J i FF2# Guangxi Sciences 2007, 14(2):95~97,102

Maps of the Interval [0, 1) with Every Point Chain

Recurrent”

XiE[0,1) _E&EA m#R0h 5 E 13 A BR 5T

ZHANG Geng-rong',ZENG Fan-ping''?,QIN Bin'

ST IR FEEN WS

(1. Department of Mathematics and Information Sciences,Guangxi University , Nanning, Guangxi,

530004, China; 2. Department of Mathematics, Liuzhou Teachers College, Liuzhou, Guangxi,

545004 ,China)

Q. TR RFRF S0 BP0, TR T 530004 2. M0 IS o S5 LR ERBER ) FUH

M - 545004)

Abstract:Let X = [0,1),/:X — X be a continuous map. It is showed that if f is pointwise chain

recurrent (that is, every point of X is chain recurrent under f), then f is identity if Fiz(f) is

connected; f is turbulent if Fiz (f) is disconnected.
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1 Introduction

Firstly, some notations and definitions are
established. Let (X,d) be a metric space and g:X —
X be a continuous map. If g"(z) = x # gl(x) k=1,
2,+,n— 1, forx € X and positive integer 7, then the
point x is called a periodic point of period n, where g°
=id,g'=g-° g '(:=1). In particular,if g(z) = =z,
then z is called a fixed point of g, the set of all fixed
points of g is denoted by Fiz(g). For z,y € Xande€
> 0, an € -chain from z to y is a finite sequence x =
Loy Xy 92 s a9 = Yy Withd (g(x;) sxiyy) < Efor0<<
i <<n — 1. We say that x chains to y under g, if for

eache > 0, there is an &- chain from z to y. A point =
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is said to be chain recurrent if z chains to itself. The
map g is said to be pointwise chain recurrent if every
point of X is chain recurrent under g. The following
facts about chain recurrent are standard observations.

(a)If g is pointwise chain recurrent,then g maps
X onto X.

(b) g is pointwise chain recurrent if and only if g”
is pointwise recurrent for every n => 0.

(¢) [Reference 1, Theorem A If X is connected
and g:X — X is pointwise chain recurrent,then there
is no nonempty open set U 7% X such that g(U) C U.

Being chain recurrent is an important dynamical
property of a system and has been studied intensively
in recent years. For more details see References[ 1~
7].

A map g:X — X is called turbulent if there are
closed non-degenerate connected subsets J and K with
disjoint interiors such that g(J) N g(K) D J U K.

It is obvious that

(DIf g is turbulent then g” is turbulent for any »
=l
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(2)1f there exist p € Fiz(g),y € X such that y
€ ((g(y),p) and p = g?’(y), then gis turbulent.

In Reference[ 2],it was proved that a pointwise
chain recurrent map A of the compact interval must
satisfy that either A% is the identity or A% is turbulent.
In Referencg[S:l ,it was showed that a pointwise chain
recurrent map & of the space Y satisfys that either A% is
identity or A'? is turbulent. In Reference[ 6],let 7 be a
tree, f:T — T be a continuous map. It was shown
that if f is pointwise chain recurrent,then either f* is
identity or f“ is turbulent if Fix(f) (| End(T) = ¢;
either -1 is identity or f“-1is turbulent if Fiz(f) N
End(T) # ¢, where n denotes the number of the
endpoints of 7" and, a, denotes the minimal common
multiple of 2,3, ,n.

In this paper, we prove the following theorem.

Main theorem Let X = [0,1]and f:X > X be a
continuous map. If f is pointwise chain recurrent,then

(1) fis identity if Fiz(f) is connected ;

(2) fis turbulent if Fiz(f) is disconnected.

2 Proof of main results

In this section, f:X — X be defined a continuous
map, where X = [0,1). Some lemmas are established
before the proving of the main results.

Let X = [0,1),f:X - X be a
pointwise chain recurrent map,then Fiz(f) # ¢.

Suppose that Fiz(f) = ¢. Therefore
f(x) > z for each z € X since f is a continuous map
and f(0) =0. Letm = min{f(x) :x € [0,/(0)]}. It
is obvious that f(zx) > m for each z € [f(0),1).
Therefore (X)), = f(X) C [m,1) & X, which

contradicts with the fact that f is a pointwise chain

Lemma 2. 1

Proof

recurrent map.

Lemma 2.2 Let X = [0,1),f:X = X be a
continuous map and Fiz(f) & [0,a]fora<1, then f
can not be pointwise chain recurrent.

Proof Firstly, in terms of the continuity of f,
we have f(z) > z for each x > aor f(x) < z for each
z > a,

Case 1 f(x) > zfor each z > a.

