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Abstract　 The superlinearly converg ent feasible methods for nonlinea rly const rained optimization

problems are an impo rtant research subject in both theo ry and practice. Recently the resea rches are

conducted in a deepgoing and systematic w ay, and some new results are obtained, such as SQP

type, sequential sy stems of linear equations type and explicit search directions type. The recent re-

sults about the feasible SQ P type methods are int roduced. The superlinear convergence of the previ-

ous alg orithms is uni tedly analy zed by a new SQ P ex tension model.
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摘要　非线性约束最优化的超线性收敛可行方法是一个具有重要理论意义和实用价值的研究方向。最近该方向

得到广泛而深入的研究 ,获得一系列新的研究成果 ,如 SQP类方法、序列线性方程组类方法和显式搜索方向类

方法。 本文介绍可行 SQP类方法的最近研究成果 ,并采用一个拓广的 SQP模型统一分析各种算法的超线性收

敛性。
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　　 The most basic feature and claim about an algo-

rithm for optimal problems are that the algo rithm

should have convergence in theory, i. e. approximate

the solution infinitely. However, the application of

high technologies in the economic activi ties raises a

higher demand on algo rithms in rate of convergence.

The researches on superlinearly converg ent algo rithms

have not only strong ly applied value, but also impo r-

tant theoretically significance to the development of

the subject i tself. Since most of the previous superlin-

early convergent alg ori thms made use of the penalty

functions as the effect functions, the itera tive points

and approximate solutions are infeasible. But some

practical problems usually st rictly demand that the it-

erativ e points and approximate solutions are feasible or

partially feasible. In order to solv e this cont radiction,

Panier and Ti ts[1 ] fi rst put forw ard a superlinearly con-

verg ent feasible method in 1987, and then this subject

w as paid attention gradually. Many scholars
[2～ 12 ]

have

made deepgoing sy stematically researches. Acco rding

to the technique of producing the master search direc-

tions, these methods may be divided into three types:

SQ P type[1～ 10 ] , sequential systems of linear equations

type[ 11～ 15] and explicit search directions type[16, 17 ] .

In order to rev eal the internal relations of these

alg orithms in theory and make the scholars and read-

ers be interested in this subject and know more about

the research si tuation and recent results, w e are going

to int roduce these research results and prog resses in

two parts. The feasible methods of SQP type wi ll be

introduced in partⅠ , and the methods of QP-free type

in partⅡ ( a separated paper) .
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1　 A SQP extension model and its convergence

rate

　　 Generally, a nonlinearly optimal model with gen-

eral const raints can be expressed as follow s.

　　min{ f 0 (x )|f i (x ) ≤ 0, i∈ I; f j ( x ) = 0, j∈ J } ,

( 1. 1)

w here I= { 1, 2,… ,m } , J = {m+ 1,m+ 2,… ,m+

l }. In order to overcome ef fectiv ely the Maratos ef-

fect, and adapt various ini tial points, many autho rs

have made co rrection, improvement and ex tension
[2～ 6 ]

to the previous quadratic prog ramming ( QP) . To de-

scribe and analyze uni tedly these methods and thei r

rate of converg ence, a more wide-ranging kind of Q P

model is int roduced in this section. For a current itera-

tive point x
k
, choose index sets Tk , L

-
k ,L

0
k  L I∪

J , parameter ck , and function

　　 Fc
k
= f 0 (x ) - ck∑

j∈ T
k

f j (x ) . ( 1. 2)

　 　 Let Bk be a given approximate matrix , we con-

struct a more w ide-ranging QP as follow s:

　　min Fck (x
k
)
T
d +

1
2 d

T
Bkd ( 1. 3a)

　　 s. t. f i (x
k
) +  f i (x

k
)
T
d≤ h

k
i , i∈ L

-
k , ( 1. 4b)

　　 f j (x ) +  f j ( x
k
)
T
d = h

k
j , j∈ L

0
k . ( 1. 5c)

　　 Based on QP( 1. 3) , combining the co rrection di-

rection of ov ercoming the Maratos effect , and ensuring

the feasible descent as well as the global convergence,

w e giv e a mo re general SQ P type frame of solving

Problem ( 1. 1) , and call it a sequential quadratic pro-

g ramming extension model ( SQ PEM ).

　　Algorithm 1. 1— SQPEM
[18 ]

　　 Step 1　 Choose an initial point x
1
to satisfy cer-

tain conditions ( as x
1
∈ R

n
or satisfying certain feasibil-

ity ) , initial ma trix B1 , k : = 1.

Step 2　 For the current iterativ e point xk , deter-

mine Tk , L-
k ,Lok and parameter ck ,hkj , find a K -T point

d
k
o of Q P( 1. 3) .

　　 Step 3　 Produce a correcting direction d
k
1 by cer-

tain technique.

Step 4　 Let x
k+ 1 = x

k + d
k
0+ d

k
1 , produce a new

ma trix Bk+ 1 , let k: = k+ 1, and go back to Step 2.

　　Assumption 1. 2

　　 ( i) Functions f o ( x ) , f j (x ) ∈ C
2 , j∈ L;

　　 ( ii) If the accumulation point x
*

of the sequence

{x
k
} produced by Algorithm 1. 1 is a K -T point of

Problem( 1. 1) , then the second-o rder sufficent condi-

tions for optimality hold at K -T pair (x* ,u* ) ;

　　 ( iii) The strict complementarity condition of Prob-

lem ( 1. 1) holds at K -T pair (x* ,u* ) .

