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Abstract: Almost periodic oscilla tions appea red in pow er system are considered. A suf ficient

condi tion on the existence and uniqueness of almost periodic solutions of delayed di fferential

equa tions appeared in power sy stem is obtained.
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　 　 In reference [ 1 ] , Wang Lian has investiga ted

the following nonlinear di fferential equation

appeared in high-vo ltag e elect ricity netwo rk

　　 x″+ RF′(x ) x′+
1
L
F (x ) = K coskt , F (x ) =

Tx + Ux 3 . ( 1)

　　 Since there are no t only periodic o scilla tions but

also almost periodic osci llations appea red in high-

voltag e elect ricity netw ork, w e have ex tended the

equatiion ( 1) to an almost periodic sy stem and

discussed the existence and uniqueness o f almost

periodic solutions[2 ] . How ever, we stil l neg lect the

ef fect for the sy stem of time delays. It is no t to be

igno red delaying ef fect fo r the system from the

resea rch resul t[3, 4 ] . In this paper, w e consider the

following delayed dif ferential equation

　　 x″+ RF′(x ) x′+
1
L
F (x ( t - f) ) = Ke ( t ) ,

　　F (x ) = Tx + Ux
3 , ( 2)

w here L , R ,T,U, K andfare posi tiv e constants; e ( t )

is a continuous almost periodic function. let E ( t ) =

∫
t

0
e(s ) ds , a nd suppose that E ( t ) is a continuously

bounded function, therefo re, E ( t ) is also an almost

periodic function. Let M = supt∈ R|E ( t )|, then

equation ( 2) equals to the following sy stem

x′( t ) = y ( t ) - RTx ( t ) - RUx
3
( t ) +

　　K E ( t ) + 1
L∫

t

t- f
[Tx (s ) + Ux

3 (s ) ]ds ,

y′( t ) = -
1
L
[Tx ( t ) + Ux

3 ( t ) ].

( 3)

　　 It is known that the periodic system is a special

case of almost periodic sy stem. Fo r functional

dif ferential periodic equation wi th finite delay , i t i s

implied the existence of a periodic solution by the

uniform ly ultimate boundedness of the so lutions[5 ] .

How ever, ev en if for ordinary dif ferential almost

periodic sy stem, it does no t imply the existence of an

almost periodic so lution f rom the ultima te

boundedness of the so lutions. Theoretically , one can

investig ate the existence o f a almost periodic

solution by Liapunov funcional
[6 ] . However, there

exists no general rule to guide how a proper

Liapunov functional can be const ructed fo r a giv en

nonlinear delay ed system. In this paper, w e

investig ate the existence and uniqueness o f almost

periodic so lutions fo r system ( 3) by const ructing of

a sui table Liapunov functional.

　　 By using Liapunov functional to investig ate the

existence and uniqueness o f almost periodic

solutions, there is a following statement
[6 ]
:

　 　 Consider an almost periodic dif ferential

equation with time delay s as follw s

　　 x′= f ( t ,x t ) , ( 4)
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where xt = x ( t+ θ) ,θ∈ [- r , 0 ], let C= C ( [- r ,

0] , R
n
) be a Banach space of all continuous

mapping s o f [ - r , 0] → R
n ,‖ h‖ =

supθ∈ [- r , 0 ]|h(θ)|represents the no rm o fh(θ) .CH =

{h: h∈ C ,‖ h‖ < H , H ∈ R
+ }. x ( t ) = x ( t ,e,h)

deno tes the solution through (e,h) of sy stem ( 4) .

