DOT: 10. 13656 /j . crki . gxkx . 202. O1. 005

Guangxi Sciences 2002, 9 (1): 13~ 15

Parseval-type Equality of Dyadic Wavelet and Its Extension
Parseval

/hang Zhihua
2

( Graduate School of Chinese Academy of Sciences, Zhongguanchun, Beijing, 100080, China)

(

Abstract

dyadic wavelet are presented.

Key words Parseval-type equality, dyadic wavelet,

Parseval
Parseval

0173. 1

1 Introduction

Denote the Fourier transform of f byf. And
Il < Il and (°
inL*(R) , respectively.
let J € LZ(R)- If there are two positive
numbers 4 and B such that

A<2|J |2<B a. e. (1)

(here and later,z E ), then J is called a

m= —c<

, ° )are the norm and theinner product

dyadic wavelet"”! . The inequality (1) is called the
stability condition

In this paper, we shall extend the above definition
of dyadic wavelet as follows

Definition 1 Let J1,J2€ L*(R).

If there are
two positive numbers 4 and B such that that
-k k k
< [ g 7k
B, a. e. (2)
then {J1(2),J2(7)} is said to be a pair of quasi-dyadic

wavelets. Jl(f) and ]Z(f) are called quasi-dyadic
wav elets.

IfJ (¢) isa dyadic wavelet, the pair {J (¢),] (¢)}
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is a pair of quasi—dyadic wavelets. Thus, a dyadic

wavelet J (1) is certainly a quasi-dyadic wavelet.
Definition 2 Let {J1(¢),J2(¢)} be a pair of

quasi-dyadic wavelets. {J1 (¢),J2 (¢)} is defined by

the following formulae

. J;(k)
(Jl) (k): — k -~ k °
Z,; Jlf?,)Jz(?)
* 1 k
(J2)~ (k)= L (3)

-~k - Kk
2 i) 1)
that are said to be a dual pair of {J1(2),T2(2) ).
Definition 3 If J € L’(R), the transform

(WY f) (b) = Z"Jf(t) J(3'(t - b)) &.bE Rforf

€ L’(R) (4
that is said to the extended dyadic wavelet transform.

When J (¢) satisfies Inequality ( 1), the extended
dyadic wavelet transform is just the ordinary dyadic

[1]
wavelet transform .

2 Main resul ts

Theorem 1 Let J1,J.€ L'(R) L*(R) and
{J1(6), J2(2)} be a pair of quasi-dyadic wavelets and
{17 (0,12 ()} be the dual pair of 1),
J2(¢)}. Then for any f € LZ(R), the following pair

13



of Parseval-type equalities holds
2 W)= 2 (5)
D (WL f) = xSl (6)
where W £ is stated in Equality (4) .

Theorem 2 Under the assumptions of Theorem
1, for any f,g € LZ(R),
generalied Parsevaltype equalities holds

2 (WS W g) = K (f.g). (7)
20 (WS W) = E(f.g). (8

the following pair of

From Theorem 2, we can get the following
theorem im mediately.

Theorem 3 Under the assum ptlons of Theorem

L, if the funchons-I ()= J» (t) I(), then J i (2)
= J3 (1)= J* (¢) and for anyf,ge LZ(R), we have
2 (WIfWT )= X (f.g). (9)

Spedally, whenf = g, wehave

X Wy = 2l (10)

The above equalities (9) and (10) are Parseval-
type equalities of dyadic wavelet. We have not found
them in the published literatures by now.

3 Proof of theorems

Proof of Theorem 1  Since the proofs of
Equalities (5) and (6) are similar, we only prove
Equality (5) here.

By J1,1:€ L'(R)\ L*(R), weknow that their
Fourier transforms satisfy

Jl, 26 L*(R)N L (R).
By Formulae (2) and (3),

(11)
(k)<

weget| (Ji)n
_/11| Jz(k)‘ a. e. From this and Formula (11), we have

(J'y~€ (RN L (R). (12)

Further J1 € L*(R). Now by Equality (4) and

[31

Parseval equality of Fourier transform™', we get

_,bkdk ( 13)

(W1.1)(B) = Iﬂ_k) JiGge

(WP, f) (b) = Iﬂ_k)mw (%‘n)e-“dk.
(14)
— -~k .
setL(k) = £(K) Ji(5) andL (k)=

14

PRURT k
(k) Jvy- (5) By Formulae (11) and (12), we
see that
L.L € L'(R)N L’(R).
So by the definition of L' -
Equalities (13) and (14) are rewritten in the form
(W1 f)(b)= X L().
(WH f)(b) =

Again by Parseval equality of Fourier transform,

(WL WS = %J

—co

Fourier transform,

x L ().

L)L (b)db

. %J LR L (kydk

S ra k
2 | 17k T ()" () dk

By Formula (3), we see that

k
Jz(?)

— &k - k
Z; i)l (en)

. k
(1) (5) =
-k
Jz(?)
% -k
2 LG
and so by Formula (2),

<

N~

, a. e

Again using Parseval equality of Fourier

transform, weknow that

(1 e ko k
ZJ 7 () J'@)(J])A(—)\dlé

J |f(k\2 ‘J (Zn)(J ) ‘dlk By 11

_ B 2
= AIIfII )

So using Lebesgue & theorem of dominated

convergence, we get

20 (W f WY ) =
{ - - *
x J‘If(k)lzzm;{h(%)(]l )"

Again by Formula (3),
k. ..k
2 i ) =
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k
(—Zﬂﬂ dk. (15
it is easy to obtain that
and

1. From this



Equality ( 15), using Pamseval equality of Fourier T - BT ! R .
L F(k)2dR L | T g(kl2dR "= Il I gll =

transform, we get

D0 (W) = J | £ (k)| 2dk = 7l gl .
p oo Combining with Formulae (17) and ( 18), we see

2712, % —— .
J ﬂb @ﬂ(fﬂ A(yﬂ&<w.

This completes the proof of Theorem 1.

M

Proof of Theorem 2  Imitating the proof of So using Lebesgue’s theorem of dominated
Theorem 1, we can get convergence and Equality (16), wehave
(W1, WP, g) = 2. (WL g) =
%Jﬂbg&ﬂﬂ_ﬂh)Afﬁﬁ~ (16) J S T Sk k
z ? x| fl9gts | Tz () ) ds

It is clear that

>

Again by Formula (3),
k k —
k k ~ o k: - % k
sk ”I(T)( (T)‘d };[ijEn(Jl)Ac—ﬂ = 1 So we get

oA

[ = -k . k Equality (7) . Similarly we can also get Equality ( 8)
e [N G|k Bt

T S 8 (%) m 1(2n ) (27) (17 . The proof of Theorem 2is completed.
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Again using Parseval equality of Fourier transform, we ( : )

get
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