　　 Assumption 1. 3

　 　 ( i ) The total sequence {x
k
} generated by Algo-

ri thm 1. 1 converg es to aK -T point x
*

of Problem ( 1.

1) , and the non-degenerate condition holds at x* ;

　　 ( ii ) The following relations are satisfied

　　 lim
k→∞

d
k
0 = 0, lim

k→∞
hkj = 0( j ) , dk1 = o( dk0 2 ) .

( 1. 6)

　　 ( iii) Let Lk = { j∈ L
-
k ∪ L

o
k|f j ( xk )+  f j ( xk )tdko

= hkj } , and L* = { j∈ L|f j (x* ) = 0} , suppose that

the following relations hold for k large enough,

　　 Lk ≡ L* , Tk L* . ( 1. 7)

　　 Letu
*

be a K -T multiplier of Problem ( 1. 1) cor-

responding to x* , denote

　　 gj ( x ) =  f j (x ) , j∈ L ; N ( x ) = (gj (x ) , j∈

L ) , Ak = (g j (x
k
) , j∈ L* ) , ( 1. 8)

　　 Rk = En - Ak ( A
T
k Ak )

- 1
A
T
k ,

B ( x* ,u* ) =  2
f 0 (x* ) + ∑

j∈ L

u
*
j  2

f j (x* ) .

( 1. 9)

　　 Theorem 1. 4
[ 18]

Suppose that Assumption 1. 2( i,

ii ) and Assumption 1. 3 hold, then( i ) If

　　  Rk ( Bk - B (x* ,u* ) ) Rkdk0 = o( dk0 ) , ( 1. 10)

　　 Hk = (hkj , j∈ L* ) = o( dk0 ) , ( 1. 11)

then Algorithm 1. 1 is tw o-step superlinearly conver-

gent , i. e.

　　  xk+ 1 - x
*  = o( xk- 1 - x

*  ) . ( 1. 12)

　　 ( ii ) Alg orithm 1. 1 is one-step superlinearly con-

verg ent, i. e.

　　  xk+ 1 - x
*  = o( xk - x

*  ) , ( 1. 13)

if and only if Relation( 1. 9) and

 Rk (Bk - B ( x* ,u* ) )dk0 = o( dk0 ) , ( 1. 14)

hold t rue.

　　 In many practical algori thms, Assumption 1. 2 is

usually supposed true, and Assumption 1. 3 is satisfied

by choosing sui table co rrecting direction d
k
1 and line

search tech nique.

2　 The feasible methods with feasible initial

points

　　 The main idea of v arious feasible methods is how

to const ruct the correcting di rection d
k
1 and select effect

function as w ell as search method for determining step

size, so that Algori thm 1. 1 possesses global conver-

gence and so on, meanwhile, the step size 1 can be ac-

cepted in a neighbourhood of x
* . In this paper, except

for special explanation, i t is supposed that J = Tk = L
o
k
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= ○ ,e = ( 1, 1,… , 1)
T
. The basic assumption of

Problem( 1. 1) is giv en below.

　 　 Assumption 2. 1　 Some non-degenerate con-

straint condi tions ( N DCC) for Problem ( 1. 1) hold

true.

　　 Earlier feasible SQP method w as giv en by Panier

and Ti ts[1 ] in 1987, w hich can be described below.

　　Algorithm 2. 2— Panier-Tits method
[1 ]

　　 Step 1　 Select parameters M > 0,T∈ ( 0,
1
2
) ,U

∈ ( 0, 1) ,V> 2,W> 2,f∈ ( 2, 3) . Lethki ≡ 0, i∈

I; x 1∈ X  { x∈ R
n|f i ( x )≤ 0, i∈ I } , B1∈ R

n× n ,

k = 1.

　　 Step 2　 Let Tk = L
o
k ≡ ○ ,L

-
k ≡ I , calculate a

K -T point d
k
o of Q P( 1. 3) . If d

k
o = 0, stop, and x

k
is a

K -T point of Problem ( 1. 1) ; if Q P( 1. 3) has no K -T

point or d
k
o > M or Bkd

k
o >  dko 

1
2 , go to Step 4.

　　 Step 3　 Computed
k
1 .

　　 ( i) Solv e the quadratic prog ramming given below

to obtain a K -T point dk ,

　　min g0 (x
k
)
T
d +

1
2d

T
Bkd ,

　　 s. t. f i (x
k ) + gi (xk ) T d≤ -  dk0 V, i∈ I.

If d
k
exists, and

　　  dk ≤ M ,θk = g0 ( xk ) Tdk ≤ min{ -  dk0 W, -

 dk W} ,

then go to ( ii) , othw erwise go to Step 4.

　　 ( ii) Solv e the following quadratic prog ramming

　 　 min {
1
2
 d 

1
2|f j (xk + d

k ) + g j (xk ) T d = -

 dk0 f, j∈ Ik } , to get a solution d~ k , w here Ik is the ac-

tive const raint set of quadratic prog ramming in ( i) . If

d
~ k

exists, and d~ k  ≤ dk  , g o to Step 5; otherw ise,

g o to Step 4.

Step 4　 Generate a“ first-order” feasible descent

di rection q
k
by an auxiliary method, let d

k = q
k , d~ k = 0,

θk = g0 ( xk ) T dk .

