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Abstract　 A nonlinear Volterra integ rodi fferential equation is investigated. The existence and

uniqueness of alm ost periodic solutions fo r the equation is obtained.
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1　 Introduction

　　 Consider the nonlinear Volterra integrodifferential

equation

　　 x′( t ) = A ( t ) x ( t ) +∫
t

-∞
C ( t , s ,x (s ) ) ds+ g ( t ,

xt ) ( 1)

and the perturbed equation

　　 x′( t ) = A ( t ) x ( t ) +∫
t

-∞
C ( t , s ,x (s ) ) ds+ g ( t ,

xt ) + p ( t ) , ( 2)

w here - ∞ < s≤ t , t∈ R, x∈ R
n

,xt is defined by the

relation xt = x ( t+ s ) , - ∞ < s≤ t. Specially , if C ( t ,

s , x (s) ) = C ( t , s )x (s ) , and g ( t , xt ) = g ( t ) , Burton
[1 ]

and Huang
[2 ]

have investigated the existence of

periodic solutions. In this paper, w e consider the

existence of alm ost periodic solutions for equation ( 1)

under the condi tion that the solutions of the equation

are bounded and eventually to tally stable. The

existence theorem of an almost periodic solution is

obtained.

　　 Definition 1　 C ( t , s, x ) is said to be almost

periodic in t uniformly for (s, x ) , if for anyX> 0 and

any com pact set K inR× Rn , there exists aL = L (X,

K ) > 0 such that any interv al of leng th L contains af

for which

　　|C ( t+ f, s , x ) - C ( t ,s , x )|≤X, ( 3)

for all t∈ R and all (s, x )∈ K .

　　 Definition 2　 Let f ( t ) be a continuous function

defined on R. f ( t ) is said to be asympto tically almost

periodic if it is a sum of a continuous almost periodic

function p( t ) and a continuous functionq( t ) defined on

R which tends to zero as t→∞ , that is

　　 f ( t ) = p ( t ) + q( t ) . ( 4)

　　 It is w ell know n that f ( t ) is asymptotically almost

periodic i f and only if for any sequence {f′k } such thatf
′
k

→ ∞ as k→ ∞ , there exists a subsequence {fk } for

w hich f ( t + fk ) converg es uniformly onR.

　 　 Let B denote the vector space of bounded

continuous functions mapping ( - ∞ , 0 ] into R
n , and

for anyh,j∈ B , w e set

　　d(h,j) = ∑
∞

j= 1
dj (h,j) / [2j ( 1+ dj (h,j) ] ,

w heredj (h,j) = sup
- j≤ s≤ 0

|h(s ) - j(s)|. Clearly ,dj (hn ,

h)→ 0 asn→∞ if and only ifhn (s )→h(s ) uni formly

on any compact subset of ( - ∞ , 0] as n→ ∞ . W e

deno te by (B ,d) the space of bounded continuous

functionh: ( - ∞ , 0 ]→ Rn with metricd.
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2　Main results

　　 For the equations ( 1) and ( 2) , w e impose the

following assum ptions:

　　 ( i) A ( t ) is a n× n continuous almost periodic

ma trix ,λi ( t ) ( i = 1, 2,… ,n ) represent the eigenvalues

of A ( t ) ,λi ( t )≤- a( t ) < 0( i= 1, 2,… ,n ) for any t∈

R.

　　 ( ii ) C ( t , s, x ) is continuous and almost periodic in

t uniformly for (s ,x ) , s≤ t , and ( t , s , x )∈ R× R×

R
n
. Mo reover, |C ( t , s ,x )|≤ D( t , s ) sup

s∈ (-∞ , t ]
|x (s )|,

w here x (s ) is continuous on ( - ∞ , t ] for any t∈ R

such that|x (s )|≤ _ on this interval.∫
t

-∞
D ( t , s ) ds≤

b( t ) . There exists a posi tiv e constant k such that

sup
s∈ ( -∞ , t ]

|x (s )|≤ kx ( t ) , and kb( t ) < a ( t ) for any t∈

R.

　　 ( iii) g ( t ,h): R× (B ,d) → Rn is continuous in t

andh, and for any r > 0 there exists a continuous

functionUr ( t ) such thatUr ( t )→ 0 as t→∞ and|g ( t ,

h)|≤Ur ( t ) , w henever|h(s )|≤ r fo r alls∈ ( - ∞ ,

t ].

