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Global Asymptotic Stability of Two Families of
Nonlinear Difference Equations*
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Abstract: Two families of difference equations are discussed. They are the form
Ziez,,—(j.x.z)x"“"+x;—l+xn—j1:'—,+A
Ln+1=
E"EZ‘—(j.x.t)I"_i+x"‘5+x"—j'rn—l+A
where 2€ (2,3, },j,5,t€Z,={0,1,+*,k} with s5%¢ and j & {s,¢},A,r,m€E [0,+00) and the
initial values _4s2_ 4115+ 20 € (0,4 00) ,and the form
2iezﬁ_(jo'jl""'js)x"—i_i_x"_jox"—fl".'rnvj,+1
Zn41=
Z €2~ (ju'jl'"'-j,al)x"_"—*—'r"_joxn—jl ".xn——js_l
where 2€,{1,2,3,++}, 15Kk, { oo+ 5 4, } CZ, with j; 7 jifori % Land the initial values z_;, 24y, »
=+, 2y € (0, + o). For these difference equations,it is proved that the unique equilibrium = = 1 is

n=0,1,°",

sn=0,1,°",

globally asymptotically stable,which includes the corresponding results of the references [3~5,7].
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Tnt1= - o
Eiezf“',_‘,I..—.-+I.._,+x..7,r.._,+A
ﬁq:' ke {2'31'"}-ijylGZ}E{Ovlv""k}(s—_/:tyjé (s.t)),A,r‘mGE(), +Oo)ﬂmté%{4; J'—ﬁy.2‘~—k+1y"'91'oe
(0,+o0), fZE 5 I 2
Ziezk_”o.}.l'._.‘,’)In—;+$n~j01'n—,’l"'I..—,'l+1
Tnt1 =
Z-‘ez,—(,O.j,.-~-.j,_,)I"_’+x"“’01"‘f|"’I"‘fs—l
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For some difference equations, although their
forms (or expressions) look very simple, it is
extremely difficult to understand the global behaviors
of their solutions thoroughly. Some previous

investigations on the qualitative behaviors of difference
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equations have been seen in references [1~5]).
In reference [ 3] Ladas put forward to investigate
the global asymptotic.stability of the following rational

difference equation ;
X, + Zp—1Tn—2

o 2t BBy o (ED)

ZpZn—y + Zn—2
where the initial values z_,,z2_,,2, € R, = (0, +

Znt1

o).
In reference [4] Nesemann utilized the strong
negative feedback property of reference[ 6] to study

the following difference equation:
L1 =%7n= 051502 (E2)
nn—1 n—2

where the initial values z_,,z_,,z, € R,.
In reference [5] Li and Zhu studied the global
stability of the

asymptotic following nonlinear

difference equation .
. i e e e A
o u—l+xxﬂ2+A
where A,» € [0, 4+ ©0) and the initial values z_,,
T_19% e R+.

Recently, Papaschinopoulos and Schinas'”’ have

= 0y1,° (ES)

investigated the global asymptotic stability of the
following nonlinear difference equation :

Z i€t =t FZu T 1

Zut1 = yn=20,
Eiez“r"“

digisse (E4)

where 2€ {1,2,3,*},{jsj— 1} CZ;={0,1,,k}

’ .Z‘;) e R+ .
In this note, we consider the family of difference

and the initial values x_4,2_44q9°**

equations of the form
Zny1=
r Jgn
Ziez‘_(j,m)x,._i—{-x,,_,+x,,_,-x,,_,+A
m T
Z‘_ezk_“.M)x,._,-+x,._,+x,,_,-x,,_,+A

where 2€ (2,3, },7,5,tEZ, withs # tand j & {s,
t},A,rym € [0, + ©0) and the initial values z_;,

=041, (1)

Z_pi19°9yxy € R,, and the family of difference
equations of the form

Tnt1=
( EiEZ‘—(jo-jp"'v

( Eiez,—uo.jl.---.j,_l)l‘n—i+In—j,,$n—j, Znj,_)sn=0,
1yeee 2)
where 2€ {1,2,3,°+}, 1< s<<k, {jor** » j,} CZ; with j;
# jifori %l and the initial values _;,2_31 1,y 2y €
R,.
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i} Tn—i + xn—jo .Zn—jl

e zuy + 1)/

It is easy to see that the positive equilibrium Z of

Equation (1) satisfies
7 = (k=0T -+ F 3" 4 A
Gk =2F+L=+=T! A
and the positive equilibrium Z of Equation (2) satisfies
R 3)F 41
T+ s )B
from which it can be seen that Equations (1) and (2)

pre=

have the unique positive equilibrium z = 1.