Step 5　 Line search. Compute the fi rst numberλk

of sequence { 1,U,U
2
,… } satisfying

　　 f 0 ( xk + λdk + λ2
d
~ k ) ≤ f 0 (xk ) + Tλθk , f i (xk +

λd
k
+ λ

2
d
~k ) ≤ 0, i∈ I .

Step 6　 Let x
k+ 1 = x

k+ λkdk+ λ2
k d
~ k ,k: = k+ 1,

and genera te a new ma trix Bk+ 1 by some methods,

then go back to Step 2.

In addi tion to ensure the g lobal convergence of

the sequence points g enerated by the auxiliary

method, the “ first-order” feasible descent direction

guaranteed Algori thm 2. 2 to possess st rong conver-

gence under sui table assumptions. It s characters w ere

giv en in References[1～ 3 ].

　　 Algorithm 2. 3— Jian method
[2 ]

　　 It is obvious that Alg orithm 2. 2 needs to solv e 3

～ 4 QPs at each iteration( According to Reference [1] ,

one QP needs to be solv ed in order to g et the“ first-or-

der” feasible descent direction qk ) , the amount of com-

putation is too much and the const ruction is complex.

Jian J B
[2 ]

had made a modification fo r Alg orithm 2. 2

in 1992.

Step 1　 Select parametersT∈ ( 0, 1
2
) ,U∈ ( 0,

1) ,W> 2,f∈ ( 2, 3) . Lethki ≡ 0, i∈ I; x 1 ∈ X  

{ x ∈ R
n|f i ( x ) ≤ 0} ,B1 ∈ R

n×n , k = 1.

　　 Step 2　 Let Tk = L
o
k ≡ ○ , L-

k ≡ I , calculate a

K -T point dko of Q P( 1. 3) . If dko = 0, stop, and xk i s a

K -T point of Problem ( 1. 1) ; if QP( 1. 3) has no K-T

point o r Bkd
k
0 >  d

k
0 

1
2 , go to Step 5.

Step 3　 Compute revised direction d
k
1 : compute

　　 Ik = { j ∈ I|f j (xk ) + g j (x ) T dk0 = 0} , Ak =

( gj (xk ) ) , j∈ Ik ) ,

　　d
k
1 =

- Ak ( A
T
k Ak )

- 1
( d

k
0 

f
+ f

~ k
) , if det ( A

T
k Ak ) ≠ 0;

0, 　　　 　　　　　　　　 i f det( A
T
k Ak ) = 0,

f
~ k

= ( f j (x
k
+ d

k
0 ) , j∈ Ik ) .

　　 Step 4　 Seeking search. If

　　 θk = g0 ( xk ) Tdk0≤ min{ -  dk0 W, -  dk0+ d
k
1 W} ,

　　 f 0 (x
k
+ d

k
0+ d

k
1 ) ≤ f 0 ( x

k
)+ Tθk , f j (x

k
+ d

k
0+

d
k
1 ) ≤ 0, j∈ I ,

then letλk = 1 , go to Step 7; else go to Step 5.

Step 5　 It is similar to Step 4 of Algo rithm 2. 2,

but let d
k
0 = q

k
, d

k
1 = 0.

Step 6　 Line search. Compute the fi rst numberλk

of the sequence { 1,U,U2 ,… } satisfying

　　 f 0 (xk + λdk0 ) ≤ f 0 (xk ) + Tλg0 ( xk ) Tdk0 , f j (xk +

λdk0 ) ≤ 0, j∈ I.

　　 Step 7　 Let xk+ 1 = x
k+ λkdk0+ λkdk1 , the o thers

are the same as Step 6 of Algori thm 2. 2 .

　　 Algorithm 2. 4— Gao-Wu method
[8 ]

　　 In 1995, Gao Z Y and Wu F modified the method

in Reference [1 ] by theε-piv oting operation, and they

used the new updating formula given by Pantoja-

Mayne
[19 ]

in 1991 to produce matrix Bk+ 1 , thus Rela-

tion ( 1. 14) holds true, and the one-step superlinear

convergence was a ttainable. The main steps are giv en

below .

Steps 1 and 2　 They are the same as Steps 1, 2 of

Algori thm 2. 2.

Step 3　 Computed
k
1 . Find parameterXk > 0 by the
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X-pivo ting operation such that det ( A
T
k Ak )≥ Xk , w here

Ak = ( gj (x
k
) , j∈ JX

k
) , JX

k
= {j∈ I|0≤ - f j (x

k
)≤

Xk }.

　　 ( i) Compute

d
k = d

k
0 + Ak ( ATk Ak ) - 1 (-  dk0 V

e) .

If

　　 θk = g0 (x
k
)
T
d
k
> min{ -  d

k
0 

W
, -  d

k
 

W
} ,

g o to Step 4.

( ii) Compute Ik = { j∈ I|f j (xk ) + g j (xk ) T dk0 =

0} and

　　d
~ k

= Ak ( A
T
k Ak )

- 1
( -  d

k
0 

f
e- f

~ (x
k
+ d

k
) ) , f~ j ( x

k

+ d
k ) =

f j ( x
k
+ d

k
) , j∈ Ik ,

0, j∈ JX
k
\ Ik ,

if d
~ k ≥  dk , let d

~ k = 0. Go to Step 5.

