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 Abstract:Dynamics  of the following  difference equation  will be investigated:  r..+i
一 (a+Blz. ～ I+

 

 B31n_3+ … +Bz*+ix,,_2{ 一 J)／（以 +Bo 厶 +Bzz 。一2+ … +Bz*z; 一甜），，2 一 0,1, … the  nature  of the

 

 soultion  of the difference equation  will be  investigated  in four  cases.
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摘要 ：考察差分方程 rn+l
一 （口 +Bix 。一． +B3X ．一。 + … +B “+ ．z 。一Ⅱ一 ．）／（A+B 。z 。 +B2z 。

一2+ … +B2 。T 。一。），

 

 n=O,l ，
… 的动力学行为 ，在 4 种情形下分别讨论方程解的性质．
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 Introduction

      

 In  Reference  [1l,  the  following  difference

 

 equation  was  investigated  ,

    

 rn+i
 -

 (a  +  Bvrn_i  +  B3Xn_3  +  ...  +

 

 B2h+lrn_2k_l  )/(A  +  BOXn  +  B2Xn_2  +  ...  +  B2krn_2k)  ,

 

 where  k is a  non-negative  integer,the  parameters  a,A,

 

 Bi,i  =  0,1,2,---,2k  +  1  are  non-negative  real

 

 numbers,

 

 the  initial conditions  x_2k-l  ~z一 2k  ~
 '''  ~X  -l  ~XO

 

 N
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 are  arbitrary  non-negative  real numbers  such  that  the

  

 denominator  of Equation  (1. 1)  is never  zero,and  pq

   

 >  0  ,where  q
 = ∑Bzi_i,P  = ∑B2,.

       

 In  certain  conditions,  Equation  (1.  1)  exhibits

  

 the  following  period-two  trichotomy  characters.

         

 (l)Every  solution  of Equation  (1. 1)  has  a  finite

  

 limit if and  only  if q  <  A  .

          

 (2)Every  solution of Equation  (1. 1) converges  to

   

 a  period-two  solution of Equation

 

 (1. 1) if and  only  if q

 

 -

 =  A.

       

 (3)There  exists  unbounded  solution  of  Equation

   

 (1. 1)  if and  only  if q >  A.

          

 In this paper,the  case  pq  =  0 0f Equation  (1. 1)  is

  

 investigated,and  the  following  results  are  established.

          

 Theorem  l. 1

  

 Suppose  that a>  O,q  =  o,p  >  o,

  

 A=  0.  Then  the  positive  equilibrium  r  of  Equation
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 (1.  1)  is a  non-hyperbolic  equilibrium  point.  If there

 

 exists  t (- {0,1,2,*--,k} such  that B2, >  0 and  BZi =  0

 

 for all i C

 

 {0,1,2,---,k}  -  {t}, then  every  positive

 

 solution  of Equation  (1. 1)  is a  4t  +  2 period  solution

 

 of Equation(l.  1).

        

 Theorem  l. 2

  

 Suppose  that  a  >  0,  q  =  o,

 

 p  >

 

 0,  A  >  0.  Then  the  positive  equilibrium  point  .r  =

 

 -A+  ,/-A

 

 ~pa
 of  Equation  (1.  1)  is  globally

     

 2p

 

 asymptotically  stable.

        

 Theorem  l. 3

  

 Suppose  that a  =  O,q  >  O,p  =  0,

 

 A  >  0.

         

 (l)Suppose  q >  A,  then  every

 

 Equation  (1. 1)  converges  to  +oo.

         

 (2)Suppose  q <  A,  then  every

 

 Equation(l.  1)  converges  t0  0.

 

 positive solution of

 

 positive  solution of

         

 (3)Suppose  q  =  A  and  Equation  (1. 1)  satisfies

 

 the  following  hypotheses:for  every  t  e  {O,l,---,r -

 

 1}, there  exist i G  X  and  s ∈

 

 {O,l,---,k +  1} such

 

 that t =  i-  sr  ,where  X  =  {iIBz:_i≠  O,i  =  1,2,---,

 

 k  +  1} and  r  =  min  X.  Then  every  non-negative

 

 solution  of Equation  (1.  1)  converges  to  a  period-two

 

 solution  of Equation  (1. 1).

        

 Theorem  l. 4

  

 Suppose  that a>  O,q  >  O,p  =  0,

 

 A  >  0.

        

 (1)  Suppose  q ≥  A,  then  every

 

 solution  of Equation  (1. 1)  converges  to

       

 (2)  Suppose  q  <  A,  then  every

 

 solution  of Equation  (1. 1)  converges  to

 

 2

 

 Prejiminaries

 

 non-negative

 

 +oo.

 

 non-negative

   

 a

 

 A  -q'

      

 Now  some  definitions  and  the  known  results

 

 which  are  employed  in the  investigation  are  listed.

