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Almost Periodic Solutions of Delayed Differential
Equations Appeared in Power System
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Abstract Almost periodic oscillations appeared in power system are considered. A sufficient
condition on the existence and uniqueness of almost periodic solutions of delayed differential
equations appeared in power system is obtained.
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In reference [1], Wang Lian has investigated
differential
appeared in high—~voltage electricity network

the following nonlinear equation

x'+ RF/(x)x/+ %F(x): Kcos kt, F(x) =
Te+ W (1)

Since there are not only periodic oscillations but
also almost periodic oscillations appeared in high-
voltage electricity network, we have extended the
equatiion (1) to an almost periodic system and
discussed the existence and uniqueness of almost

21 However, we still neglect the

periodic solutions
effect for the system of time delays. It is not to be
ignored delaying effect for the system from the
research result™*!. In this paper, we consider the

following delayed differential equation
X'+ RF()x'+ JF(i- )= Ke(n).

F(x)= T+ U, (2)
where L, R, T,U K and fare positive constants; e(?)

is a continuous almost periodic function. let E(t) =
T
J 0e(s)ds , and suppose that E(#) is a continuously

bounded function, therefore, E(?) is also an almost

periodic function. Let M = supezl E(¢)l , then
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equation (2) equals to the following system
()= y(t) - RE(t) - RG(1)+

_ljt Uy’

KE((t)+ 2 ti{[Tx(s)+ X (s) ]ds, (3)

Y= - 7+ W),

It is known that the periodic system is a special
case of almost periodic system. For functional
differential periodic equation with finite delay, it is
implied the existence of a periodic solution by the
uniformly ultimate boundedness of the solutions”’.
However, even if for ordinary differential almost
periodic system, it does notimply the existence of an
almost periodic  solution from the ultimate
boundedness of the solutions. Theoretically, one can
investigate the existence of a almost periodic
solution by Liapunov funcional®’. However, there
exists no general rule to guide how a proper
Liapunov functional can be constructed for a given

delayed

investigate the existence and uniqueness of almost

nonlinear system. In this paper, we
periodic solutions for system (3) by constructing of
a suitable Liapunov functional.

By using lLiapunov functional to investigate the

existence and uniqueness of almost periodic
. . . 6
solutions, there is a following statement'*:

Consider an almost periodic differential

equation with time delays as follws

x'= f(txi), (4)



wherex:= x(t+ 0),0€ [- 7r,0], letC= C([- r,
0l,R") be a
mappings of [ —

Banach space of all continuous

r,0] — R, K =
supe [- roll h© )| represents the norm of h0).Cu =
(hhe cl bl < H,HE R }.x(¢t)= x(t,h
denotes the solution through (€ h) of system (4).
The associated product system of (4) as follows
x'= f(tx),y = flt.n). (5)
The derivative of Liapunov functional (¢, h, 1)
along the solutions of system(5) will be denoted by
Vis (t,h, 1) and is defined to be
1

Vis (t,0,3) = Time o 5V (14

hyxen (6,0, pen(,3)) = V(¢ B 1)),

Theorem A
continuous Liapunov functional ¥ (¢, b, J) fore= 0,h
€ Cu and 1 € Cu whick satisfies the following
conditions:

(i)a(l h= 1)< v(e,h, H<< (I h- 1),
where a(r) is
definite and b(7) is continuous, increasing and such
thatb(r)—> Qasr— 0.

(H) | V(t9h’jl) - V(l‘,hz’ J2)|< k{‘ h - hz‘

Suppose that there exists a

continuous, increasing, positive

+
| i = 1 }, where k is a positive constant.

(iii) Vis) (¢, b, ])< - cV(t,h J), wherecis a
positive constant.

Moreover, we assume that there exists a
solutionx (1) of system (4) such that| x (/)<< H,
where H=< H. Then in the regionC# there exists a
unique stable

periodic solution of (4) whichis bounded by Hi .

uniformly asymptotically almost
In order to use the result of Theorem A, we
have
Theorem 1 For system (3), suppose that
positive constants TUR.L.K, Tand M satisfy the
following conditions

RT {R(T T
( )RT- KMRT- - - —‘*TU)—> 0,

() R - KMRU - %U _drds YU T;L Yo

Then there exists a bounded solution of system
(3).

Proof Let hbe any given initial function, (x,
y) =
consider Liapunov functional

RL > RT. RU,
SV X T x A

(x(2),y(t)) is a solution of system (3),

W(t) =

5 UJOJ JERO)+ BTO) Tdds, (6)
thenW(t)—>+ OO(‘x‘%oo)andW(t)_,_i_ oo(‘ y‘

—> ), meanwhile we have

W ()= - Ry(h+ U+ R(Ter Uy (y-

RTx - RUC+ KE(t)+ zl T (s)+
U e+ B e e pa-

&(%)JJ[TX(H )+ U(t+ s) Tds=

- (Rh+ RUS)’+ (RTx+ RUC)KE(1)+
ZI(RT“ RUx3)Jt_f[Bc(s)+ U’ (s) Jds+
fﬂ’Iz‘-Z_Ij)(’I)‘C+ Ux3)2 _ Mji_{[Tx(s)+

