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Abstract : It is proved that the followings are equivalent for a space X : (1) X has a o -discrete ¥, -
weak base; (2) X has a o -locally finite 8, -weak base; (3) X is a ¥, -weakly first-countable and ]

-space,space with $3, -weak base is open, closed hereditary,and point-countable $J, -weak base is

cs* -network. Some relations are discussed among ¥, -weak base,sn-network ,cs-network and cs* -

network.
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1 Definitions and preliminaries

The concept of weak base was introduced by
Arhangel’skill"). R. Sirois-Dumais"! defined ¥, -weak
base. From their definitions it is easy to get weak base
that is an $J, -weak base. but 8, -weak base may not
be weak base. C.Liu and S. Lin"characterized a space
X is a quotient, countable-to-one image of a metric
space if and only if X has a point-countable ¥J, -weak
base. It is natural to ask whether there are any others
characterizations about ¥J, -weak base.

In this paper,all spaces are regular 7', ,all maps
are continuous and onto,and N is the set of positive
integer numbers, the sequence {z,:n &€ N}, tthe

sequence {P,:n € N} of subsets and the sequence

W HE B H#3:2007-06-21

&[5 B #§ :2007-07-25

EZEB AT BRI (1958, &, X, TENF —RIFIDFE IR LT
fE.

% Supported by the Natural Science Foundation of Guangxi (No.
0728035).

354

cs - cs-

XEHES.1005-9164(2007)04-0354-03

{#,:nEN} of collections of subsets are abbreviated to
{x,} , {P,} and {#,} respectively. For terms which
are not defined here, please refer to Reference[ 3] and
related references.

Definition 1. 1°7 Let & be a family of subsets
of a space X . # is said to be an 8], -weak base for X if
AB=U{H,.(n) :2€ X ,n€ N }satisfies

(1DFor eachx € X,n € N,Z,(n) is closed under
finite intersections and x € [ %, (n).

(2)A subset U of X is open if and only if
whenever x € U and n € N, there exists a B,(n) € %,
(n) such that B,(n) € U .

X is called ¥, -weakly first-countable or weakly
quasi-first-countable in the sense of Sirois-Dumais"if
X has ¥}, -weak base Z=U H,(n):2€ X, nEN},
Z.(n) is countable for any x € X,n € N.

Definition 1. 2tY Let X be a space, P C X is
called a sequential neighbourhood of x in X ,if each
sequence converging to x in X is eventually in P .

Definition 1.3 Let /:X — Y be a closed map if
each closed subset F of X ,then f(F) is closed in Y.
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Definition 1.4 Let & be a cover of X, Then &2
is called a k-network for X if for any compact set K
and for any open set U such that KC | %' CU for
some finite &' C.2,

2 Main results

In this section, we give a characterization about
8, -weak base, and some related results.

Lemma 2. 1"/ Every $§, -weakly first-countable
space is sequential.

Lemma 2. 2 X has a point-countable g, -
weak base B = (A, n):2€ X,nEN}. L be a
sequence converging tox & L in X. Then there exists
a subsequence L' of L and n, € N such that L' is
eventually in B, (n,,m) for any m € N.

Lemma 2.3 % is a point-countable ¥, -weak
base, then Z is a cs” -network. -

Proof Let Z=U{H.(n):2€X,nEN} is a
8, -weak base for X, here each %, (n)={B,(n,m) :
m€&N} with B,(n,m + 1) C B,(n,m) for each m €
N. Then Let L be a sequence converging to x in X and
U is an open set of X,L C U and x € U . By the
Lemma 2. 2, there exists a subsequence L' of L and n,
€ N such that L' eventually in B, (n,,m) for any m €
N. From the definition 1. 1, we know that there exists
m, €N such that B, (ny,,m,) C U .So the @ isacs”-
network.

Theorem 2. 4 Let Z=U{H,(n):xz€ X ,n€E
N} be an §, -weak base of a space X and A a closed
subset of X. Then {A | B:B € &} is an Y, -weak
base of A.

Proof Forx € A. It is easy to see that{ A B:B
€ '} is closed under finite intersections and x € ()
. (n)) N A.

If U is open in A ,there is an open set V of X such
that U =V (| A. Forx € U, there is a BE %, (n)
such thatx € BCV.x€ B(NA€ (B A:.B&e #,
(n)}. If for each x € U, there exists a B(JA€E {B[)
A:BE . (n)} such thatx € B ) A C U. We prove
that U is open in A. Forx € V = X\(A\U). If x €
(X\A), since A is closed, there is a BE %, (n) such
that BC V. If x € U, thereisaB ()A€ {B) A:B
& H.(n)} such thatx € B ACU, it means that B
€% ,.(n) and BC V. Hence V is open in X ,therefore
U=V ) Ais open in A.
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Theorem 2.5 Let = U {H,. (n):x€X,nE
N} be an $3, -weak base of a space X and A an open
subset of X. Then {A | B:B € £} is an Y, -weak
base of A.

Proof This proof is similar to Theorem 2. 4.