        

 Let  f :J'+'  _*.J  be a  continuous  function,  where  k

 

 is  a  non-negative  integer  and  J  is an  interval  of  real

 

 numbers.  Consider  the difference  equation

           

 Y,i+i

 

 =

 

 f ( y,,' yn-l  '
 ---

 , yn-k)  ,n  =  0,1,--

    

 (2. 1)

 

 with  initial conditions  y-k,  y-k+l  ,'''  ,Yo

 

 C  J.

             

 ^

          

 y  is an  equilibrium  point  of Equation

 

 (2. 1)  if

  

 f ( y,  y,---  , y) 一

 

 y.

      

 We  now  impose  the  further  restriction  that  the

 

 tUnCtlOn

  

／（“。，“1 ，
…

，扰^ ）

 

 be

   

 continuously

 

 differentiable.

       

 The  linearized equation  of Equation  (2. 1)  about

 

 the  equilibrium  point  y  is the  linear difference  equation
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 Z。+l= 盘oZ 。 + 乜1Z 。一 l+ … + 口^Z 。一 l ，，z 一 0 ， 1 ，
…

 

 (2.2)

 

 where  for each  i =  O,l,---  ,k

      

 The  characteristic  equation  of Equation  (2. 2)  is

 

 the  equation

 

 At+i  -  aoAk
一

n1  Ak-1一 … -
 ak_IA

 - 吼 =0 ．

         

 Definition  2. Ic2'3] Let  y  be an  equilibrium  point  of

 

 Equation  (2.1),

        

 (a)  y  is called locally stable  if,for  every  e  >  0

  

 there exists 8>  0 such  that  if y-k,y-k+l,'''

 

 y-l,Yo  (-

 

 J and

       

 ~kly
 -  -l <  8'

 

 then

        

 {y, -  yl <  efor  alln≥ -  k.

        

 (b)  y  is called locally asymptotically  stable if it is

 

 locally stable and  if there  exists y >  0 such  that if y-k,

 

 y一^+l,'''  y-l,Yo  C  ,J and

         

 ,~k
 IYi -  -l <  y,

 

 then

       

 lim y.  =

 

 y.

   

 n-

        

 (c) y  is called a  global  attractor  if,for every  y-k,

 

 Y-k+i,''',Y-i,Yo  e  J ,  we  have

          

 lim y.  =
 y.

          

 n

         

 (d)  y  is called globally asymptotically  stable if it is

 

 locally stable and  a  global attractor.

        

 (e) y  is called hyperbolic  if no  root  of  Equation

 

 (2. 3)has  modulus  equal  to  one.  Otherwise  it is called

 

 non-hyperbolic.

       

 The  following  result  is useful  in determining  the

 

 local stability character  of  the  equilibrium  point  y  of

 

 Equation  (2.1).

        

 Theorem  2. I

   

 (The  Linearized  Stability

 

 Theorem)c4]

       

 If every  root  of Equation  (2. 3) has  absolute  value

 

 less than  one,then  the  equilibrium  point  y  of Equation

 

 (2. 1)  is locally asymptotically  stable.

       

 Theorem  2. 2(Clark's  Theorem) 饼

      

 Assume  that

 

 then  every  root  of Equation  (2. 3)  has  absolute  value
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less  than  one.

 

 3

 

 The  proof  of  main  results

 

 Suppose  that a  >  O,q  =  o,p  >  O,A  =  0.  Then

 

 the  equilibrium  point  of Equation

 

 (1. 1)

 

 iS I  -

       

 Suppose  that  r  >  0  is the  equilibrium  point  of

  

 Equation  (1.  1). The  linearized  equation  of  Equation

  

 (1. 1) with  respect  to  x  is

         

 2n4-1 +古(BOZn  +  B22n_2  + …  +  B2L2n_2A,) =0

 

 with  characteristic  equation

        

 A2k+2  + 去(BOA2k+'  +  B,A2k-l  + ….  +  B2kA)  =  o.

        

 Proof  of  theorem  l. 1

  

 It is easy  to  see  that  -i

 

 is  one  root  of  Equation  (3.  1).  Hence  the  positive

 

 equilibrium  r  of  Equation  (1.  1)  is a  non-hyperbolic

 

 equilibrium  point.

          

 Now,suppose  that there  exists t C

 

 {0,1,2,--- ,k}

 

 such  that Bzt >  0 and  Bv  =  0 for alli∈  {0,1,2,---,k}

 

 -  {t}.  Let  {l-nl:=-2k-, be  a  positive  solution  of

 

 Equation  (1. 1) ,then

         

 a

       

 a

 

 It follows  that

     

 z.+2t+-,  =
 rn_2,  for all n  =  o,l,*--,

 

 namely,  {rn}:  ._2k_,  is  a  4t  +  2  period  solution  of

 

 equation  (1.  1).  The  proof  of  Theorem  l.  1  is

 

 completed.

