 0,λ-) ,e-∈ (λ-, 1) , such that

　　 f (_-x+ ( 1- _-) y ) = 0, f (e-x+ ( 1- e-) y ) = 0.

Let x~ = _-x+ ( 1- _-) y , y~ = e-x+ ( 1 - e-)y , one can

easily know that there existλ0∈ ( 0, 1) such thatλ0x
~

+ ( 1 - λ0 )y~ = λ-x + ( 1 - λ-) y.

　　 On the other hand,

　　 f (λ-x + ( 1 - λ-) y ) = f (λ0x
~
+ ( 1 - λ0 ) y

~
)≤

max { f ( x~ ) , f (y~ ) }.

This is a contradiction. So, S0 = { x|f ( x )≤ 0} is a

convex set.

　　 Theorem 2. 2　 Let f : S→ R. If ST= {x|f (x )≤

T,x ∈ S} is a convex set for eachT≥ 0 and Z =

{ x|f ( x ) = 0}≠ ○ , then f (x ) is a zero-set quasi-

convex function on Z.

　　 Proof　 For  x ∈ Z , y ∈ S . Let T0 =

max { f ( x ) , f (y ) }≥ 0, then x ,y ∈ ST
0
. So, from the

convexi ty of ST0 , w e haveλx+ ( 1 - λ)y∈ ST0 , λ∈

[0, 1 ] , i. e. , f (λx + ( 1 - λ) y )≤T0 = max { f (x ) ,

f ( y ) } , λ∈ [0, 1]. The proof of this theorem is

completed.

　　 Theorem 2. 3　 Let f : S→ R is zero-set quasi-

convex on Z = { x|f ( x ) = 0} . If f is di fferentiable,

then for x ∈ Z , y∈ S , we have

　　 ( i) if f ( y )≤ 0 , then f (x )
T
( y - x )≤ 0 ;

　　 ( ii ) if f ( y )≥ 0 , then f (y ) T ( x - y )≤ 0 ;

　　 ( iii) if f (x ) T ( y - x ) > 0 , then f ( y ) > 0 ;

　　 ( iv ) if f ( y ) T (x - y ) < 0 , then f (y ) < 0 .

　　 Proof　 It is obviously that ( i ) and ( iii) , ( ii) and

( iv ) are equivalent. It is only need to show the

statements ( i ) and ( ii) .

　　 ( i) Supposex ∈ Z ,y ∈ S and f ( y )≤ 0 , then,

　　 f (x ) T ( y - x ) = f′( x ; y - x ) =

lim
λ→ 0+

f ( x + λ( y - x ) ) - f ( x )
λ

≤

lim
λ→ 0+

max { f (x ) , f ( y ) } - f (x )
λ

= 0.

The statement ( i) holds.
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　　 ( ii ) The proof is similar wi th ( i ) . The proof of

this theorem is completed.

3　 Optimality conditions

　　 In this section, w e apply the associated results to

the nonlinear prog ramming problem w ith inequali ty

const raints as follow s:

　　　 min　　 f (x )

( Pg ) s. t. gi (x )≤ 0, i∈ I = { 1, 2,… ,m } ,

x ∈ R
n
.

Deno te the feasible set of ( P g) by Sg = { x∈ Rn|gi (x )

≤ 0, i∈ I } . Fo r convenience of discussion, w e always

assume that f and gi are all differentiable and Sg is a

nonempty set in R
n
.

　　 Theorem 3. 1　 If gi (x ) ( i∈ I ) are zero-set quasi-

convex functions, then the feasible set Sg of problem

( Pg ) is a convex set.

　　 Proof　 Let Si = {x|gi (x )≤ 0} , i∈ I , from

Theorem 2. 1, one know s that Si ( i∈ I ) are all convex

sets. So, Sg = ∩ i∈ I Si is a convex set.

　　 Theorem 3. 2　 Assume that x
*

is a KK T point of

( Pg ) , and the function f ( x ) is differentiable and

pseudo-convex , gi ( x ) ( i ∈ I ) are differentiable and

zero-set quasi-convex , then x
*

i s an optimalsolution of

the problem ( Pg ) .

　　 Proof　 For any x ∈ Sg , w e have gi ( x )≤ 0 =

gi (x* ) , i∈ I (x* ) = {i∈ I|gi (x* ) = 0} . Therefore,

f rom the zero-set quasi-convexity of gi (x ) , x∈ Sg and

Theorem 2. 3, one can obtain gi (x* ) T (x - x
* )≤ 0

for i∈ I (x* ) .

　　 Since x
*

is the KKT point of ( Pg ) , there exist

multipliers ui≥ 0 such that

　　  f (x
*
) + ∑

i∈ I

ui gi (x
*
) = 0,uigi (x

*
) = 0.

From the above equation, w e have

　　 f (x
*
)
T
(x - x

*
) = - ∑

i∈ I

ui gi (x
*
)
T
( x -

x
* ) = - ∑

i∈ I( x* )

ui gi ( x* ) T (x - x
* )≥ 0.

Hence f rom the pseudo-convexity of f (x ) , o ne can

conclude f (x )≥ f (x
*
) . Therefore x

*
is an optimal

solution of the problem ( Pg ) .
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