From Theorems 2. 4 and 2. 5,it is easy to get ¥,
-weak base is open,closed hereditary.

Lemma 2. 6! Let & be a o -hereditarily
closure-preserving collection of subsets of a space X. If
& is a cs” -network ,then & is a k-network of X.

Theorem 2.7 The following are equivalent for a
space X.

(1) X has a o -discrete §J, -weak base;

(2) X has a o -locally finite Y, -weak base;

(3) X is a 83, ~weakly first-countable and % -
space.

Proof (1)—(2) obviously.

We prove that (2)—>(3). Let % be a o -locally
finite §3, -weak base,then & is a point-countable ¥, -
weak base, X is a 8, -weakly first-countable space,
from Lemma 2. 3, % is a cs"-network. % be a o-
locally finite 33, -weak base,then % is a o -hereditarily
8, -weak base.

From Lemma 2.6 X has o-hereditarily closure-

closure-preserving point-countable

preserving k-network. So X is a §J -space.

Now we prove (3)—(1).

Since X is an $§ -space, by Theorem 4 in[6 ], we can
assume that X has a o -discrete cs-network &, where
7 is closed under finite intersections. Let U {Z,(n) .
xE X ,nEN} be an R, -weak base of X ,then for each
z € X,n € N,Z,(n) is countable, here each Z,(n)
={B.(n,m):mEN} with B,(n,m + 1) C B,(n,m)
for eachm € N. For eachn € N,let Z,(n) ={P€ &,
B,(n,m)CP for some m € N}. Then &,(n) is closed
under finite intersections. U {#Z,(n) :2€ X ,nE N} is
an o -discrete collection.

& .(n) is a network of z in X . Suppose not ,there
is a neighbourhood U of « in X such that P ¢ U for
each PE 2, (n). Let PE P2 € PCU) = (P: k€
N}. Then B(n,m) @ P, for any m,k € N. Pick z,, €
B(n,m)\P, for eachm = k. Let y;, = x4, wherei = k
+ m(m-1)/2. Then the sequence y; converges to x in
X because {B,(n,m).m &€ N} is a decreasing network
of zin X . Since & is a cs-network of X ,there exists
k,j € N such that {y;:7 = j} C P,. Picki > j such
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that y; = x,, for some m = k, then z,, € P, a
contradiction.

Put Z=U{P.(n) :2€ X ,nEN}. We shall prove
that & is an ¥, -weak base. We only need to prove
that a subset V of X is open if whenever x € V,n € N,
there exists a P,(n) € #,(n) such that P,(n) C V. If
V is not open in X ,from Lemma2. 1, we know V is
not sequentially open. There is a sequence L in X\V
converging to a point x € V. By the claim in Lemma
2. 2, there exists a subsequence L' of L and n, € N
such that L' is eventually in B, (n,,m) for any m &€ N.
But B,(n,,m) C P.(n,) for some m € N, L' is
eventually in P,(n,) C V', a contradiction. So % is an
¥y, -weak base for X .

From Theorem 2. 7, it is natural to ask the
following question ;

Question 2. 8

closure-preserving 3%, -weak base ¥, -weakly first-

Is a space X with o -hereditarily

countable space and $J -space?

This question can be partially answered if X has o
-hereditarily closure-preserving point-countable %%, -
weak base, then X is a ¥, -weakly first-countable
space and $J -space.

Lemma 2.9 Let /:X—Y be a closed map and
X has o -hereditarily closure-preserving k-network,
then Y is sn-metric space if and only if Y is sn-first
countable space.

Theorem 2. 10 Let f:X — Y be a closed map
and X has o -hereditarily closure-preserving point-
countable ¥J, -weak base,then Y is sn-metric space if
and only if Y is sn-first countable space.

Proof

countable space.

If Y is sn-metric space, Y is sn-first

If X has o -hereditarily closure-preserving point-
countable §J, -weak base % From Lemma 2. 3,we get
that & is a cs” -network. From Lemma 2. 6, X has o -
hereditarily closure-preserving k-network. From
Lemma 2. 9,it is easy to get Y is an sn-metric spacg. _

Corollary 2.11 A space X with o -
hereditarily closure-preserving point-countable %3, -
weak base,then X is a sn-metric space if and only if X

is a sn-first countable space.
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Corollary 2. 12 A space X with o -hereditarily
closure-preserving point-countable $3,-weak base,
then X is an § -space if and only if X contains no
closed copy of S, .

In the following, we will give some remarks on
83, -weak  base,
network.

Remark 2. 13 The ¥}, -weak base may not be

sn-network. If not, point-countable %, -weak base is

sn—network s CS N —network s CS-

point-countable sn-network. The point-countable $3, -
weak base space is sequential space, then the point-
countable sn-network is point-countable weak base.
This is not true.

Remark 2. 14 The Y], -weak base may not be
cs-network. Every quotient, finite-to-one image of a
locally compact metric space does not have a point-
countable cs-network!™), But C. Liu and S. Lin proved
that it had point-countable Y5, -weak base™.
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