      

 Suppose  that a  >  O,q  =  O,p  >  O,A  >  0.  Then

 

 the  equilibrium  point  of  Equation  (1.  1)  are  the

 

 positive  solution  of the  equation

      

 p12  +Ar  -  a=  0.

      

 Suppose  that  r  >  0  is the  equilibrium  point  of

 

 Equation  (1.  1).  The  linearized equation  of  Equation

 

 (1. 1)  with  respect  to  r  is

 

 B2k2 。 -  2k）=O ，

 

 A+p
 (BoZ,,+BzZ 。一z+ … +

 

 with  characteristic  equation

 

 (BOA2k+l  +  B2A2k-l  +  ...  +

 

 (3.2)

     

 Proof  of  theorem  l.2

 

 By  Theorems  2.1,2.2

 

 and  Equation  (3.  2),it  is easy  to  see  that  z>O  is

 

 locally  asymptotically  stable  equilibrium  point  of

 

 Equation(1.1) ．
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 Let  {X,,}T=-2k-i be  a  positive  solution  of Equation

 

 (1. 1). It is obvious  that

       

 max  {
 A  'r_u,x_2k+l,...,zI,zO}

 

 is its upper  bounded.

 

 Set

           

 I一

 

 liminf x,  and  S  =

 

 limsup  z.  ,

                

 n-oc

                    

 rr--oc

 

 from  Equation  (1. 1)  we  can  get

 

 5≤ 万车了7 ≤ ，≤ 5 ．

 

 Hence

     

 I— S,

 

 and

      

，-S 一
- 兰 +v ／万FF 石磊

     

 2p

       

 The  proof  of Theorem  l. 2  is completed.

        

 Proof  of  theorem  l. 3

   

 (1)  Suppose  q  >  A.

 

 Let

 

 { r

 

 }器  -2k-l  be a  positive  solution of Equation(l.  1)

 

 and  set

              

 17l

 

 =

 

 rriin {x_ 2h-  ],z  -2k  ,'''  ,  r_i  ,  ro  } ,r

 

 = 暑 ,

 

 then

     

 zI

 

 =

 

 (B1z —  1

 

 +  B3X_3

 

 +

 

 ...

 

 +  BU+lX_Zk_l)/A ≥

 

 A
 -  rm,

       

 x2
 -  (Bir-o +  B3z ～ 2  + …  +  B2k+ir-_2k)/A≥

 

 qM

  

 A

 

 X2k+2
 -

 (BIX2k  +  B3X2k_2  +  ...  +  B2k+lXO)/A ≥

  

哗一 ㈨

 

 12k+3
 -

 (Byru+i  +  B31^2k_i  +  ...  +  B2h+lXl)/

 

 A ≥攀一

 

 X4(k+l)

 

 -

 

 (BIX4k+3  +  B3X4k+,

 

 +  ...

 

 +

 

 z。。+ 。，，A ≥！萋三： ，，
：批

   

 It follows  by  induction  that  for all n ≥  1,  we  have

                

 l-2(n-  1) (k+l)+l  "T2(n_l)  (k+1>+2  ,
 ...

 'X2n(k+l) ≥  rn7Tl.

 

 -

 Note  that r  >  1,  we  have

 

 limz。
 =  aa

   

 n --  c。

 

 and  the  proof  is completed.

      

 (2)  Let  {Xn}器 -2k-,  be  a  positive  solution  of

 

 Equation  (1.1)  and  set

             

 M

 

 =

 

 max  { r_u_i,r-_  2k  ~
 ...

 ,X  -I  ,1-0 } ,

 

 then
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 xl

 

 =

 

 ( Bi z-_i

 

 +  B3r-_3

 

 + …

 

 +  B2k+lX_  2k_l)/A≤

 

 qx <M.

 

 It follows  by  induction  that  for all n ≥  1

 

 ,we  have

         

 rn ≤  M.

 

 Set I =  hminf  r,, and  S  =  limsupz..

                              

 n-oo

                

 n40。

        

 By  Equation  (1. 1)  we  have

 

 i. e.

 

 Since

       

 q<  A,

 

 we  have  S  -  0.  Hence

 

 limz，．

  

 n--  c。

 

 =0 ．

 

 and  the proof  is completed.

       

 (3)  Let  {ln}:-2k-l  be  a  positive  solution  of

 

 Equation  (1. 1)  and  set

               

 M

 

 =

 

 max  {x_ 2k-l  ,1--  2k  ,
….,z 一 1  ,XO  } '

 

 then

           

 1-1
 =  (Bir-_, +  B31_3  +  *..  +  Bu+vr_u_i)/A ≤

  

 It follows by  induction  that for alln≥ 1

 

 ,we  have  r,,≤

 

 M.  Set  liminfx2,, =  m,  and  yn
 =

 X2n
 -  m  for alln =  -

                          

 n-  D。

 

 k,  -  k +  1,---,
 -  1,0,1,---.  It is obvious  that

  

 liminf y,,

  

 n4∞

 

 -0

 

 and

        

 Yn+i
 -  (BiY,, +  B3yn_l  +  ...  +  B2k+iYn-k)/ A,77.