　　 Under the above assumptions ( i) ～ ( iii) , if t0∈

R andH∈ B , there exists a solution of ( 1) w hich

passes th rough ( t0 ,H) . Mo reover, a solution x ( t ) can

be continuable up to t = ∞ if it remains in a com pact

set in R
n
, because x′( t ) is bounded as long as x ( t )

remains in a compact set in R
n
.

　　 Let S be a compact set in R
n
, then w e have

　　 Definition 3　 The bounded solution u ( t ) of

equation ( 1) is said to be eventually totally ( S,d) -

stable, i f for anyX> 0 there existT= T(X)≥ 0 andW

= W(X) > 0 such that if t0≥T,d(ut
0
, xt

0
) <Wand p ( t )

is any continuous function which satisfies|p ( t )| < W

on [t0 ,∞ ) , thend(ut , xt ) <Xfo r all t≥ t0 , w herex ( t )

is a solution of equation ( 2) such that xt0 (s )∈ S for all

s≤ t.

　　 Lemma 1
[ 3]
　 If there exists an asymptotically

almost periodic solution for an almost periodic

dif ferential equation, then there exists an almost

periodic solution of the equation.

　　 Therefo re, in order to show that there exists an

almost periodic solution of the equation ( 1) , w e first

show that there exists an asym pto tically almost

periodic solution for this equation.

　　 Lemma 2　 Suppose that the conditions ( i ) ～

( iii) are satisfied, then there exists a bounded solution

of equation ( 1) .

　　 Proof　 Let x ( t ) be a solution of equation ( 1) ,

consider a Liapunov functionV ( t ) =
1
2
x

2
( t ) , then w e

have

V
′
( 1 ) ( t ) = x ( t ) [A ( t )x ( t ) +∫

t

-∞
C ( t , s ,x (s ) ) ds +

g( t ,x t ) ]≤ - a( t ) x
2
( t )+ kx

2
( t )∫
t

-∞
D ( t , s ) ds+ g ( t ,

xt )x ( t ) ≤- (a( t ) - kb( t ) ) x2 ( t ) + Ur ( t ) x ( t ) . ( 5)

　　 Since kb( t ) < a ( t ) , andUr ( t ) → 0 as t → ∞ ,

therefore, if t is suf ficiently large, there exist posi tiv e

constants c and M such that V
′
( 1) ( t ) ≤ - cV ( t ) + M ,

this m eans x ( t ) i s bounded.

　　 Theorem 1　 Under the assumptions ( i) ～ ( iii ) ,

if the bounded solution x ( t ) is eventually totally ( S,

d)-stable, then x ( t ) is asym ptotically almost periodic.

So there exists an almost periodic solution of equation

( 1) .

　　 Proof　We can w ri te equation ( 1) as

　　 x′( t ) = A ( t ) x ( t ) +∫
0

-∞
C ( t , s, x ( t + s ) ) ds +

g( t ,xt ) . ( 6)

　　 Let tk be a sequence such that tk→∞ as k→∞ . If

w e set x
k = x ( t + tk ) ,k = 1, 2,… , then x

k ( t ) is a

solution of the following equation

　　 x
′
( t ) = A( t + tk )x ( t ) +∫

0

-∞
C ( t+ tk , s ,x ( t+

s ) ) ds+ g ( t+ tk , xt ) . ( 7)

　 　 Clearly, xk ( t ) remains in S. Since x ( t ) is

ev entually to tally ( S,d) - stable, xk ( t ) is also

eventually to tally ( S,d) -stable.

　　 For any giv enX> 0, there exists a positiv e integ er

k1 = k1 (X) such that tk ≥ Ti f k ≥ k1 . Taking a

subsequence if necessary , we can assume that x
k
( t )

converges uniformly on any com pact set in ( -∞ , 0]

as k→∞ . Therefo re there exists a positiv e integ er k2

= k2 (X) such that if k ,m≥ k2 ,d( xk0 ,xm0 ) < W. Clearly

x
m ( t ) = x ( t+ tm ) is a solution of

　　 x′( t ) = A( t + tk ) x ( t ) +∫
0

-∞
C ( t+ tk , s ,x ( t+

s ) ) ds+ g ( t+ tk , xt ) + p ( t ) ( 8)

and x
m

( t )∈ S fo r all t∈ R, w here

　　 p( t ) = A ( t+ tm ) xm ( t )+∫
0

-∞
C ( t+ tm , s ,xm ( t+

s ) ) ds+ g ( t+ tm ,x
m
t ) - A ( t+ tk )x

m
( t ) -∫

0

-∞
C ( t+
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tk , s ,x
m

( t+ s ) )ds - g ( t + tk ,x
m
t ) . ( 9)

　　We shall show that there exists a posi tiv e integ er

k0 = k0 (X) such that ifk ,m≥ k0 ,|p ( t )|<Wfor t≥ 0.