The associated product system of ( 4) as follow s

　　 x′= f ( t , xt ) , y′= f ( t , yt ) . ( 5)

　　 The deriv ativ e of Liapunov functional V ( t ,h,j)

along the so lutions of sy stem( 5) w ill be deno ted by

V
′
( 5) ( t ,h,j) a nd is defined to be

　　 V
′
( 5) ( t ,h,j) = limh→ 0+

1
h
{V ( t+

h , xt+ h ( t ,h) , yt+ h ( t ,j) ) - V ( t ,h,j) } .
　 　 Theorem A　 Suppose that there exists a

continuous Liapunov functionalV ( t ,h,j) fo r t≥ 0,h
∈ CH and j∈ CH whick sa tisfies the follow ing

conditions:

　　 ( i ) a (|h- j|)≤ V ( t ,h,j)≤ b(|h- j|) ,

w here a (r ) is continuous, increasing , posi tiv e

defini te and b(r ) is continuous, increasing and such

that b(r )→ 0 as r→ 0.

　　 ( ii ) |V ( t ,h1 ,j1 ) - V ( t ,h2 ,j2 )|≤ k {|h1 - h2|

+

|j1 - j2|} , w here k is a posi tive constant.

　　 ( iii) V
′
( 5) ( t ,h,j)≤- cV ( t ,h,j) , where c is a

posi tiv e constant.

　 　 Moreover, w e assume that there exists a

solution x ( t ) o f sy stem ( 4) such that|x ( t )|≤ H1 ,

w here H1≤ H. Then in the regionCH there exists a

unique uniform ly asymptotically stable almost

periodic so lution o f ( 4) w hich is bounded by H1 .

　 　 In o rder to use the resul t of Theorem A, w e

have

　　 Theorem 1　 Fo r system ( 3) , suppose that

posi tiv e constantsT,U, R ,L , K ,fand M sati sfy the

following condi tions

　　 (Ⅰ ) R
2
T
2
- KMRT-

fRT
2L -

fR (T+ U)T
2

2L > 0;

　　 (Ⅱ ) 2R2TU-
fRTU(T+ U)

L
≥ 0;

　　 (Ⅲ ) R
2
U

2
- KMRU-

fRU
2L

-
fR (T+ U)U2

2L
≥

0.

　　 Then there exists a bounded solution of system

( 3) .

　　 Proof　 Lethbe any giv en ini tial function, (x ,

y ) = (x ( t ) , y ( t ) ) i s a so lution o f sy stem ( 3 ) ,

consider Liapunov functional

　　W ( t ) =
RL
2
y
2
+

RT
2
x
2
+

RU
4
x
4
+

R (T+ U)
2L ∫

0

- f∫
t

t+ s
[Tx (θ) + Ux

3
(θ) ]

2
dθds , ( 6)

thenW ( t )→+ ∞ (|x|→ ∞ ) andW ( t )→+ ∞ (|y|
→ ∞ ) , meanwhi le w e have

　　W
′
( 3) ( t ) = - Ry (Tx+ Ux

3
)+ R (Tx+ Ux

3
) { y -

RTx - RUx
3
+ K E ( t ) +

1
L∫

t

t -f
[Tx (s ) +

Ux
3 (s ) ]ds} +

R (T+ U)
2L ∫

0

- f
[Tx ( t ) + Ux 3 ( t ) ]2 ds -

R (T+ U)
2L ∫

0

- f
[Tx ( t+ s ) + Ux

3 ( t + s ) ]2 ds =

- (RTx + RUx 3 ) 2+ ( RTx + RUx
3 ) K E( t ) +

1
L
( RTx + RUx

3
)∫

t

t- f
[Tx (s ) + Ux

3
(s ) ]ds+

fR (T+ U)
2L

(Tx + Ux
3 ) 2 -

R (T+ U)
2L ∫

t

t- f
[Tx (s ) +

Ux
3 (s ) ]2ds , ( 7)

notice that

　
1
L
( RTx ( t ) + RUx

3
( t ) )∫

t

t- f
[Tx (s ) + Ux

3
(s ) ]ds=

RT
L∫

t

t- f
x ( t ) [Tx (s ) + Ux 3 (s ) ]ds+

RU
L∫

t

t- f
x
3 ( t ) [Tx (s ) + Ux

3 (s ) ]ds≤ RT
2L∫

t

t- f
{ x2 ( t ) +

[Tx (s ) + Ux
3 (s ) ]2 } ds+

RU
2L∫

t

t- f
{x 6 ( t ) + [Tx (s ) +

Ux
3 (s ) ]2 }ds =

fRT
2L

x
2 +

fRU
2L

x
6 +

R (T+ U)
2L ∫

t

t- f
[Tx (s ) + Ux

3
(s ) ]