Given a point b € (a,1)), we take m =
min{f(z):x € [b,f(b)]}. Thenm > band f([b,1))
C [m,1) C (b,1). Therefore, f can not be pointwise
chain recurrent.
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Case 2 f(x) < z for each z > a.

Let M, = max{f(z):x € [0,a]} and M =
max{M,,a}. Choose a point M, € (M,1) and let M,
= max{f(z):x € [0,M,]}. Then M;<<M,and f[0,
M,] = [0,M;] C [0,M,). Therefore, f can not be
pointwise chain recurrent.

The proof is completed.

Corollary 2.1 Let X = [0,1) and f:X — X be
a continuous map. If f is pointwise chain recurrent,

then there exist points {e,} C Fiz(f) with lime, = 1.

n—»oo

Lemma 2.3 Let X = [0,1),f:X > X be a
continuous map and Fiz(f) = [a,1) for0 <a < 1,
then f can not be pointwise chain recurrent.

Proof Firstly, in terms of the continuity of f,
we have f(x) > x for each z < aor f(x) < x for each
<

Case 1 f(x) > z for each z < a.

Let m = min{f(x) :x € X}. It is obvious that m

> 0. Then f(X) = [m, 1) C (%,1). Therefore, f

can not be pointwise chain recurrent.

Case 2 f(x) < zfor eachz <a.

Given any point b € (0,a),f(b) < b. It follows
that Fiz(f) ) [0,6) # ¢ since f(0) = 0, which
contradicts with Fiz(f) = [a,1).

The proof is completed.

By Lemmas 2. 2 to 2. 3,we have Theorem 2. 1.

Theorem 2.1 Let X =[0,1)and f:X—>Xbea
continuous map. Then f is identity if f is pointwise
chain recurrent and Fix(f) is connected.

Lemma 2.4 Let X =1[0,1) and f be a pointwise
chain recurrent continuous map,if there exists e, < e,
< e; € Fizx(f) satisfying

(1) (e1ve;) — Fizx(f) # $and (ey,e;) — Fizx(f)
# ¢;

(2) f(x) = x for each x € [e,,e,];

(3) f(x) < xfor each x € [e;,6;];

then f is turbulent.

Proof Case 1 f(x) # e;for allz € (e ,e,)
and f(z) # e for all x € (eyye;). Let M, =
max{f(z):x € [e,e,]} and m, = min{f(x):x €

[eyses ]}, thene, <m, <M, <e,. LetU = (%,

%), e e Y TR o

contradicts with the fact that f is pointwise chain
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recurrent.

Case 2 f(z) = e,for some x € (e,,e,) or f(z)
= ¢, for some x € (e,,e;3).

Without loss of generality, we assume that there
exists y € (e;se;) such that with f(y) = e; and
7 e) N (yse) = 4.

If m, > y. Let M, = max{f(z):x € [3%’
e;]and 6 = min{mz —2 5 Mz} , then, in terms of

! 2
the continuity of f, f([y+ 0,e; —0]) C (y+ &,e; —

d). That is a contradiction. Else, f(y,) = y for some
Yo € (e55€3) 5 then yo € (f(3,) r€3) and f2(y,) = e,.
It follows that f is turbulent.

The proof is completed.

Theorem 2.2 Let X = [0,1) and f be a
pointwise chain recurrent continuous map, if there
exists e, < e; < e,,+* € Fiz(f) such that (e,_,se,) &
Fiz(f) for each n € N and lime, = 1, then f is

n-»o0

turbulent.

Proof Without loss of generality, we assume
that (e ve 7)) Hielh) =ad:

Case 1 There exists positive integer #, such that
fx) < zforallz € [e,1).

Let M = max{f(x).x < e, then M <1. There
exists e; > M since lime, = 1. It follows that f([0,6])

n—»00

C [0,b6) for each b € (e; se;+1)» which contradicts
with the fact that fis pointwise chain recurrent.

Case 2 There exists positive integer 7, such that
x < f(x) for allz € [e;,,1), then f([6,1)) C (5,1)
for each b € (e se; 1), which contradicts with the
fact that f is pointwise chain recurrent.

Case 3 There exists n € N satisfying f(zx) > x
for all z € (e,,e,41) and f(z) < zfor all z € (e, >
e,+;). By Lemma 2. 4,it is obvious that f is turbulent.

The proof is completed.

Lemma 2.5 LetX = [0,1) and f be a pointwise
chain recurrent continuous map. If there exists a << 1
such that [a,1) is a connected component of Fiz(f)
and f is not identity, then there exists b << a such that
f(x) < xfor each x € (b,a).

