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Positivity for an Evolution p-Laplacian Equation”
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Abstract ;: The weak solution of the initial boundary value problem of evolution p -Laplacian equation
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1 Introduction

In this paper, we consider the evolution p -

Laplacian equation

L= 2L 2 (1.1
In Q with initial-boundary conditions

u(x 1,8) =0,¥Yt € (0, + o), 1.2

u(x,0) = u(x),¥Y z € [— 1,1], (1.3

where p > 1 and m > 0 are two given real numbers,
u,(x) is a nonzero nonnegative continuous function in
I=[—1,1],and @ = I X (0, + o).

Equation (1. 1) appears in a number of
applications to describe the evolution of diffusion
processes, in particular non-Newtonian flow in a
porous medium ,see References [1,2].

The quasilinear equation (1. 1) is degenerate if p_
> 2 or singular if 1 << p < 2 ,since the modulus of
ellipticity degenerates( p = 2 ) or blows up (1 << p <
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2) at points, where du”/dx = 0, and so there is no
classical solution in general. We consider its weak
solutions here.
Definition 1. 1 A nonnegative function «(x,#) is
called a weak solution of the problems(1.1)~ (1. 3),

if the following conditions are fulfilled.

(Du € L@ N C@Q,2 € 1.,

(Z)J‘1 u(x, T)x,T)dx — Jl uy(x)p(x,0)dx
1

=1 =

LT B B ™ O
L LJ_.(” BTy TR g,

forallT € (0, + o) and all ¢ € C(0,T;W}*(I))
with dp/at € L*(Q).

The existence of solutions of the problems (1. 1)
~ (1. 3) was reported in Reference [3]. Andm =1,
the positivity of Equation (1.1) is discussed in
Reference [4].

In this paper, our goal is to investigate the
positivity of the solutions, and main results are
obtained as follows.

Theorem 1. 1
problems (1. 1)~ (1. 3),if m(p — 1) > 1, then there

exists a time 7" such that u(x.t) >0, for all (x,2) € I

Let u# be a weak solution of the
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X (T, o),
2 Fundamental lammas

Lemma 2.1 Let u be a weak solution of the

problems (1. 1) ~ (1. 3), if the function v(x,?)

satisfies
aZ] a aZ}}" al}lﬂ
W 9| W p—2 9V
a‘t/ax(] 81' 91')’

v(x,0) Zu(x,0),Yx €I,
v(k 1s2) Z u(L 1:2)3V ¢t € (05 4 o0),
then we have v(x,t) = u(x,t) for all (x,t) € Q.
The proof is similar to that given in Reference
Lemma 2. 2 Let u be a weak solution of the
problems (1.1)~ (1. 3),then we have
(Dif m(p — 1) > 1, then

u u
&= (m(p—1) — 1t
in the sense of distributions.
2if 0<<m(p — 1) <1, then
du u
ST —mp =Dt

in the sense of distributions.

(2.

(2.2)

Proof Denote %, (x,t) =ru(z, 7 * V1), Cx,t)

€ Q,r € (-;‘,1). Clearly, u, is a weak solution of

Equation (1. 1) with the following initial-boundary
condition

u,(x2,0) = ruy(x),¥ « € Lu, (£ 1,6) =0,Y ¢
€ (0y + o0). (2.3)

Using (1.2) and (2.3), we get

u, (£ 1,¢8) =u(£ 1,¢) =0,Y ¢t € (0, + o),

(2.4
ur(l'yo) =ruo(1)<uo(1)9VI€ Is (2-5)
and u, (x,t) satisfies = & ax(I Cya | o i
Applying Lemma 2. 1,we have
u, (yt) L ulxst)s (2.6)

for all (z,2) € Q.

We consider the cases: (1)m(p—1)>1,(2)0<
m(p — 1) <1, respectively.

(1) For. m(p — 1).>"1, let A =72 by
(2. 6) we know

u(I,At)m(Pil)Al % u(x,t)m(p—l)—l
At —t =
(% — Dulax, )™ D-1 i
Al = — Eu(x,t)m(p—l)—l.
Let A—1", we get
JEAE 2007118 F14E5F 48

-

du 1
(m(p'— 1) =1 5 E Tu(r,t)»
in the distribution, which implies that (2. 1) holds.
(2)For 0 <m(p — 1) <1, by (2. 6) we have

u(x,h)l—m(p—l) s u<x,t)1—m(.b‘l)
X —t =
. 1—m(p—1)
(A 1)7«{&(1_',2) = Tu(:r,t)l_'"(”_“.

1

Let A=>1", we get (1 —m(p— 1)) 9_91; < TM(I,t),

in the distribution, which implies that (2. 2) holds.
Thus the proof is completed.
Lemma 2.3 Let u be a weak solution of the
problems (1.1)~ (1. 3),if m(p — 1) > 1, then
suppu(. ,s) C suppu(. ,t)
for all s,z with 0 << s <.

The proof follows from Lemma 2. 2.
3 Positivity of solutions

In this section we shall prove the theorem 1. 1
and assume that m(p — 1) > 1. In order to prove the
theorem, we need the following lemmas.

