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Abstract By means of Liapunov functional, the existence and uniqueness of almost periodic solutions for

some delay differential equations was investigated.
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Consider the following delay differential equation

'O+ b () + )+ gt — ) =
e(t), ()
where f'and g are continuous functions, e (¢) is a real con-
tinuous almost periodic function, b is a positive nstant
and delay T 0.

It is known that second order differential equations
appear frequently in various engineering technology prob-
lems. Many authors have studied the qualitative properties
for these equations, such as stability, boundedness and exis-

18 . .
e Theoretically, one can inves-

tence of periodic solutions
tigate the existence and uniqueness of almost periodic solu-
tions for differential equations by Liapunov function or Lia-
punov functional ™ . However, how to construct such Lia-
purov function or Liapunov functional for the specific sys-
tem is still a problem.

In this paper we discuss the existence and uniqueness
of almost periodic solutions for system (1) by @nstructing
Liapunov functional. A sufficient condition on the existence
and uniqueness of almost periodic solutions for equation

(1) is obtained.

Definition 1 £ (¢, $) is said to be uniformly almost
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periodic with respect to ¢ for $ € Q if for any € > 0 and
compact set W(W € ), thew exists an [= [(e, W)>
Osuch that |f(r+ ®)—f(1,$) K et €ER S €
W and for any region of length / containing a .

For equation (1), let G(x) = J;C[f(u) +

t
gQdu, E(t) = Joe(s)ds. Suppose that E (7) is

boun-
ded, then E(#) is also an almost periodic function'” . Let
M = supicr | E(t) | then we have

Theorem 1  Assume that the following conditions are
satisfied.

(I) f(x)and g(x) both are continuously differ-
entiable functions for | x K+ oS there is a positive n-
stant ¢ such that 0<< g (x)<C ¢ and G(x) >+ oo( | x

> o).

(II )There exists a positive constant K such that f'(x)
+g(x)> 0= K); f(x) + g(x)<< 0(x <—K),
and, f(x) and g (x) satisfy
bx[ f(x)+ g (x)] —M[ f(x)+g(x)] —

Et[f(x)—F g (x)] 2— 2ng(x)> 0, (x =K)
bx[ f(x)+ g (x)] +M[f(x)+g(x)] —

Ef[f(xH— g (0] 2 — 21g2<x>> 0. (x<—K)
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then there exists a bounded solution of equation (1).
Proof Consider the equivalent system of equation

(D) as follows:
x'=y—bx+ E(t)+J & (xCs)ds,
y = f(x)— g(x),

where x = x(1),y = y(0). Let (x, y) = (1),
y(#)) be a solution of system (3), consider a Liapunov

functional
W = ;_yz + GG+
L 2
ELLAg (x (0)d 0ds, @)
then we have
We (0 = y[— )~ gl +[ G+

g [y —bx+E(t)+J g(x(s))ds] +

LJO ’ 740 ) _
,l 8 (x (£))ds ,) g (x(t+s)ds =

—bx[f(x)+g(x)] T EW[f(x)+gx)] +
[f(x)—|—g(x)]J g(x(s))ds+ 2g 2(x)—

%Jﬁg (x(s))ds. (5)

Notice that

[+ g (o) J 2l (s = J [ () +

g(x(@))] g(x(s)ds < J [f(x())+

g (x ()] s+ %Lg%x(s))ds: EYACIRES
t t
g(x ()] 2Jﬁrds + %Jﬁrgz(x (s))ds =
t
Er[f(x)+g(x)]2+%Jﬁfg2(x(s))ds. 6)

So we get

W () <— bx[ f()+ ()] +EO[fo)+
g (x)] +§[f(x>+g(x>]2+ %gz(x). @2
From condition (II ), when x = K, we have f(x)+
g (x)> 0, therefore,
W (t) <— bx[ f(x)+ g(x)] + M[f(x) +
g ()] + f(x>+g<x>]2+ S8 (<0, (®)
when x<— K, we havef(x)+g(x)< 0, and
Way(8) <— bx[ f(x) + g(x)] — M[ f(x) +
g(x)] + f(x)+g(x)]2+ 58 2(x)<< 0. 9

From the definition of W(t), we know that W(t)
IEAE 204 F1A F11EF4H

—+ cowhen | x >+ coand |y >+ °3 and fiom
W;3> ()<< 0C Ix =K., we know that (x, y) is bound-
ed.