2
ds. ( 8)

　 　 SinceT,U, R a re po sitiv e constants, therefore,

w hen|x|≥ 1, then RTx + RUx 3 ≤ RTx 2 + RUx
3 .

Namely , when|x|≥ 1, fo r any y we have

　 　 W
′
( 3) ( t ) = - ( RTx + RUx

3 ) 2 + ( RTx 2 +

RUx
6
) KM +

fRT
2L

x
2
+

fRU
2L

x
6
+

fR (T+ U)
2L

(Tx +

Ux
3 ) 2 = - [R2T2 - KMRT-

fRT
2L

-

fR (T+ U)T2

2L
]x

2
- [2R

2
TU-

fRTU(T+ U)
L

]x
4
-

[R2U2 - KMRU- fRU
2L

- fR (T+ U)U
2

2L
]x 6 < 0.

( 9)

　　 This means (x , y ) i s bounded.

　　 Now we consider the associated product sy stem

( 3) as the fo llowing system ( 10):

x′( t ) = y ( t ) - RTx ( t ) - RUx 3 ( t ) + K E ( t ) +

　　
1
L∫

t

t- f
[Tx (s ) + Ux

3 (s ) ]ds ,

y′( t ) = -
1
L
[Tx ( t ) + Ux

3
( t ) ],

u′( t ) = v ( t ) - RTu ( t ) - RUu3 ( t ) + K E ( t ) +

　　
1
L∫

t

t- f
[Tu (s ) + Uu

3 (s ) ]ds ,

v′( t ) = -
1
L
[Tu( t ) + Uu

3
( t ) ].

( 10)
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　 　 Fo r the solution (x , y ,u ,v ) = ( x ( t ) , y ( t ) ,

u ( t ) ,v ( t ) ) of system ( 10) , Let X = X ( t ) = x - u ,

Y = Y ( t ) = y - v , and

　　 f ( t ) =
x
2 + xu + u

2 ,x ≠ u,

3x2 ,　　 　　 x = u.
( 11)

w e know that f ( t ) ≥ 0 and x
3
- u

3
= f ( t ) X . Let

ag ain A= 2RT+ 2RUf ( t ) -
1
L
(
5fT
2
+ T+ Uf ( t )+

3fU
2 f

2
( t ) ) ; B = 2 - RT- RUf ( t ) -

1
L
(T+ 2bT+

Uf ( t ) + 2bUf ( t ) ) ; C = 1 -
fT
2L
. where b is some

posi tiv e constant such tha t B
2
< 4AC. Now again

assume that

　　 (Ⅳ ) A > 0 andB
2
< 4AC .

　 　 Theorem 2　 Suppose that the condi tions (Ⅰ )

～ (Ⅳ ) are sa tisfied, then there exists a unique

unifo rmly asympto tically stable almost periodic

solution of system ( 3) .