Steps 4, 5 and 6　 They are the same as Steps 4,

5, 6 of Algorithm 2. 2.

Now w e discuss unitedly the convergence of Al-

go rithms 2. 2～ 2. 4 as follows.

Assumption 2. 5　 The iteration sequence {xk }

possesses an accumlation point x
*
.

　 　 Assumption 2. 6　 lim
k→∞

Bk = B* ,B* i s positiv e

definite in the subspaceK= {d|g j (x
*

)
T
d = 0, j∈

L* } , and Relation ( 1. 14) holds true.

　　 Theorem 2. 7　 ( i ) Suppose that Assumptions 1.

2( i) and 2. 1 hold. Then Algori thms 2. 2～ 2. 4 are all

g lobally converg ent, i. e. each accumlation point x
*

of

iterativ e sequence {x
k
} is a K -T point of Problem ( 1.

1) .

　　 ( ii) If Assumptions 2. 1, 2. 5 and 1. 2 ( i, ii) hold,

then Algo rithms 2. 2～ 2. 4 are all st rongly conver-

gent, i. e. lim
k→∞
x
k
= x

*
.

　 　 ( iii ) If Assumptions 1. 2, 2. 1, 2. 5 and 2. 6 all

hold, then Assumption 1. 3 holds too. Furthermore,

Algori thms 2. 2～ 2. 4 are all one-step superlinearly

converg ent.

Proof　 References [ 1, 2, 8 ] proved respectiv ely

that the step size of all Alg orithms 2. 2～ 2. 4 equal one

w hen k la rge enough , and the auxiliary “ fi rst-order”

direction q
k
needs not to be calculated. In Algo rithms

2. 2, 2. 4, the iteration formulae are giv en as x
k+ 1 = x

k

+ d
k + d

~ k = x
k + d

k
0+ ( dk - d

k
0+ d

~ k ) =
def

x
k+ d

k
0+

d
k
1 , and i t 's no t difficult to know that d

k
1 = o( dk0 2 )

f rom the corresponding proof in References [1, 2, 8].

On the other hand, the other requirements of As-

sumption 1. 3 had been proved in the relev ant refer-

ences. So w e can confirm Theorem 2. 7 f rom Theorem

1. 4.

In 1996, Gao
[10 ]

also g ave a one-step superlinearly

convergent feasible method by using two sy stems of

linear equations to produce the updating direction dk1 .

　　 Remark 1　 In the relev ant references, such as

References [1, 2 ] , under Relation ( 1. 10) , only one go t

two-step superlinear converg ence, but with the ap-

pearance of new updating fo rmulae satisfying Relation

( 1. 14) ( such as Reference [19 ]) , the converg ence rate

of these alg ori thms can be one-step superlinear.

　　 Algorithm 2. 8— Gao-Wu method
[9 ]

　　 Because matrix Bk needn 't to be posi tiv e definite

in Algo rithms 2. 2～ 2. 4, the auxi lia ry direction needs

to be computed in a finite number of i terations. In

1997, under the assumption that Bk is uniformly posi-

tive definite, Gao and Wu
[9 ]

presented a curve search

feasible method wi thout the auxiliary di rection, it is

giv en as follow s.

Step 1　 Select x
1
∈ X , a positive definite matrix

B1 , parametersU∈ ( 0, 1) ,T∈ ( 0, 1
2
) ,f∈ ( 2, 3) ;

and functionsh
k
j ≡ 0, j∈ I , let k = 1.

　　 Step 2　 Let Tk = L
o
k ≡ ○ ,L

-
k ≡ I , solve Q P( 1.

3) to g et a K -T point d
k
o , let Ik be i ts activ e const raint

set. If d
k
0 = 0 , then x

k
is a K-T point of Problem ( 1. 1) ,

stop.

Step 3　 Compute di rection.

　　d
k
= d

k
0 - dkQ

T
k e, d~

k
= - Q

T
k ( d

k
0 

f
e+ f

~ k
) , where

dk =
 d

k
0 (d

k
0 )
T
Bkd

k
0

2 dk0  |eT_ k|+ 1
,_ k = - Qkg0 ( xk ) , f~kj =

f j (xk + d
k ) , j∈ Ik ,

0, j∈ I \ Ik ,

　　 Qk = (N (xk ) TN (xk ) + Dk )- 1
N (xk ) T , Dk =

diag ( - f j ( xk ) , j∈ I ) .

If d~ k >  dk , let d
~k = 0.

　　 Step 4　 Line sea rch. It is the same as Step 5 of

Algori thm 2. 2.

Step 5　 Generate a new posi tiv e defini te matrix

Bk+ 1 , others are similar to Step 6 of Algori thm 2. 2.

The converg ence and convergence rate of Algo-

ri thm 2. 8 can be seen from Theorem 3. 6 afterw ards .

In 1999, Jian-Xue
[7 ]

presented a class of feasible meth-

ods containning some of parameters fo r solving nonlin-

ear inequali ty const rained optimization problems, At

each iteration, the algorithm generates the search di-

rections by solving only one Q P in small scale. The to-

tal alg orithm can be seen in Reference [7] .