2L
Ur’ (s) I'ds, (7)

notice that

_LI(RTx(t)+ RUxS(t))Ji_f[Tx(s)+ U’ (s5) |ds=
Rj’ftifx(t)[ch(s)+ Ue’ (s) Jds+

RTLF; fx3(t) [Tx (s) + Ux3(s).]d‘s< 123—5; {{xz(t)+
R t

[Tx(s)+ U (s) Pyds+ ] "0+ [Te(s)+
Ux’ (s) T }ds = %Tx2+ %Jx6+
RN h(o)s U (s) . (8

Since T,U /R are positive constants, therefore,
when!xI= 1, then RIx+ RU’< R+ RUY.

Namely, when| x| = 1, for anyy we have

W () = - (RIx + RUC) + (RL? +
RT. U, R U
U 6 At 2 MY 6 T
RUx" ) KM+ o * T ZLx;T oL (Lx +
Ur')?= - [RP - KMRT- % -
f (T U)’P fRTU(T.
R -42-L ]xz_ [ZRZ’IU— R L+ ]x4_
RU - gygu- ABY . R(Tx DU 6
2L 2L
(9)

This means (¥,¥) is bounded.

Now we consider the associated product system
3) as the following system (10):
x'(t)= y(t) - R&(t) - RG’()+ KE(1)+

B e+ U is) s,
Vi = - @+ Gl
u'(t)= v(t) - RTu(t) - RU4L(1)+ KE(t) +

A () + Ul (s) 1ds,

V= - 7 T+ Ul )

(10)
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For the solution (x,y,u,v) = (x(¢),y(?),
u(t),v(t)) of system (10), LetX = X(t)= x - u,
Y= Y(¢t)= y— v, and

£ = X+ xu+ uLxF u, (1
37, X = u.
we know that f(¢)= Oandx’ - u’ = f(H)X. Let

againd= 2RT+ 2RUf (1) - zl(s—;’r+ T Ur(t)+

3_éufz(t));B= 2- RT- RUf(¢) - zl(TJ, » Ty

U+ 3Ywics 1 5

. 2 .
positive constant such that B < 44C. Now again

where b is some

assume that

V) 4> OandB’ < 44C.

Theorem 2 Suppose that the conditions (I )
~ (IV) are satisfied, then there exists a unique
uniformly asymptotically stable almost periodic
solution of system (3).

Proof From theorem I, there exists a bounded
solution of system (3) under assumptions, so that
f(t) is also bounded. For system ( 10), consider

Liapunov functional

V)= X' - XY+ (B+ b)Y+

3’{} J X ©)d ds+ %{_Jmﬁ(e)){z(@)deds,
(12)

then V' (¢) satisfies conditions(i), (i) of Theorem A,

and

Vao (1) = 2X{Y - RIX - RUf ()X +

—LlJ X+ U)X (s) 1ds) - Y(Y - RIX -

RUrx+ 2] Drss Urex () W)+
TX (s Y (x) - 7+ D1+

Ur (1) X)Y + Tj X (1) ds - QZI X1+

5) ds [f SOX(0)ds - 3[{ / (t+ ) X1+
s)ds= 2XY - RTY* = RUr(n)X*

zX(t)J )+ U)X (s) s - ¥ -

RIXY - RUF ()XY - %Y(z)j T (s)+
U ()X (s) s+ (3 + £ (0)X" -
1+ D) (T U)X v+
' vgar Weoxe - Y poxee
ds<< 2XY - 2RTX? — 2RUr (1) X+ —fTXZ- Y -

L
RIXY - RUF(1)X Y+ TfLTYﬁ (IT+ %f(t))Xz—

I A 20054F 20 % 12A8% 1

3T

ZI(T+ »Te Ur()+ BUF(0))XY+ S5 X +

2L
3P = - 2rT ’G) - L3

T Ury+ 2000 W0 [2- RT-

RUf (1) - ZI(T'F I Ur(n)+ DU (1) XY -
(1- Q—fLr)Yzz - AX’+ BXY- CY’= - C(Y -
By - a0- f:c)Xz. (13)

We also have

Vio(t)= — AX’+ BXY - CY'= — A(X -

Y)Y - C1- oY (14)

Combine (13) and (14), we can obtain
Vao (t)= — AX*+ BXY - CY<<
B 1 B’
44C ¢ 2uc

From condition (IV ), there exists a positive

A(l )X - )Y (15)

constant ¢ such that

Vo (1)< - o(X?+ Y?). ( 16)

This means condition (iii) of Theorem Ais also
satisfied. Therefore, there exists a unique uniformly
asymptotically stable almost periodic solution of
system (3), namely, there is a almost periodic
oscillation of equation (2).

Remark The value of B can be positive or
negative, so the value of & may be in an interval of
R . Ttis easily to verify that the conditions I H
(1)
examples satisfying conditions (I )~ (IIl) of the
parameters L, R, LU K and

are indepedent and easily to give some
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