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 Abstract:It  is proved  that  the  followings  are  equivalent  for a  space  X  :

 

 (1)  X  has  a 盯  -discrete 媳。
 -

 

 weak  base; c2) x  has  a 盯  -locally finite抟o  -weak  base; (3) X  is a 焚o  -weakly  first-countable  and 炎

 

 -space,space  with 她o  -weak  base  is open,  closed hereditary,and  point-countable 焚o  -weak  base  is

 

 cs'-network.  Some  relations are  discussed  among 炎o  -weak  base,sn-network,cs-network  and  cs'-

 

 network ．

 

 Key  words ： 蚰。 -weak  base， 她 -space,sn-metrlc  space,sn-first  countable,cs
’

-network,cs-network

  

摘要 ：证明在空间 X 中下列论述等价 ：(1)X 有 盯一 离散的建。
一弱基 ；(2)X 有 a 一 局部有限的犍。

一弱基 ；(3)X 是捧。
一

  

弱第一可数的建空间 ，蚺。
一弱基是开 、 闭遗传的 ，点可数炎。

一弱基是 cs+  - 网 ． 并讨论犍。
一弱基 ．sn- 网 ，cs- 网以及 csL

  

网的关系，
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 Definitions  and  preliminaries

     

 The  concept  of  weak  base  was  introduced  by

 

 Arhangel'skillc'l. R.  Sirois_DurnaisC
 2] defined 犍 o  -weak

 

 base. From  their definitions it is easy  to  get  weak  base

 

 that  is an 焚o  -weak  base. but 她o  -weak  base  may  not

 

 be  weak  base.

 

 C. Liu  and  S. Linc3lcharacterized  a  space

 

 X  is a  quotient,  countable-to-one  image  of  a  metric

 

 space  if and  only  if X  has  a  point-countable 焚o  -weak

 

 base.  It is natural  to  ask  whether  there  are  any  others

 

 characterizations  about 炎o  -weak  base.

      

 In  this paper,all  spaces  are  regular  T,  ,all maps

 

 are  continuous  and  onto,and  N  is the  set  of  positive

 

 integer  numbers,  the  sequence  {xn:n  G  N},  the

                                                                   

 N

 

 sequence  {Pn:n  C  N}  of  subsets  and  the  sequence
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 {多。 :nG  N  } of collections of subsets  are  abbreviated  to

 

 {ln} ,  {P,i} and  {9D,j} respectively.  For  terms  which

 

 are  not  defined  here,please  refer to  Reference[3] and

 

 related references.

        

 Definition  l. l[3]

  

 Let ‘移  be  a  family  of subsets

 

 of a  space  X ． 弱j
 is said to  be  an 建 O  -weak  base  for X  if

  

历=  U{留， (n):xGX,nC-N}satisfies

         

 (l)For  each  x  C  X,n  C  N,刃，(n)  is closed under

  

 finite intersections  and  r  G  f-l历丁  (n).

        

 (2)A  subset  U  of X  is open  if and  only  if

  

 whenever  r  (- U  and  n  G  N,there  exists  a  B.(n)

      

 .

  

 (n)  such  that BT(n)  G  U  .

        

 X  is called抟o  -weakly  first-countable  or  weakly

 

 quasi-first-countable  in the  sense  of Sirois_Dumaisc2]if

  

 X

 

 has 犍o  -weak  base 国 =  U历， (n):z ∈ X,n ∈  N},

  

国， (n)  is countable  for any  r  G  X,n ∈  N.

       

 Definition  l. 2[4]

  

 Let  X  be  a  space,  P  C  X  is

  

 called a  sequential  neighbourhood  of  .r  in  X  ,if each

  

 sequence  converging  to  x  in X  is eventually  in P  .

          

 Definition  l. 3

  

 Let  f :X  -*  Y  be  a  closed  map  if

  

 each  closed  subset  F  of X  ,then  f (F)  is closed  in Y.
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 Definition  l. 4

   

 Let 雪≥  be a  cover  of X  ,  Then 』多

 

 is called a  k-network  for X  if for any  compact  set  K

 

 and  for  any  open  set  U  such  that  KC  U多‘CU  for

 

 some  finite雪≥7
（二多 ．

 

 2

 

 Main  results

      

 In  this section,  we  give  a  characterization  about

  

抟o  -weak  base,  and  some  related results.

         

 Lemma  2. Ir.2]

  

 Every 姑o  -weakly  first-countable

 

 space  is sequential.

      

 Lemma  2.  2[3]

  

 X  has  a  point-countable 焚oN

 

 weak  base 历 -
 U  {历，  (n):  r ∈ X,nc  N}.  L  be  a

 

 sequence  converging  to  r 《  L  in X.

 

 Then  there  exists

 

 a  subsequence  L'  of  L  and  no ∈  N  such  that  L'  is

 

 eventually  in B. (nt,,m) for any  m  G  N.

       

 Lemma  2. 3 』移  is a  point-countable 蚰o  -weak

 

 base,  then  %  is a  CS  '-network.