3　 Subfeasibl e and strongly subfeasible meth-

ods

　　 Though the feasible methods
[1, 2, 7～ 9 ]

overcome the
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shortcomings of penalty function methods that the it-

erative points are infeasible, the calculation of a feasi-

ble initial point increases the amount of computation of

these alg orithms since a feasible point is usually ob-

tained by solving an auxiliary optimization problem. To

overcome this new problem, Jian J B
[20 ]

set up two

new kinds of methods, i. e. subfeasible ( direction)

methods and strongly subfeasible ( di rection) methods

w ith arbit rary initial point. Furthermore, Jian studied

superlinearly convergent algori thms in these ideas in

References [4～ 6]. These alg orithms are given below.

　　Algorithm 3. 1— Jian subfeasible method
[5 ]

　 　 Step 1　 Select parameterk∈ [0, 1 ] , arbit rary

initial point x1 ∈ R
n , functionshkj = O(xk ) = max { 0,

f j (x
k
) , j∈ I } , j∈ I. Others are similar to Step 1 of

Algori thm 2. 3 .

Step 2　 It is similar to Step 2 of Alg orithm 2. 3,

but it doesn 't stop until d
k
0 + O(xk ) = 0

Step 3　 Compute updating direction dk1 . Let

　　 Ik = { j∈ I|f j ( x
k
)+ gj ( x

k
)
T
d
k
0 = h

k
j = O(x

k
) } ,

Ak = (g j (xk ) , j∈ Ik ) ,

if det ( ATk Ak ) = 0 , then go to Step 5, else compute

　　d
k
1 = - Ak ( ATk Ak )- 1{ ( dk0 f - O(xk ) +

 dk0 O( xk ) )e+ f
~ k } ,

　　_
k
= (_

k
j , j ∈ Ik ) = - ( A

T
k Ak )

- 1
A
T
k (g0 ( x

k
) +

Bkd
k
0 ) , rk = ∑

j∈ I
k

_
k
j .

　　 Step 4　 Do seeking search. Let sk = 0, ifO( x
k
) =

0; sk = 1, IfO( x
k
) > 0. if

( 1 - sk )g0 ( x
k
)
T
d
k
0≤ ( 1 - sk ) min{-  d

k
0 

W
, -  d

k
0+

d
k
1 W} , f 0 (xk + d

k
0+ d

k
1 ) ≤ f 0 (xk ) + rk dk0 kO(xk ) +

Tg0 (x
k
)
T
d
k
0 , f j (x

k
+ d

k
0+ d

k
1 ) - O(x

k
)≤ - T( d

k
0 

f
+

O( xk )W) , j∈ I ,

then letλk = 1, go to Step 7; Otherwise, go to Step 5.

Step 5　 Calculate a solution (θk ,q
k
) of the follow-

ing linear prog ram problem ,

　　minθ,

　　 s. t.　 g0 ( xk ) Tq≤ O(xk ) + θ, f j ( xk ) + g j (xk ) T q

≤ O( xk ) + θ, j∈ I , - 1≤ qj ≤ 1, j = 1, 2,… ,n.

Ifθk = 0, then x
k
is a K -T point of Problem ( 1. 1) ,

stop. Otherwise, let d
k
0 = q

k , dk1 = 0, go to Step 6.

　　 Step 6　 Do line search. Find the fi rst numberλk of

the sequence { 1,U,U
2
,… } satisfying

　　 ( 1 - sk ) { f 0 (xk + λdk0 ) - f 0 (xk ) - λTθk }≤ 0,

　　 f j (xk + λdk0 ) - O( xk ) ≤ λTskθk , j∈ I.

　　 Step 7　 It is the same as Step 7 of Algorithm 2.

3.

　 　 The non-degenerate Assumption 2. 1 for Algo-

ri thm 3. 1 is tha t the vectors {gi ( x ) j: f j ( x ) = O(x ) }

are independent for each x∈ R
n
. Note thatO(x

k
) = 0,

if and only if x
k∈ X , and in view of Steps 4 and 6, w e

know that the iterativ e point xk∈ X ( k≥ t ) w henev-

er somex
t
∈ X .

　　 Theorem 3. 2 ( i ) Let Assumptions 1. 2 ( i ) and

2. 1 be satisfied. Then Algo rithm 3. 1 is g lobally con-

verg ent.

　　 ( ii) Suppose that lim
k→∞

x
k = x

* ,O(xk ) = o ( dk0 ) ,

and Assumptions 1. 2, 2. 1 and 2. 6 all hold true. Then

Algori thm 3. 1 does no t go to Steps 5 and 6 for k larg e

enough, the step sizeλk ≡ 1 , and it is one-step super-

linearly convergent.

Under the assumption that matric set {Bk } are u-

nifo rm ly positiv e definite, References [4, 6 ] had moved

away the auxiliary di rection q
k
to make the algori thm

more perfect and independent in theory.

　　 Algorithm 3. 3— Jian subfeasible method without

auxil iary direction
[4 ]

　　 Fo r x ∈ R
n
, defineO(x ) = max { 0, f j (x ) , j ∈

I } . The non-degenerate Assumption 2. 1 is that vec-

to rs {g j (x ): f j (x ) = O( x ) } are linearly independent.

Let

　　 D ( x ) = diag(O( x ) - f j (x ) , j ∈ I ) ,Q( x ) =

( N (x ) TN (x ) + D (x ) ) - 1
N (x ) T .