　　 Proof　 From theo rem 1, there exists a bounded

solution of system ( 3) under assumptions, so tha t

f ( t ) i s also bounded. Fo r system ( 10) , consider

Liapunov functional

　　V ( t ) = X
2
- X Y+ (

1
2 + b) Y

2
+

3T
2L∫

0

- f∫
t

t+ s
X

2 (θ) dθds+
3U
2L∫

0

-f∫
t

t+ s
f
2 (θ)X 2 (θ)dθds ,

( 12)

thenV ( t ) sa tisfies condi tions( i ) , ( ii ) of Theorem A,

and

V
′
( 10) ( t ) = 2X {Y - RTX - RUf ( t )X +

1
L∫

t

t-f
[TX (s ) + Uf (s ) X (s ) ]ds } - Y {Y - RTX -

RUf ( t )X +
1
L∫

t

t- f
[TX (s ) + Uf (s )X (s ) ]ds} +

1
L
X (TX + Uf ( t ) X ) - (

1
L
+

2b
L
) (TX +

Uf ( t ) X )Y +
3T
2L∫

0

-f
X

2 ( t ) ds -
3T
2L∫

0

- f
X

2 ( t +

s ) ds+ 3U
2L∫

0

- f
f
2 ( t ) X 2 ( t )ds - 3U

2L∫
0

- f
f
2 ( t+ s ) X 2 ( t+

s ) ds = 2XY - 2RTX 2 - 2RUf ( t )X 2 +

2
L
X ( t )∫

t

t- f
[TX (s ) + Uf (s )X (s ) ]ds - Y

2 -

RTX Y - RUf ( t )X Y -
1
L
Y ( t )∫

t

t- f
[TX (s ) +

Uf (s )X (s ) ]ds+ (
T
L
+

U
L
f ( t ) )X

2
-

(
1
L
+

2b
L
) (T+ Uf ( t ) )X Y+

3fT
2L

X
2 -

3T
2L∫

t

t- f
X

2 (s ) ds+ 3fU
2L

f
2 ( t )X 2 - 3U

2L∫
t

t- f
f
2 (s )X 2 (s )  

ds≤ 2XY - 2RTX 2 - 2RUf ( t )X 2 +
fT
L
X

2 - Y
2 -

RTX Y - RUf ( t )X Y+
fT
2L

Y
2
+ (

T
L
+

U
L
f ( t ) )X

2
-

1
L
(T+ 2bT+ Uf ( t ) + 2bUf ( t ) ) XY +

3fT
2L X

2
+

3fU
2L

f
2 ( t )X 2 = - [2RT+ 2RUf ( t ) -

1
L
(
5fT
2
+

T+ Uf ( t ) +
3fU
2
f
2 ( t ) ]X 2+ [2 - RT-

RUf ( t ) - 1
L
(T+ 2bT+ Uf ( t ) + 2bUf ( t ) ) ]X Y -

( 1 -
fT
2L
)Y 2 = - AX

2 + BX Y - CY
2 = - C ( Y -

B
2C
X )

2
- A ( 1 -

B
2

4AC
)X

2
. ( 13)

　　 We also have

V
′
( 10) ( t ) = - AX

2
+ BX Y - CY

2
= - A (X -

B
2AY )

2
- C ( 1 -

B
2

4AC ) Y
2
. ( 14)

　　 Combine ( 13) and ( 14) , w e can obtain

　　 V
′
( 10) ( t ) = - AX

2 + BXY - CY
2 ≤

-
1
2
A ( 1 -

B
2

4AC
)X 2 -

1
2
C ( 1 -

B
2

4AC
) Y2 . ( 15)

　 　 From condition (Ⅳ ) , there ex ists a posi tiv e

constant c such that

　　 V
′
( 10) ( t )≤ - c( X 2+ Y

2 ) . ( 16)

　　 This means condi tion ( iii ) of Theo rem A is also

sa tisfied. Therefo re, there ex ists a unique uniform ly

asympto tically stable almost periodic solution of

system ( 3 ) , namely , there is a almost periodic

oscilla tion of equation ( 2) .

　 　 Remark　 The value of B can be posi tiv e o r

negativ e, so the value o f b may be in an interv al of

R
+ . It is easily to v eri fy that the condi tions (Ⅰ )～

(Ⅲ ) a re indepedent and easily to give some

examples sati sfying condi tions (Ⅰ ) ～ (Ⅲ ) of the

parameters L , R ,T,U, K andf.
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