Denote s, = max{s,0} for all s € (—oo0,4-00).

Lemma 3.1 Let u be a weak solution of the
problems (1.1)~(1.3) and m(p — 1) > 1. If ©,(0)
> 0 then there exists a time 7" such that u(x,z) > 0
for all (z,2) € (— 1,1) X (T, 4 o0).

Proof Let us consider a Barenblatt-type
solution™ of (1.1)
Ey o(xat 3 x05t0) = koS ()7 (] —

(|.r = xol
S(t)l//\o
where 2> 0,0 > 0,¢, > 0,2, € (— 1,1) and

Ah=m+D(pP—1),5@) =

mp r—1 mp—1)—=1 (s o
Ao(m(‘b—l)—l) (ko) ) + gt =
o).

From u,(0) > 0, it follows that «,(x) >k,Y x €

(— p,p) C I for sufficiently small constant £ > 0.

)/’/(p*]))S:o—l)/(m(pfl)—ﬂ) *

(3:1)

Clearly , we have
aEk,,,(x,t;0,0) e i
at " ar
aE;:P(I,t;O,O)
*a—),
x
E,  (x2,0;0,0) = &(1 —

(|ip|)p/(/:—l))Sf-—l)/(m(p~l)fl)< b < uo(I)9V x e I,

a Zl,,a(fﬂt§07o)

(| dx

P

(3.2)

(3.3
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E, (£ 1,£;0,0) = u(x 1,2) = 0,¥Y ¢ € (0,
7). (3.4)
Where

T — s ] — P‘D_ —
WaG—g—1 7

By Lemma 2. 1 and using (3. 2)~ (3. 4),we get
u(zx,t) 2 E, ,(x,£;0,0) for all (z,t) € I X (0,T*),
which implies that

u(zx, T") =0, €3. 5)
for allz € (—1,1). By (3.5) and Lemma 2. 3 we get
u(x,t) = 0forall (z,8) € (—1,1) X (T*, 4+ 0).

Thus the proof is completed.

Lemma 3. 2 Let u be a weak solution of the
problems (1.1)~(1.3) and m(p — 1) > 1. If

uo(xy) > 0,2, % 0, (3.6)
then there exists a time 7" such that

u(0,T) > 0. (3.7)

Proof Without loss of generality, we assume

that 0 <7 z, < 1.
From (3. 6),it follows that
ua () > by = Tutg(z) > 0,

for all x € (x, —

number o,.

Similar to (3.2)~(3.4),we have
IEy o, (x5t52,,0) a . 9EE , (x,t320,0) K

00>y + o) with some small positive

~2

at = ax x
HEZ:)‘,,O(I,I;IQ,O)
dx i
Eko'Po(I'O;IO’O) = koPoS(O)_l/Ao(l e
(g(o_—)lﬁz')p/wﬂ))(f—n/(m(p—l)—n: B, (1 —
(@)p/(ru)(j—l)/(m(p—l)—l)g b wledid e
0
(210 '— 1,1)’
Ekn“"o(i 1’£;IO’O) = kopos(t)—l/lo(l =
+ 1— @ - e
(W)p/(p 1))53: D/mGp=1=1)_
From
| £ 1 — x| B
1= (W)p/w D=9, 5
we take ‘
A A
T01= II_IOIU—PO" )
. mp aCp=1)=1
A =D =1 )
e
Ty == Jnler Zol* — p , (3.8
(O S L T Y | m(p—1)—1
A G —D =1 %)
T, = min{Ty,,T,}.
344

then we have
Ey 0, (£ 15t520,0) =u(X1,t) =0,2€ (0,T,).
By Lemma 2. 1,we get u(x,t) = E, , (z,t;x0,
0) for alli(ax,t) ‘& (2zy'—151) X <(0,T)y which
implies
u(x,Ty) >0,
for allz € 2z, — 1,1).

3.9

If 25 < %, then by (3.9), we have (3. 7).

Itz > l, we define x;, = z, — d,.

52
Wherexo>d,,=%(1—xo)>0andk>2isa

positive integer.
Similar to (3. 9),there exists a time 7, such that
u(zx, Ty +T,) >0, (3.10)
forallz € (2x;, — 1,1).

iz < %, then by (3.10) we have (3. 7).

I z'= i, we define x, = x; — d, = 2, — 2d,.

2
Similar to (3. 9),there exists a time 7', such that

g T 4 T = 0y (3.11)
forallx € 2z, — 1,1).

Repeating the above process, we can find two
positive integer n* and £* such that x,» = 2, — d;* , —
1<<2x,» —1<Oandu(zx,T,+T,+T,+ ++T,)
> Ofor all x € (2x,- — 1,1). Thus the proof is
completed.

From Lemmas 3. 1 and
3. 2,there exists a time 7" such that «(x,7") > 0 for all

Proof of theorem 1. 1

x € (—1,1). By Lemma 2. 3, we have the conclusion
of Theorem 1. 1. Thus the proof is completed.
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