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1　 Introduction and preliminaries

　　 Let Cm×n stand for the set of m × n complex

matrices, and Hm× n fo r the subset of Cm×n consisting

o f Hermi tian matrices. The symbo ls A
H , R ( A ) and

r ( A ) stand for the conjuga te t ranspo se, range and

the rank of A∈ Cm×n , respectiv ely.

　 　 Fo r ma trices A , B ∈ Cm× n , s ta r pa rtial

o rdering , minus partial ordering and B-H ordering

a re defined as

　　A
H
≤ B AA

H
= BA

H
, A

H
A = A

H
B ;

　　A≤B r (B - A ) = r ( B ) - r ( A ) ;

　　A≤ B A < B , AB
H
A = AA

H
A,

respectiv ely.

　　 Fo r non-negativ e definite matrices, Baksalary

and Pukelsheim
[ 1]
had discussed the relationships o f

partial o rdering s o f A
L≤ B , AH≤ B and A≤B with

that ones betw een A
2 and B

2 . In the present paper

w e discuss the relationship o f partial ordering o f A

≤ B w ith that ones betw een A
k
and B

k (k = 2, 3)

. Some rela ted resul ts fo r Hermi tian matrices a re

obtained.

　　We first introduce a few preliminary lemmas.

　　Lemma 1. 1[ 2] Let A , B∈ Cm× n with the rank a

and b respectiv ely , then

A
H
≤ B if a nd only if A = U

D 0 0

0 0 0

0 0 0

V
H
,B =

U

D 0 0

0 E 0

0 0 0

V
H
,

w here D , E a re diagonal po sitiv e definite ma trices,

U , V are uni tary ma trices.

　　Lemma 1. 2
[3 ]　 Let A ,B∈ Cm× n w ith the rank a

and b respectiv ely , then

A ≤ B if and only if A = U

D 0 0

0 0 0

0 0 0

V
H ,B =

U

D DR 0

SD SDR+ E 0

0 0 0

V
H ,

w here D , E a re diagonal po sitiv e definite ma trices,

U , V are uni tary ma trices.

2　 The main results

　　 The main results a re released as fo llow s.

　　 Theorem 2. 1　 Let A ,B ∈ Hm× n , if

　　 A = U

D 0 0

0 0 0

0 0 0

V
H ,
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　　B = U

D DR 0

SD SDR+ E 0

0 0 0

V
H , ( 2. 1)

then

　　V
H
U =

T1 0 0

0 T 5 0

0 0 T9

. ( 2. 2)

　　Where T1 , T5 , T 9 a re uni ta ry matrices, and

T1RS = DR
H
T

H
5 , T5RD = S

H
DT

H
1 , T 5 ( RDS+ E ) =

T
H
5 ( S

H
DR

H
+ E ) , T 1DT 1 = D. ( 2. 3)

　　 Proof　 Since A
H = A , then

　　 V
H
U

D 0 0

0 0 0

0 0 0

V
H
U =

D 0 0

0 0 0

0 0 0

.

　　 Let V
H
U =

T 1 T2 T3

T 4 T5 T6

T 7 T8 T9

, then

　　
T1DT1 T1DT2 T 1DT 3

T4DT1 T4DT5 T 4DT 6

T7DT1 T7DT8 T 7DT 9

=

D 0 0

0 0 0

0 0 0

.

　　 Therefore

　　 T 2 = 0, T3 = 0, T4 = 0, T7 , T 1DT1 = D .

　　 Similarly , since BH = B , w e have

T1D T1RS 0

T5RD T5 ( RDS + E ) 0

T8RD T8 ( RDS + E ) 0

=

DT
H
1 DR

H
T

H
5 DR

H
T

H
8

S
H
DT

H
1 ( RDS + E ) HTH

5 ( RDS + E ) HTH
8

0 0 0

.

　　 This rela tion implies that T 8 = 0 .

　　 Since V H
U i s a uni tary matrix , w e have T6 = 0 ,

so Fo rmulae ( 2. 2) and ( 2. 3) a re held.

　　 Theorem 2. 2　 Let A ,B ∈ Hm× n , then A≤ B ,

A
2
≤ B

2
i f a nd only i f A

H
≤ B .

　　 Proof　 If A
H
≤ B , obv iously A≤ B , A

2
≤ B

2
.

If A≤ B , A
2
≤ B

2
, using theorem 2. 1 yields,

　　A
2 = U

DT
1
D 0 0

0 0 0

0 0 0

V
H ,

　　B
2 = U

T11 T12 0

T21 T22 0

0 0 0

V
H ,

T11: DT 1D + DST5RD;T21: RDT 1 + RDST5RD +

ET5 RD;T12: DT 1DS + DST5RDS + DST 5E;T22:

RDT 1DS + ( RDS+ E ) T5 ( RDS + E ) .

　　 Since A
2
≤ B

2
, w e obtain DST 5RD = 0 . From

Formula ( 2. 3) , we have S
H
S = 0 , So S = 0 , and R

= 0. By Lemma 1. 1, w e obtain A
H≤ B .

　　 Corollary 2. 3[4 ]　 Let A ,B be non-negativ e

defini te matrices, then A≤ B , A
2
≤ B

2
i f and only i f

A
H≤ B.

　　 Corollary 2. 4　 Let A, B∈ Hm× n , w e have

　　 ( 1) If A≤ B , A
2
≤ B

2
, then AB = B A.

　　 ( 2) If AB = B A and A≤ B , then A
2≤ B

2 .