Since x ( t ) for any t∈ R is bounded, there exists aV>

0 such that|x|≤ Vfor all x ∈ S. It is clear that

|x
k
( t )|≤ V and|x

m
( t )|≤ V for all t ∈ R. By

assum ption ( ii) , there exists a l = l (V,X) > 0 such that

for all t∈ R

　　∫
- l

-∞
|C ( t + tm , s ,x

m
( t + s ) )|ds≤

W
5 ( 10)

and

　　∫
- l

-∞
|C ( t+ tk , s ,xm ( t+ s ) )|ds≤ W

5
. ( 11)

　　 Since A( t ) andC ( t , s ,x ) are almost periodic in t

and g ( t ,h) → 0 as t → ∞ , for this l there exists a

positive integ er k0 = k0 (X) ≥ max (k1 ,k2 ) such that if

k ,m≥ k0 ,
　　|C ( t + tm , s, xm ( t + s ) ) - C ( t + tk , s ,xm ( t +

s ) )|≤
W
5l

, ( - l≤ s≤ 0) , ( 12)

　　|A( t + tm )x
m

( t ) - A( t + tk )x
m

( t )|≤
W
5

,

( 13)

and for t≥ 0,

　　|g ( t+ tm ,x
m
t ) - g ( t+ tk , x

m
t )|≤

W
5 . ( 14)

　　 Since w e have

　　|∫
0

-∞
C ( t+ tm , s ,xm ( t+ s ) ) ds -∫

0

-∞
C ( t+ tk , s ,

x
m ( t + s ) )ds|≤∫

- l

-∞
|C ( t + tm , s, xm ( t + s ) )|ds+

∫
- l

-∞
|C ( t+ tk , s ,x
m

( t+ s) )|ds+∫
0

- l
|C ( t+ tm , s ,x
m

( t

+ s ) ) - C ( t + tk , s , xm ( t + s ) )|ds , ( 15)

then w e obtain|p ( t )|<Wfor t≥ 0 ifk ,m≥ k0 . Since

x
m

( t ) is a solution of ( 8) which remains in S and x
k
( t )

is eventually totally (S ,d) -stable, w e haved(xkt , xmt )

< Xfor all t≥ 0 if k ,m≥ k0 . This implies that i f k ,m

≥ k0 ,

　　|x ( t + tk ) - x ( t+ tm )|≤ sup
s∈ [- 1. 0 ]

|x ( t+ tk + s )

- x ( t+ tm + s )|≤ 4X, ( 16)

for allX≤
1
4 and all t≥ 0. Thus w e see for any

sequence {t′k } such that t
′
k→∞ as k→∞ , there exists

a subsequence {tk } of {t
′
k } for w hich x ( t+ tk ) converg es

uniformly on [0, ∞ ) as k→∞ . This show s that x ( t )

is asym pto tically almost periodic in t. Therefore, there

exists an almost periodic solution of equation ( 1) .

　　 In o rder to consider the uniqueness of almost

periodic solutions of equation ( 1) , w e replace the

condition ( ii) by the following.

　　 ( ii)′C ( t , s, x ) is continuous and almost periodic

in t unifo rm ly for (s ,x ) , s≤ t , and ( t , s, x )∈ R× R×

R
n . Moreover, C ( t , s ,x ) satisfied Lipschitz condi tion,

nam ely, |C ( t , s , x (s ) ) - C ( t , s , y (s ) )|≤ D ( t , s )

sup
s∈ ( -∞ , t ]

|x (s ) - y (s )|, w here x (s ) and y (s ) are

continuous on ( - ∞ , t ] for any t∈ R such that|x (s )

- y (s )|≤ _ on this interval.∫
t

-∞
D ( t , s ) ds≤ b( t ) .

There exists a positiv e constant k such that

sup
s∈ ( -∞ , t ]

|x (s ) - y (s )|≤ k|x ( t ) - y ( t )|, andkb ( t ) <

a( t ) for any t∈ R.

　　 Theorem 2　 Under the assumptions ( i) , ( ii)′,

and ( iii ) , if the bounded solution x ( t ) of the equation

( 1 ) is ev entually to tally ( S ,d) -stable, then there

exists one and only one almost periodic solution of

equation ( 1) .