　 　 Step 1　 Choose an arbi trary ini tial point x1 ∈

R
n , a symmetric posi tiv e defini te matrix B1 , parame-

tersU,X∈ ( 0, 1) ,T∈ ( 0, 0. 5) ,e> 0 ; functionsh
k
j ≡

O(x
k
) , j∈ I. Let k = 1.

　　 Step 2　 Let Tk = L
0
k = ○ ,L-

k = I . Solve a K-T

point d
k
o of QP( 1. 3) , if d

k
0 + O(xk ) = 0 , then x

k
is a

K -T point of Problem ( 1. 1) , stop.

Step 3　 Denote the activ e constraint set of Q P

( 1. 3) at d
k
0 by Ik , calculate

　　 d
k = d

k
0 - fkQ(xk ) Te ,d~k =

0, if - Q( xk ) T ( f~ k - O( xk )e~k ) >  dk0 ,

- Q(x
k
)
T
( f~

k
- O(x

k
)e~
k
) , others.

　　 dk = min{
1
2
, dk0 X} ,fk =

dk (d
k
0 )

T
Bkd

k
0 + O( x

k
)
e

1+  Q(xk ) T g0 ( xk ) 

e
~k
j =

1, j∈ Ik ,

0, j∈ I \ Ik ,
　 f

~ k
j =

f j (xk + d
k
0 ) , j∈ Ik ,

0, j∈ I \ Ik ,

　　 Step 4　 Find the fi rst numberλk of the sequence

{ 1,U,U
2
,… } satisfying

f 0 (x
k
+ λd

k
+ λ

2
d
~ k

) ≤ f 0 (x
k
) + Tλg0 (x

k
)
T
d
k
+

λO( xk )W,

f j ( xk + λdk + λ2
d
~ k ) - O( xk ) ≤ - Tλfk , j∈ I .

　　 Step 5　 Let xk+ 1 = x
k+ λkdk + λ2

kd
~k , and gener-

ate a new symmetric posi tiv e definite matrix Bk+ 1 . Let
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k: = k+ 1 , go to Step 2.

　 　 Algorithm 3. 4-Jian strongly subfeasible

method
[ 6]

　　 For x ∈ R
n , w e denote

　　 I- ( x ) = { j∈ I|f j (x ) ≤ 0} , I+ (x ) = I \

I_ ( x ) ,O(x ) = max { 0, f j (x ) , j∈ I } ,

　　 I ( x ) = { j∈ I|j∈ I_ (x ) , f j (x ) = 0; or j∈
I+ ( x ) , f j ( x ) = O(x ) }.

The non-degenerateAssumption 2. 1 is that v ec-

tors gj ( x )|j∈ I (x ) } are linearly independent for any

x∈ R
n . Jian

[6 ]
in 1996 further used the idea of st rong-

ly subfeasible ( direction) methods to study SQP type

alg orithm , such that the feasibili ty is mono tonously

non-decreasing during the process of iteration, i. e. ,

I_ ( xk )  I_ (xk+ 1 ) .

Step 1　 Choose an arbit rary initial point x
1

∈

R
n
, a symmetric posi tive defini te ma trix B1 , parame-

ters c,X∈ ( 0, 1) ,e> 0. Let k = 1.

　　 Step 2　 Let Tk = L
0
k = ○ ,L -

k = I , Ik- = I- (xk ) ,

I
k
+ = I+ (xk ) , and functions

　　 hkj = O( xk ) , if j∈ I
k
+ ,hkj = 0, if j∈ I

k
- .

Calculate a K -T point d
k
0 of QP( 1. 3) , if d

k
0 + O(x

k
)

= 0, then x
k
i s a K -T point of Problem ( 1. 1) , stop.

Step 3　 Calculate directions p
k ,dk1 :

　 　 p
k

= d
k
0 - dkQ

T
k e,d

k
1 = - Q

T
k {dke + f

~k
-

H(x
k
)e~
k
} ,

w here

　　Uk = ∑
j∈ I

max { 0,_
k
j } ,Vk = min{c , d

k
0 

X
} ,dk =

Vk ( d
k
0 )

T
Bkd

k
0 + O(x

k
)
e

1+ Uk
,

　　 Ik = L
k
+ ∪ L

k
- , Lk+ = { j ∈ I+ ( xk )|f j (xk ) +

gj (x
k
)
T
d
k
0 = O( x

k
) } ,

　　L
k
- = { j∈ I- (xk )|f j (xk ) + g j (xk ) T dk0 = 0} ,

D
k
j =

O( x
k
) - f j ( x

k
) , j∈ I

k
+ ,

- f j (xk ) , j∈ I
k
- ,

　

e~kj =
1, j∈ L

k
+ ,

0, j∈ I \Lk+ ,
f
~ k
j =

f j (x
k
+ d

k
0 ) , j∈ Ik ,

0, j∈ I \ Ik ,

　　Dk = diag (D
k
j , j ∈ I ) ,_

k
= - Qkgo (x

k
) , Qk =

(N (xk ) TN (xk ) + Dk ) - 1
N (xk ) T .