      

 Proof

 

 Let 勿 =  U(舅0(n):xGX,rtCN}  is a

  

炎o  -weak  base  for X,  here  each 历， (n)  -  {B.(n,m):

 

 mGN}  with  B.(n,m+  1) C  B.r(n,m)  for each  m  C

 

 N.  Then  Let  L  be  a  sequence  converging  to  x  in X  and

 

 U  is an  open  set  of X,L （二  U  and  x  C  U  .  By  the

 

 Lemma  2. 2,there  exists  a  subsequence  L'  of L  and  no

 

 G  N  such  that L'  eventually  in B  (no,m)  for any  m ∈

 

 N.  From  the  definition  l. 1,  we  know  that  there  exists

 

 mo ∈ N  such  that B.7.(no,mo) （二  U  .  So  the￡玢  is a  cs  '-

 

 network.

       

 Theorem  2.4

  

 Let  j移=  U  {≯。 (n):xGX,nG

 

 N}  be  an 炎o  -weak  base  of  a  space  X  and  A  a  closed

 

 subset  of X.  Then  {A  ri B:B  Cl 移 }  is an 炎o  -weak

 

 base  of A.

        

 Proof

  

 For  x  C  A.  It is

 

 Cg 移}  is closed  under  finite

 

 easy  to  see  that{AnB:B

 

 intersections  and  .r C

 

《-1

        

 If U  is open  in A  ,there  is an  open  set  V  of X  such

 

 that  U  -  V  ri A.  For  r  C  U,  there  is a  BC 国， (n)

 

 such  that  r  C  BC  V.  .r  C  B  n  A  G  {B n A:B ∈ 历，

 

 (n) }. If for each  x  G  U,  there  exists  a  BnAG  {Bn

 

 A:B ∈留， (n)  } such  that  r ∈  B  ri A( 二  U.  We  prove

 

 that U  is open  in A.  For  r  G  V  =  X\(A\U).  If x ∈

 

 (X\A),  since  A  is closed,there  is a  B  C ．努

 

 (n)

 

 such

 

 that B  c  V.  If r ∈  u,  there  is aB  n  A  (- {B  n  A:B

 

 G 历
。.(n)  } such  that  r ∈  B  n A( 二 U  ,  it means  that  B

 

 C  %- (n)  and  B （二  V.

 

 Hence  V  is open  in X

 

 ,therefore

 

 U  =  V  n  Ais  open  in A.
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 Theorem  2. 5

   

 Let 留=  U  { %( 咒 ):z  C  X,n ∈

  

 N}  be  an 她o  -weak  base  of  a  space  X  and  A  an  open

  

 subset  of X.  Then  {A  ri B:B  C 留 }  is an 炎o  -weak

  

 base  of A.

        

 Proof

  

 This  proof  is similar to  Theorem  2. 4.

         

 From  Theorems  2. 4  and  2. 5,it is easy  to  get 抟。

  

 -weak  base  is open,closed  hereditary.

         

 Lemma  2. 6C5]

  

 Let ：多  be  a  a  -hereditarily

  

 closure-preserving  collection of subsets  of a  space  X.  If

  

』矽  is a  cs'-network,then 互≥  is a  k-network  of X.

        

 Theorem  2. 7

  

 The  following  are  equivalent  for a

  

 space  X.

         

 (1) X  has  a  a  -discrete 抟o  -weak  base;

            

 (2) X  has  a  a  -locally finite姑o  -weak  base ;

       

 (3) X  is a 炎o  -weakly  first-countable and 焚  -

 

 space.

     

 Proof

 

 (1)

 

 (2)  obviously.

        

 We  prove  that  (2)

   

 (3). Let  %  be  a 盯  -locally

  

 finite姑o  -weak  base,then  E移  is a  point-countable 焚o
 -

 

 weak  base,  X  is a 炎o  -weakly  first-countable  space,

 

 from  Lemma  2. 3， 弱’
 is a  cs'-network. 三移  be  a  tj-

  

 locally finite炎 o  -weak  base,then 三移  is a 盯  -hereditarily

 

 closure-preserving  point-countable

  

炎o-weak  base.

 

 From  Lemma  2.6  X  has  a-hereditarily  closure-

  

 preserving  k-network.  So  X  is a 炎  -space.

      

 Now  we  prove  (3)

  

 (1).

 

 Since  X  is an 焚  -space,  by  Theorem  4  in[6],we  can

 

 assume  that X  has  a  a  -discrete  cs-network 』矽 ,where

  

』矽  is closed under  finite intersections.  Let  U{历丁 (n):

  

 xC- X,n ∈N}

 

 be  an 炎o  -weak  base  of X

 

 ,then  for each

 

 l-  e  X,n  C  N ，彩， (n)  is countable,  here  each 留， (n)

 

 for each  m  G  N.  For  each  n  C  N,let 多  (n) =  { p∈多 :

 

 B.(n,m)( 二P  for some  m  C  N}. Then 多， (n)  is closed

 

 under  finite intersections.

 

 U {任矽
：  (n) :xC  X  ,n ∈  N  }

 

 is

 

 an  a  -discrete  collection.