 

 =  0,1,-… .

 

 Suppose

      

 limYm,+i
 -

 o,

              

 r c(l

 

 Note  that

  

 A,  j =  0,1,--

 

 and

       

 B2t_l≠  0 for alli C  X,

 

 we  have

        

 lim ym  -i+l
 =  o for alli C  X.

                           

 ) --  ct,

       

 It follows  by  induction  that

      

 limy,nj+i_i_mr
 =  0

     

 lim

 

 for all i G  X  and  all m ≥  0.

      

 Suppose  that

 

 (3.3)

      

 h.my"i+i
 -

 a,

 

 we  also suppose,  without  loss generality,that  uj ≤  mj

 

 384

 

 -k  -  1 for all j≥  0  .  For  j≥  0  ,suppose  uj
 -

 mj
 =  -

 

 njr
 -

 tj,  where  nj ≥  0 and  tj  G  {O,l,---,r -  1} .

       

 By  hypothesis  we  know  that  there  exist  i] e  x

 

 and  sj  C  {O,l,---,k +  1} such  that  lj
 =

 i]
 -

 sjr,

 

 consequently  uj  +  1 =  mj  +  1 -  ij
 -

 (nj
 -

 sj)r for all

 

 j≥0.

           

 Note  that nj ≥  sj for all

 

 j≥  o,  by  Equation  ( 3. 3)

 

 we  get

      

 limY"i+i
 =

 hmy7+i_i)-  j-~r
 =  0.

    

罂

 

 '

 

 Hence

 

 -
 0,

 

 and

       

 lin112n =m ．

                     

 n-  c。

       

 Similarly,there  exists  an  M  ,such  that

         

 lirli X2n+l  =  M  ,

                     

 r +oc

 

 and  the  proof  is completed.

       

 The  proof  of Theorem  l. 3 is completed.

     

 Proof  of  theorem  l.  4

 

 (1)  q ≥  A.  Let

 

 {lnl:  -2k-l  be  a  non-negative  solution  of  Equation

  

 (1. 1) ,then

     

 zl

 

 =

 

 (a +  Bi.r_i

 

 +  B3X_3  + ….

 

 +  B2k+lr-_  2h-l)/

 

 A ≥
 A'

        

 x2
 -  (a +  Byro  +  B3r_2  +  ...  +  B2k+lr-_2k)/

 

 A ≥
 A'

                        

 .

                        

 .

                        

 .

        

 X2k+2
 -  (a +  Byr2k+  B3X2k_2  +  ...  +  B2e+Vr0)/

 

 A ≥
 A,

     

 X2k+3
 -  (a  +  BIX2k+l  +  B3r2h_,  +  ...  +

  

 BZk+,xl)/ A ≥  2
 A

 '

                      

 .

      

 14(k+l)
 -  (a  +  Blr4&+3  +  B314k+,  +  ...  +

  

 B2k+I.2k+3)/ A ≥  2
 A'

            

 It follows  by  induction  that  for all n ≥  1, we  have

                        

 -

 

 a

        

 Xl(n-l>(k+l)+l  X2(n-l ，．。+1,+.,
…

,xU(k+ ，， ≥  n
 A'

  

 Hence  we  have

 

 lirrixn =  oo

 

 and  the  proof  is completed.

 

 (2)Set

     

 zn=Y 十
A

 

 q'n=O,l,
…

,

 

 from  Theorem  l.  3 (2)  we  know  that  {yn}';: -2k
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converges  to  O,hence  {.r,,}器 _2k_,  converges  to
 A

   

 q'

        

 The  proof  of Theorem  l. 4  is completed.
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表 1 中的相关符号意义为 ：Problem 是测试问题

  

的名称 ；Dim 是 目标函数的维数 ；NI 是算法迭代的次

  

数 ；NF 是函数值计算的次数 ；NG 是函数梯度计算的

  

次 数 ；PRPSWP 是 (0.8) 式 +  SWP ；DYHybrid 是

 

 (0.17) 式+WWP;  NewHybrid 是 (1.1) 式+WWP.

      

表 1 的数据结果显示 ，对测试问题集的 54 个 目

  

标 函数 ，PRPSWP 、 DYHybrid 和 NewHybrid 方法求

  

解失败 的个数分别为 9 、 7 、 6 个 ． NewHybrid 方法 的

 

 NI/NF/NG 数据优于 DYHybrid 和 PRPSWP 方法 ．
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