　　 Step 4　 Line search. ( i) If

　　 f 0 (x
k
+ d

k
0+ d

k
1 ) - f 0 ( x

k
) ≤ 0. 25g0 (x

k
)
T
p
k
,

　　 f j (x
k
+ d

k
0 + d

k
1 ) - O( x

k
) ≤ - 0. 5dk , j∈ I

k
+ ;

f j (xk + d
k
0+ d

k
1 ) ≤ 0, j∈ I

k
- ,

then letλk = 1,d
k
= d

k
0 + d

k
1 , go to Step 5;

　　 ( ii) Find the fi rst numberλk of sequence { 1, 2
- 1

,

2
- 2

,… } satisfying

f 0 ( x
k
+ λp

k
) - f 0 ( x

k
)≤ 0. 5λ(g0 ( x

k
)
T
p
k
+ O( x

k
)
e
) ,

f j ( xk + λpk ) - O(xk ) ≤ - 0. 5λdk , j∈ I
k
+ ; f j ( xk +

λpk ) ≤ 0, j∈ I
k
- . Let d

k = p
k , go to Step 5.

Step 5　 Let x
k+ 1 = x

k+ λkdk , produce a new pos-

i tiv ely defini te matrix Bk+ 1 . Letk: = k+ 1, g o to Step

2.

To analyse unitedly the convergence and superlin-

ear rate of convergence of Algo rithms 2. 8, 3. 3, 3. 4,

suppose,

Assumption 3. 5　 Sequences x
k

and {dk0 } are

bounded, {Bk } is uniformly posi tive definite.

　　 Theorem 3. 6　 ( i) Let Assumptions 1. 2( i) , 2. 1,

3. 5 be satisfied. Then Algorithms 2. 8, 3. 3 and 3. 4

are all globally converg ent.

　　 ( ii ) Assume that Assumptions 1. 2 ( i , ii) , 2. 1 and

3. 5 hold. Then Algori thms 2. 8, 3. 3 and 3. 4 are all

st rongly convergent.

( iii) Suppose, in addi tion Assumptions 1. 2 ( i, ii ) ,

2. 1 and 3. 5, that Relations ( 1. 11) and ( 1. 14) hold

t rue. Then Algori thms 2. 8, 3. 3 and 3. 4 are all one-

step superlinearly convergent.

4　 Feasible method for general constraints

　　 The algorithms introduced above are all limited to

optimal problems wi th inequality constraints, i. e. J=

○ . In 1995, Jian
[3 ]

ex tended the SQP method and pre-

sented a“ feasible descent” algori thm fo r equality and

inequality constrained optimization problems. The basic

idea is to convert Problem ( 1. 1) into an inequality

const rained problem. It is show ed in the follow ing.

　　 min {Fc (x ) =
def

f 0 (x ) - c∑
j∈ J

f j ( x )|f j ( x ) ≤ 0, j

∈ L = I∪ J }.

　　 Algorithm 4. 1[3 ]

　　 Denote

　　 X+ = {x ∈ R
n
|f j (x ) ≤ 0, j∈ L } , I (x ,X) = { j

∈ I|- f j ( x ) ≤ X}∪ J .

The non-degenera te Assumption 2. 1 is that v ectors

gj ( x )|j∈ I (x , 0) } a re linearly independent for any x

∈ X+ .

Step 1　 Choose initial point x
1
∈ X+ and matrix

B1 , parametersM ,W′,X,X′> 0;V,W> 2;f∈ ( 2, 3) ,T

∈ ( 0, 0. 5) ,U∈ ( 0, 1) ,k = 1.h
k
j ≡ 0, j∈ L .

　　 Step 2　 Use piv oting operation to g enerateL
-
k =

I ( x
k
,Wk ) such that det (N

T
k Nk ) ≥ Wk , w here N k =

( gj (x
k
) , j∈ L

-
k ) .

　　 Step 3　 Update parameter c , Calculate

　　_k = - Qkg0 ( xk ) ,Qk = (N T
k N k ) - 1

N
T
k ,c~k =

min{_
k
j , j∈ J } ,
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　　 ck =
ck- 1 ,　　　　　　　　 ck- 1 ≥- c

~
k + X,

max {X- c
~
k ,ck- 1 + X′} , ck- 1 < - c

~
k + X.

　　 Step 4　 Let Tk = J ,L 0
k = ○ ,L -

k = I ( xk ,Wk ) ,c=

ck , solv e QP( 1. 3) to get a K -T point d
k
0 . If d

k
0 = 0 ,

then x
k
is a K -T point of Problem ( 1. 1) , stop; if d

k
0

does not exist o r d
k
0 > 1 , then go to Step 7.

　　 Step 5　 Compute

　　d
k
= d

k
0 -  d

k
0 

V
Q
T
k e ,θk =  Fc

k
(x

k
)
T
d
k
.

If

　　  d
k
 ≤ M ,θk ≤ min{-  d

k
0 

W
, -  d

k
 

W
} ,

then go to Step 6. Otherwise, go to Step 7.

　 　 Step 6　 Calculate Ik = { j ∈ L
-
k |f j ( xk ) +

gj (xk ) T dk0 = 0} and

　　d
~ k = - Q

T
k ( dk f

e+ f
~k ) , f~kj

=
f j (xk + d

k ) , j∈ Ik ,

0, j∈ L
-
k \ Ik ,

if d
~ k >  dk , then let d

~ k = 0 . Go to Step 8.

　　 Step 7　 Find a “ first-order” feasible descent di-

rection d
k , let d

~ k = 0,θk =  Fc
k
(xk ) T dk .