The proof of Lemma 2. 5 is easy, and omitted.

Theorem 2.3 Let X = [0,1) and f be a
pointwise chain recurrent continuous map. If there

exists a 7 0 such that {0} U [a,1) C Fiz(f) and fis
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not an identity map,then f is turbulent.
Proof
that 0 = max {z:[0,x2] C Fiz(f)} and a = min{z,
[z,1) C Fiz()}.
Case 1 There exists b € (0,a) such that f(x) <
x for each z € (0,6]. Let M = max{f(x).z € [0,
b]}. Then M < b and f([0,6]) = [0,M] C [0,6),

which contradicts with the fact that f is pointwise

Without loss of generality, we assume

chain recurrent.

Case 2 There existse;, = 0 < e, < e; < a €
Fiz(f) satisfying the three conditions of Lemma 2. 4,
it follows that f is turbulent.

Lemma 2.6 LetX = [0,1) and f be a pointwise
chain recurrent continuous map. If there exists 0 << a
< b<<c¢<1such that Fiz(f) = [a,b] U [c,1), then
f is turbulent.

Proof It follows,by Lemma 2. 5,that f(z) <z
for each z € (b,0¢).

Casel f ') N [0,c) = ¢, then f([0,s5]) C
[0,s) for each s € (z?[%?g]f(x) ,¢) — Fiz(f), which

contradicts with the fact that f is pointwise chain
recurrent.

Case2 f '@ N[0e0)=4¢ Lety€ f(c) N
[0,@) and ' () N [y,@) = ¢. I £ () N (bye) =
#, there exist some nonempty intervals U C (y,c¢) such
that f(U) C U in terms of the continuity of f, which
contradicts with the fact that f is pointwise chain
recurrent. Additionally, there exists 2 € (b,c) such
that f(z) = y, then f is turbulent.

Theorem 2. 4 Let X = [0,1) and f be a
pointwise chain recurrent continuous map. If there
exists @ # 0 such that [a,1) C Fiz(f) and 0 &
Fiz(f), then f is turbulent.

Proof Letb = min{z.f(z) = z}. It is obvious
thatf(x) > x for each £ << b since f is a continuous
map,and that [6,a] ) Fiz(f) is disconnected in terms
of Lemma 2. 3. Let ¢ = min{z; [b,c] N Fiz(f) is
disconnected } and d = min{zx; [z,1) N Fiz(f) is
connected }.

Case 1
immediately.

Case 2 ¢ < d. It follows,by Lemma 2. 5, that
f(x) < xfor each x € (5,d) for somes € (c,d).

(F# #1027 Continue on page 102)

¢ = d. It is followed by Lemma 2. 6
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Subcase 2.1 f(x) = xfor each x € [b,c]. We
can prove it by using the same method as Lemma 2. 6.

Subcase 2.2 f(x) = z for each x € [b,c].
There exist e, = b << e, = ¢ < e; € Fiz(f) satisfying
the three conditions of Lemma 2. 4. It follows that f is
turbulent.

The Main Theorem is obtained by Theorems 2. 1
to 2. 4 in the following.

Main theorem Let X = [0,1) and f:X — X be
a continuous map. If f is pointwise chain recurrent,
then

(1) fis identity if Fiz(f) is connected ;

(2) fis turbulent if Fiz(f) is disconnected.

References:

[1] BLOCK L,FRANKE ]. The chain recurrent set,

attractors, and explosions[]]. Ergodic Theory Dynamical

102

(2]

(3]

[4]

(s]

(6]

(7]

System,1985,5(4) :321-327.

BLOCK L,COVEN E M. Maps of the interval with
every point chain recurrent [J]. Proc Amer Math Soc,
1986,98(3):513-515.

BLOCK L,COPPEL W A. Dynamics in one dimension
[M]. Berlin : Spinger ,1991.

LI T,YE X D. Chain recurrent point of a tree map[]].
Bull Austral Math Soci,1999,59(2) :181-186.

GUO W J,ZENG F P,HU Q Y. Pointwise chain
recurrent maps of the space Y[J]. Bull Austra Math Soc,
2003,67(1) :79-85.

ZHANG G R,ZENG F P. Pointwise chain recurrent
maps of the tree[J]. Bull Austra Math Soc,2004,69(1):
63-68.

YE X D. The centre and the depth of the centre of a tree
map[ M ]. Bull Austra Math Soc,1993,48(2):347-350.

S B FER

Guangxi Sciences, Vol. 14 No. 2,May 2007