　　 Proof　 ( 1) If A≤ B , A2≤ B
2 , then A

H≤ B ,

and there exists uni tary ma trix U . Such as

　　 A = U
D 0

0 0
U

H ,B = U
D 0

0 F
U

H . ( 2. 4)

　　Where D i s a diag onal posi tiv e definite ma trix ,

and F is a diagonal matrix .

　　 AB = U
D
2 0

0 0
U

H
= B A.

　　 ( 2) As A≤ B , then f rom Fo rmulae ( 2. 1) and

( 2. 2) , we have

　　
DT1D DTD1R 0

0 0 0

0 0 0

=

DT 1D 0 0

SDTD1 0 0

0 0 0

.

　　 ThenR= 0, S = 0 , and AH≤ B . From Formula

( 2. 4) , i t i s easily to prove A
2H≤ B

2 , so A
2≤ B

2 .

　　We ex tend the resul ts in References [5] .

　　 Remark 2. 5　 If and AB = BA and A
2≤ B

2 , but
A≤ B may be no t t rue.

　 　 That can be understanded easily f rom the

follow ing example ( ev en fo r sta r pa rtial ordering ) .

　　 Example 2. 6　 A =
2 0

0 3
,

B =
- 2 0

0 - 3
. obviously , AB = B A and A2≤

B
2
, but A≤ B i s no t held.

　 　 Theorem 2. 7　 Let A ,B be non-nega tiv e

definite ma trices, then

　　 A≤ B , A3≤ B
3 if and only if AH≤ B .

　　 Proof　 If A
H≤ B , obviously , A≤ B , A3≤ B

3 .

　　 Conversely if A≤ B , A3≤ B
3 , using Lemma

1. 2, we have A ≤ B A ,B have the fo llow ing

decomposi tion

　　 A = U

D 0 0

0 0

0 0 0

U
H
,

　　B = U

D DR
H

0

RD E+ RDR
H 0

0 0 0

U
* . ( 2. 5)

　 　 Where D , E a re diagonal posi tiv e defini te

ma trices, U i s a unitary matrix.

　　 Since A
3≤ B

3 , i t fo llow s that
　　 R

H
RD+ DR

H
R+ R

H
RDR

H
R+ R

H
ER = 0.

( 2. 6)

　　 Suppose R≠ 0 , let

(下转第 101页 Continue on page 101)　　

96 Guangxi Sciences, Vol. 12 No. 2, May 2005



Math 1371 [ M ]. Springer Ver lag: Berlin Heidelber g ,

1989.

[ 5]　 Huang Z Y. Homolog ical dimension ove r coher ent semi-

local rings Ⅱ [ J ]. Pitman Resea rch No tes in Math

Se ries, 1996, 346: 207-210.

[ 6]　 Rotman J J. An Introduction to Homological Alg ebra

[M ]. London: Academic Press, 1979.

[ 7]　 Ding N Q. Ph D Thesis [ M ]. Nanjing: Nanjing Univ-

e rsity , 1993.

[ 8]　 Vasconcelo s W V . The lo ca l ring s o f global dimension

two [ J]. Proc Amer Math Soc, 1972, 35: 381-385.

[9 ]　 Tang G H, Zhao M Q , Tong W T. On the Regula rity o f

coher ent lo ca l rings [ J]. Acta Mathema tica Sinica, 2000,

43( 4): 615-622.

[ 10 ]　 Matsumura H. Commutativ e Ring Theo ry [ M ].

London: Cambridge Univ Press, 1979.

[11]　 Tang G H. Spectrum and homo log ical dimension of a

subring o f Q [x ] [ J]. J of Nanjing Univ Ma th

Biquar terly, 2001, 18( 1): 41-45.

(责任编辑:蒋汉明　黎贞崇 )　　

(上接第 96页 Continue f rom page 96)

　　 R
H
R = T diag (λ1 ,… ,λt , 0,… , 0) TH ,

w here T = ( ti j )n× n i s a unite matrix , andλ1 > 0.

　　 Since C = (ci j )n× n = T
H
R

H
RDR

H
RDT , G =

(gi j )n× n = T
H
R

H
ERT are non-negativ e defini te

matrices, then c11≤ 0, g11≥ 0.

　　 Let F = diag (λ1 ,… ,λt , 0,… , 0) T
H
DT+ T

H
DT

diag (λ1 ,… ,λt , 0,… , 0) ,

w e obtain f 11 = 2λ1 (∑
n

i= 1
di t1i t

H
1i ) .

　　 From∑
n

i= 1

t1i t
H
1i = 1,di > 0 , w e have

　　 f 11 + c11+ g11 > 0,

w hich is a contradiction to Fo rmula ( 2. 6) .

　　 So R = 0 , and A
H≤ B .

　 　 Corollary 2. 8　 Let A , B be non-negativ e

defini te matrices, if A≤ B , A
3
≤ B

3
, then AB = B A

.

　　 Proof　 If A≤ B , A3≤ B
3 , then AH≤ B , so AB

= BA.

3　 Conclude

　　 The relation betw een the minus partial ordering

o f two matrices A andB rela tes to the B- H pa rtial

o rdering of thei rs exponent Ak and Bk (k = 2, 3) a re

giv en, But our method seems unavai lable fo r the

general case, and w e po se an open question.

　 　 Question 　 As a consequence o f above

corolla ry, we conjecture

　　 A≤ B , A
k
≤ B

k
(k≥ 4) AB = BA.
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