      

多
z  (n)

 

 is a  network  of _r  in X  .  Suppose  not,there

 

 is a  neighbourhood  U  of  r  in X  such  that  P 旺  U  for

 

 each  PC.9.(n).  Let  PG 多 :x  G  PCU  } =  { Pk  : k G

 

 N}. Then  B(n,m) 旺  Pk  for any  ,n  ,k  G

 

 N.  Pick  rnk  G

 

 B(n,m)\Pk  for each m ≥  k.  Let  Yi
 =

  

 nk,  where  i =  k

  

十  m(m-l)/2.  Then  the  sequence  yi  converges  to  x  in

 

 X  because  {B.(n,m)  :m  C  N  } is a  decreasing  network

 

 of xin  X  .

 

 Since 』矽  is a  cs-network  of X  ,there  exists

 

 k, j e  N  such  that  {Yi:i≥  j} C  Pk.

 

 Pick  i≥

 

 j such
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that  Yi
 -

 lmk  for  some  m ≥  k,  then  Xmk  G  Pk,  a

 

 contradiction.

           

 Put 历=  U {P.(咒)  :z  G X  ,nC  N  }. We  shall prove

 

 that 多孕  is an 炎o  -weak  base. We  only  need  to  prove

 

 that  a  subset  V  of X  is open  if whenever  x  G  V  ,n  G  N,

 

 there  exists  a  P.(n)

     

 .(n)  such  that P.(n) （二  V.  If

 

 V  is not  open  in X  ,from  Lemma2.  1,  we  know  V  is

 

 not  sequentially  open.

 

 There  is a  sequence  L  in X\V

 

 converging  to  a  point  x  C  V.  By  the  claim  in Lemma

 

 2. 2,  there  exists  a  subsequence  L'  of L  and  no  G  N

 

 such  that L'  is eventually  in B.(no,m)  for any  m ∈  N.

 

 But  B.(no,m)( 二  Px(no)  for  some  m  G  N,  L'  is

 

 eventually  in PT(n0) （二  V  ,  a  contradiction.

 

 So  %  is an

  

蛉o  -weak  base  for X  .

    

 .

  

 From  Theorem

 

 2.  7,  it

 

 is

 

 natural  to  ask

 

 the

 

 following  question  :

        

 Question  2. 8

  

 Is a  space  X  with  u  -hereditarily

 

 closure-preserving 炎o  -weak  base 蚰o  -weakly  first-

 

 countable  space  and 姑  -space?

       

 This  question  can  be partially answered  if X  has  a

 

 -hereditarily  closure-preserving  point-countable

  

姑o-

 

 weak  base,  then  X  is  a 蛉o-weakly  first-countable

 

 space  and 炎  -space.

        

 Lemma  2. 9c7]

  

 Let  f :X-

 

 Y  be  a  closed map  and

 

 X  has  a-hereditarily  closure-preserving  k-network,

 

 then  Y  is sn-metric  space  if and  only  if Y  is sn-first

 

 countable  space.

      

 Theorem  2. 10

  

 Let  f:X  -

 

 Y  be  a  closed  map

 

 and  X  has  a-hereditarily  closure-preserving  point-

 

 countable 焚o  -weak  base,then  Y  is sn-metric  space  if

 

 and  only  if Y  is sn-first countable  space.

     

 Proof

 

 If Y  is  sn-metric  space,  Y  is  sn-first

 

 countable  space.

        

 If X  has  a  -hereditarily  closure-preserving  point-

 

 countable 她o  -weak  base三移  From  Lemma  2. 3,we  get

 

 that g矛  is a  cs'-network.  From  Lemma  2. 6, X  has  a  -

 

 hereditarily  closure-preserving  k-network.

 

 From

 

 Lemma  2. 9,it is easy  to  get  Y  is an  sn-metric  space.

        

 Corollary  2. 11

  

 A  space  X  with  a  -

 

 hereditarily

 

 closure-preserving

 

 point-countable

  

炎o
 -

 

 weak  base,then  X  is a  sn-metric  space  if and  only  if X

 

 is a  sn-first countable  space.
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 Corollary  2. 12

  

 A  space  X  with  a  -hereditarily

 

 closure-preserving  point-countable

  

炎o-weak  base,

 

 then

  

 X  is an 姑  -space  if and  only  if X  contains  no

 

 closed  copy  of S
 i.

        

 In the following,  we  will give  some  remarks  on

  

炎o  -weak

  

 base,

  

 sn-network,

 

 cs'-network,

 

 cs-

 

 network.

      

 Remark  2. 13

  

 The 姑o  -weak  base  may  not  be

 

 sn-network.  If not,  point-countable 抟o  -weak  base  is

 

 point-countable  sn-network.  The  point-countable 姑o
 -

 

 weak  base  space  is sequential  space,then  the  point-

 

 countable  sn-network  is point-countable  weak  base.

 

 This  is not  true.

      

 Remark  2. 14

  

 The 炎o  -weak  base  may  not  be

 

 cs-network.  Every  quotient,  finite-to-one  image  of  a

 

 locally compact  metric  space  does  not  have  a  point-

 

 countable  cs-networkc8].  But  C.I.iu  and  S.I_in  proved

 

 that  it had  point-countable 炎o  -weak  basec3].
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