The following theorem is our main result, which
includes the corresponding results of references [3~5,
(& 5

Theorem (i) Assume that A,r,m € [0, + o).
Then the unique equilibrium = = 1 of Equation (1) is
globally asymptotically stable.

(ii) The unique equilibrium Z = 1 of Equation (2)
is globally asymptotically stable.

2 Proof of the theorem

To prove the Theorem, we need the following
lemmas.

Lemma 1 Letk € (2,3,
+ 00). If (a,bycyuy e

1)} and @ = max{a,b,c,u, ,**

}and A,r,m € [0,
sthh—z) € REF'— {(1,1,%,1,
Wit 28T LD AT SRy
"»uf_‘z}, then

abm+c+u1+ +ukz+A
ac +0"+u + o +upy + A
Proof Since (a,b,c uyy up_,) € RE'— {(1,

1se0041,1)} and @ = max{a,b,crsys*esttsosa Ysb™ 1,

<

<a

clurty e yuil, ), we have @ > 1 and either a = a >

%ora>a>—i—. Then

ab® + < o™ +eac,
{ac’ + " < ac” + aab™.
It follows from Formula (3) that
L<ab"'+c'+u,+"-+u,_2+A
(S i o ol i T B e 5 T s

Lemma 1 is proven.

Lemma 2 Letk € {1,2,3,**}ands € {1,-,
k). If (aysayye ybi_) € RF'— {(1,1,°,
1,1)} and @ = max{a,sa,,*** sl st yas s
»bi '}, then

_1_ a1z a, + by + - + b, + 1 o<
< G a, g Q] T Oy P by :
yb/.—,) e Rlﬂr+1_

91,1)} and a = max{a”az,...
sa; byt et} we have a> 1 and
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(3

< a.

2s@s9bgy 00t
) Qs 9b0 9 e

=% =1
oo s, 9b0 90"

Proof Since (a;,a,,*** ya, by
{(1 o ly2%e

==3 .
bi—ssay tsaz e

aa:’bov" ’



either a = a, > 71{01:“>a=>% - Then
{ala2"'as + 1 < a;a,**7a,-i¢ + a,a,

aa,a,_, + a, < a\a,*ra.a + a.
It follows from Formula(4) that
i Ayt a + bo + it + bk_, + 1
3 i @@yt @ A=l it B it
Lemma 2 is proven.

Let p denote the part-metric on RY™' (see

reference [8]) which is defined by
plx,y) =— logmin{%,%lo sSis< klfora =

(Zoseossx) sy = (Yos*** s ) € RY,
It was shown by Thompson'™ that (RY',p) is a
complete metric space. In reference [ 9 ] Krause and
Nussbaum proved that the distances indicated by the
part-metric and by the Euclidean norm were equivalent
onvRE

Lemma 3/% Let T : R{'—> R be a
continuous mapping with unique fixed point z* &
R, Suppose that there exists some / > 1 such that
for the part-metric o,

o(Txyz™) < plzyx*) for all 2\~ z*.

Then =" is globally asymptotically stable.

Proof of theorem Let {z,},-_, be a solution of
Equation (1) (or Equation (2)) with initial conditions
2y ohestee— 6 wRe such! thate .} i o4 <is+ not
eventually equal to 1 since otherwise there is nothing
to show. Denoted by 7" : R{"'— R%"! the mapping

T (Qos@y s+ ya@s) = (@15@55** +@is [ (o s @15 s
a;)) s where

flagrays **sa) =

> m

§ : ,.ez*_(j_s',)ak—i+ak—l+aﬁ—jak—s+A
m r

Z i€z~ (]'J'”ak—-i+ak—-:+ab—jak-:+A

(or

f(ao 2y st ) =
Ot Y e LY P
Eiez,—uo-jl.u-.;,> beiTH B s @yt g ]

a_. a_.a_...la_.
2:‘62,‘—(1'0.}1.'".1‘,7[) hei iy G

Then solution {z,};> _; of Equation (1) (or Equation

}

(2)) is represented by the first component of the
solution {y,}s=, of the system y,,, = Ty, with initial
condition y, = (&_4s***yx_1,2,). It follows from
Lemma 1 (or Lemma 2) that for all » = 0 the

following inequalities hold :

. 1
Tnt1 > mm{x,,,.r,,_,,---,x,,_,,, ;‘9 $ 2%y

JEMFE 2006558 HI13EF2H

1
}s
Tp—k
1 1
Lyt < max{‘rn’xn—l"..'xn—kQ 1_9 x 9%y
n =1
L)
Zp—k

Thus,for z* = (1,1,*+,1) and the part-metric o we
have o(T*"'(y,),2") < p(y,,x") for all n = 0. It
follows from Lemma 3 that the positive equilibrium z
= 1 of Equation (1) (or Equation (2)) is globally
asymptotically stable.
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