　　 Proof　 From ( ii )′one can deduce that condi tion

( ii ) is satisfied. Therefore, f rom Theorem 1, there

exists one asymptotically almost periodic solution of

equation ( 1 ) . So there exists an almost periodic

solution of the equation. Suppose that x ( t ) and y ( t ) are

two asymptotically alm ost periodic solutions of

equation ( 1) , consider functionW ( t ) =
1
2 [x ( t ) -

y ( t ) ]2 , then we have

　　 W
′
( 1) ( t ) = (x ( t ) - y ( t ) ) [A ( t ) (x ( t ) - y ( t ) )+

∫
t

-∞
(C ( t , s , x (s ) ) - C ( t ,s , y (s ) ) )ds + g ( t ,xt ) -

g( t , yt ) ] ≤ - a( t ) [x ( t ) - y ( t ) ]
2

+ k (x ( t ) -

y ( t ) ) 2∫
t

-∞
D ( t , s ) ds+ (g ( t ,xt ) - g ( t , yt ) ) ( x ( t ) -

y ( t ) ) ≤ - (a ( t ) - kb( t ) ) (x ( t ) - y ( t ) )
2

+

2Ur ( t ) (x ( t ) - y ( t ) ) . ( 17)

　　 Sincekb( t ) < a( t ) fo r any t∈ R andUr ( t )→ 0 as

t → ∞ , therefore, w e have lim
t→∞
x ( t ) = y ( t ) . From

references [4 ] , x ( t ) and y ( t ) are tw o asymptotically

alm ost periodic solutions of equation ( 1) , then x ( t ) -

y ( t ) is still an asym ptotically alm ost periodic solutions

of equation ( 1) . Now suppose that x ( t ) is a sum of a

continuous alm ost periodic function p ( t ) and a

continuous function q( t ) defined on R w hich tends to

zero as t → ∞ , and y ( t ) is a sum of a continuous

alm ost periodic function r ( t ) and a continuous function

s ( t ) defined on R w hich tends to zero as t→∞ , then
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需的临界耦合强度 .此结论可以推广到多个节点的耦

合网络的同步中 .相信具有 N个节点的耦合网络中

每一个节点与其它节点的耦合方式是通过节点间状

态方程中一个变量进行耦合的 ,那么整个网络达到同

步时所需的耦合强度是远远大于节点间通过所有变

量进行耦合的网络 .究其原因 ,可能是随着网络的不

断增大 ,尽管网络中每一个节点都要受到与它相耦合

的其它节点的束缚 ,但是如果网络中的节点间的耦合

方式不同 ,那么节点间受到的束缚程度也是不同的 .

正如上面所讨论的 ,如果网络中的节点与节点之间是

通过单变量进行耦合的 ,那么它们在空间中的自由度

增大 ,因此可能通过较大的耦合强度来使整个网络达

到同步 .而对于网络节点间是通过多变量耦合 ,随着

耦合变量的增多 ,使网络节点在空间中的自由度减

小 ,此时每个节点受到与它耦合节点的约束也就越

强 ,因此 ,多变量耦合系统所需的临界耦合强度就越

小 .

　　同样 ,也可以将上述分析应用于另外一些与之不

同的耦合形式中 .譬如 ,以 2个节点的网络为例 , X1, 2

是联系 2个节点的耦合参数 ,通过它可以设置不同方

向的耦合形式 ,等等 .本文中只是针对单变量及多变

量耦合的双向耦合 2种情况进行研究和对比 ,另外还

有许多形式更加复杂、意义更为深广的情形还有待于

我们进一步研究 .
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w e have

　　 lim
t→∞

(x ( t ) - y ( t ) ) = lim
t→∞

[ (p ( t ) + q( t ) ) - (r ( t )

+ s ( t ) ) ] = lim
t→∞

[p( t ) - r ( t ) ]+ lim
t→∞

[q( t ) - s ( t ) ] =

lim
t→∞

[p ( t ) - r ( t ) ]. ( 18)

　　 Since lim
t→∞
x ( t ) = y ( t ) , therefo re, lim

t→∞
p( t ) = r ( t ) .

The proof is com plete.

　　Example　 Consider the scalar equation

　　 x
′
( t ) = - ( 4+ cos t - cosπt )x ( t )+

1
4∫
t

-∞
( cost

+ cosπt ) e- t+ s x (s )
1+ x

2
(s)

ds+
xt e- t

2

1+ ex
2
t
, ( 19)

w here xt = x ( t + s ) , - ∞ < s≤ t . One can verify

that the condi tions of Theo rem 2 are satisfied. So there

exists one and only one alm ost periodic solution of

equation ( 19) .
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