　　 Step 8　 Calculate the first numberλk of the se-

quence { 1,U,U
2
,… } satisfying

　　 Fc
k
(xk + λdk+ λ2

d
~ k ) ≤ Fc

k
( xk ) + Tλθk , f j (xk+

λd
k
+ λ

2
d
~k ) ≤ 0, j∈ L .

　　 Step 9　 It is the same as Step 6 in Algorithm 2.

2.

The converg ence and superlinear rate of conver-

gence of Algori thm 4. 1 a re similar to Theorem 2. 7.

Ref erences

1　 Panier E R, Tits A L. A superlinea rly converg ent fea sible

method fo r the solution o f inequality constrained optimiza-

tion problems. SIAM J Control and Optimiza tion, 1987, 25

( 4): 934～ 950.

2　 Jian J B, Tau P H. A two-step superlinear ly converg ent-

fea sible method for nonlinea r prog ramming problems. In:

Wang Yinqing. OR and Decision Ma rking. Vol I. Chengdu

( China ): Chengdu Univ ersity o f Science and Tech nology

Press, 1992. 461～ 467.

3　 Jian J B. A superlinear ly converg ent feasible descent a lgo-

rithm for nonlinear optimization. Journa l of Ma th ema tics

( China) , 1995, 15( 3): 319～ 326 .

4　 Jian J B. A subfeasible direction method combining SQP

technique with genera lized pro jec tion. Applied Ma th ema t-

ics ( Ser A) ( China) , 1996, 11( 1): 65～ 74.

5　 Jian J B. A superlinearly convergent combined phase I-pha se

II subfea sible method. J Sy s Sci and Sy s Eng , 1994, 3( 2):

104～ 111.

6　 Jian J B. A strong subfeasible dir ections a lgo rithm with su-

perlinear converg ence. J Sy s Sci and Sys Eng , 1996, 5( 3):

287～ 295.

7　 Jian J B, Xue S J. A class o f superlinearly converg ent feasi-

ble methods for nonlineraly constrained optimiza tion. Jour-

nal of Mathema tica l Research and Expo sition, 1999, 19

( 1): 135～ 140.

8　 Gao Z Y , Wu F. A SQP feasible method fo r nonlinea rl con-

straints. Acta Mathematicae Applicatae Sinica ( Ser A ) ,

1995, 18( 4): 579～ 590.

9　 Gao Z Y , Wu F. A superlinear ly feasible method for non-

linea rl constraints. Acta Ma thematica Sinica ( Ser A ) ,

1997, 40( 6): 895～ 900.

10　 Gao Z Y. A superlineaely converg ent feasible method for

nonlinea r prog ramming with nonlinear inequality con-

straints( Pa rt I): Alg orithm. J of Nor thern Jiaotong Uni-

versity , 1996, 20( 1): 51～ 60.

11　 Gao Z Y, Wu F, Lai Y L. A superlinear ly converg ent alg o-

rithm of sequential sy stems of equations fo r nonlinear opti-

miza tion. Chinese Science Bulletin, 1994, 39 ( 9): 774～

777.

12　 Gao Z Y, He G P, Wu F. A new meth od for nonlinear op-

timization problem s-sequential systems o f linear equations

alg orithm. In: Du D Z, Zhang X S, Cheng K. Operations

Research and Its Applica tions. Lectur e Notes in Opera tion

Research 1. Beijing: Wor ld Publishing Co rpo ration, 1995.

64～ 73.

13　 Panier E R, Tits A L , Herskov its J N. A QP-fr ee global

converg ent, loca lly superlinea rly convergent alg orithm for

inequality constrained optimiza tion. SIAM J Contro l and

Optimiza tion, 1988, 26( 4): 788～ 811.

14　 Zhang K C, Jian J B. A superlinea rly converg ent general-

ized pro jection-sequential systems of linea r equa tions alg o-

ritnm. J of Guangx i Univ ersity, 1999, 24( 1): 9～ 14.

15　 Jian J B. A generalized pro jection-successiv e linea r equa-

tions algo rithm for nonlinea rly equality and inequality con-

strained optimization and its ra te o f converg ence. Appl

Ma thematics( Ser B) ( China) , 1997, 12( 4): 343～ 354.

16　 Jian J B. A fast convergent directly feasible directions

method fo r nonlinea rly inequality constrained optimiza-

tion. J o f Sys Sci and Sy s Eng, 1997, 6( 1): 5～ 14.

17　 Jian J B. A superlinea rly convergent directionly strong ly

subfeasible directions method for nonlinear inequality con-

strained optimization a: generalized projection va riable

metric method. J of Sy s Sci and Sy s Eng , 1997, 6( 4): 418

～ 429.

18　 Jian J B. Two ex tension models of SQP and SSLE alg o-

rithm s fo r optimization and their super linea r and quadrti-

ca l convergence. Applied Ma thematics ( Ser A ) ( China ) ,

2001, 16( 4): 435～ 444.

19　 Pantoja J F A De O , Mayne D Q . Exact pena lty func tion

algo rithm w ith simple upda ting of the penalty parameters.

JO TA, 1991, 69( 1): 441～ 467.

20　 Jian J B. On subfeasible and strong ly subfeasible directions

of m ethods. In: Yue M Y. Optimization Theor y and Appli-

ca tions. Xi 'an: Univ ersity of Electronic and Technolog y

of China Press, 1994. 113～ 118.

(责任编辑:蒋汉明 )　　

90 Guangx i Sciences, Vol. 9 No. 2, May 2002