In order to study the existence and uniqueness of al-
most periodic solutions of equation (1), consider the prod-

uct system of (3) as follows;

x —y—bx—i—E(t)—i—J & Gx(s))ds,
y = fx)— g(x),

(10>
u :v*bquE(t)JrJ guls))ds,
v/:*f(u)*g(u).
Let f1(8)= f(x(p),
Z(X):Z(u),xiu,
u(t)) = X u
f(x),x: u.
g1(t) = glx(p),
g(x)— g(u o
u(r)) = X u
g (0, x= wu
X:X(t):x(t)—u(t),Y:Y(z):y<z)—v(t);
—Zb*_fl(t)*_gl(t) gl(t)*f, B=2+
b 1
5*4f1(t)*4g1(t),CZ 3*41

Suppose that
(IID 4> 0, C=> 0, B*<< 4AC.
Assume that conditions (1 ) (IID

hold, then system (3), namely, the equation (1) has one

Theorem 2

and only one almost periodic solution.
Proof From Theorem 1, there exists a bounded solu-
tion of system (1). For the product system (10), consider a

Liapunov functional as follows:

Vi) = X" — %XY+2Y2+
0o [t
%LL g1 (X (0)d bds. (1D

Then we have

/ t
Vao (1) = ZX{YbXJrjhr[g(x(s))
t
g (uls)] ds) — %Y{Y—bXJrJH[gu(s))—

g Culs)N] ds) + lX{[f(x)
y—A4Y{[ f(x)— fw)] +

— fw)] +
g} [gx)— gluw)] ) +

0
%J, g1(Z)X (t)ds— iLfg (t+s)X*(t+ s)ds =

[gx) —

2XY — 2bX2+2XJ g1<s>X<s>ds——Y+
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XY — é—YJ gl(s)X(s)ds+ —fl(t)—l—

(SR SY S

g1 (D] X2 —[4fi (1) +4g:1 (D] XY +

t
S OX— %Lgﬁs))ﬂ(s)ds. 12)

&[3

Since

t t
2XJ gl(s)X(s)ds< w’ Jﬁrg%(s)Xz(s)ds,

— %YJ & ()X (s)ds < in—F

.t
%Jﬁghs )X (5)ds,

as»

thus we get
Voo (£) <— 2b— 3 fi () — T g1(1)—

T2 — ox*+ o+ L P~ afi()— 4g1 ()XY —

48
(%—f)yz —— A+ BXYY — (VP = C(Y —
B2 _ B~
SN —4a 4AC)X2 14)
Again we have
Vap (1) <— AX* + BXY — (Y =— A(X —
B, B>
2AY) ca 4AC)Y as»
Combined with (14), we obtain
Voo (£) <— Jaa—2- B e Lo
= 44C 2
B>
2o 16)

From condition ( IID we know that there exists a posi-

tive constant a such that
Vao () <— a(X>+ 1. an
Acoording to Yoshizawa’ s theorem of the existence

and uniqueness of almost pendic solutiond * '2

» we know
that there exists one and only one almost perodic solution of
equation (1).

Example Comsider the following system

x4 1 1y
x () + 2% (t)+8(1+ 2)+ —x(t )

e (1), (18)
_ 24 1

where b= 2, f(x) S+ 22 ,glx) = 2x =10

e () is a real continuous almost periodic function.
Let M= supicr |E(t) | and K= 2M~+ 1, then

bx[f(x) + g(x)] — M | fG) + gl)
G+ gl = 5 g7 = 2x PTEN +2

188 8(1+

_ \ F X
M 8(1+x)+ 20 8(1+ 2>7L
2
xyv2_ 1 .x x_ 3M lx |
) 20<2>> 2 >0, (lx > K)
(19)
—Lhim<t =1,
64 = \S,gl 23
1 1 1,1 5.1 1o 1
A=4 28 T 2 T 0 10
1 1 5 _ 1 1
6 4 10 100 22
1,1 .1
|B|<2+1+4><8 R e
1 1.1 _ 19

27 47107 40

We know that B><< 4AC is valid From Theorem 2,

there exists one and only one almost periodic solution of e-

C =

quation (18).
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