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One Property of the Singular Values of Matrix
关于矩阵奇异值的一个性质
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Abstract　 A new result about the relation betw een the singular values of an arbi trary matrix and

those of it s submatrix, which is called generali zed interlacing theorem, is presented.
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摘要　给出关于任意一矩阵与子矩阵的奇异值关系 , 称之为广义分隔定理。并给出其一个简单应用。
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　　 As to the singular v alues, there is interlacing theo-

rem in Reference [1] . And i t comes f rom Cauchy in-

terlacing theorem:

Let A∈ C
m× n

be a giv en matrix and A1 be the ma-

trix obtained by deleting any one column from A. Let

{Wi } denote the singular values of A and {θi } denote the
singula r values of A 1, both arrange in non-increasing

o rder:

( i) Ifm≥ n, then

W1≥θ1≥W2≥θ2≥… ≥θn- 1≥Wn≥ 0.

( ii) Ifm < n , then

W1≥θ1≥W2≥θ2≥… ≥Wm≥θm≥ 0.

If a row of A is deleted and replaced wi th a col-

umn, the inequalities associated wi th the tw o cases ( i)

and ( ii) are interchanged.

But what happen to the matrix A and i ts subma-

trix A1 which is obtained by deleting any one row and

the same column? We try to wo rk out this question in

this paper, and an application about some normal ma-

trix es is obtained.

1　Results and Appl ication

Firstly , let us int roduce the result of Reference

[1] on Cauchy interlacing theo rem.

Lemma 1 ( Cauchy interlacing theorem) 　 Let A

be a Hermi tian matrix , A 1 be the submatrix of A

which is obtained by deleting some row and the same

column from A.λ1 ,λ2 ,… ,λn a re the eigenvalues of A in
increasing o rder. _ 1 ,_ 2 ,… ,_ n- 1 a re the eigenvalues of

A 1 in increasing order, then

λ1≤ _ 1≤… ≤λn- 1≤ _ n- 1≤λn .

Theorem 1　 Let A∈ R
n×n

be Hermitian and z∈

R
n be a given vector. If the eig envalues of A and A+

zz
T
a re arranged in increasing order

λ1≤λ2≤… ≤λn ,

We have

λ1 ( A )≤ λ1 ( A+ zz
T
)≤… ≤λn ( A)≤λn ( A+

zz
T
) .

Proof　 SincezzT is a positive semidefini te matrix ,

w e obtainλi ( A )≤ λi ( A+ zz
T ) andλi ( A + zz

T )≤
λi+ 1 ( A ) ( see in Reference [1 ] ) .

We show our results as follow s.

Theorem 2　 If B ∈ R
k× k is a matrix , {Wi }

k
i= 1 are

the singular v alues ofB and {θi }
k- 1
i= 1 are the singular v al-

ues of B 1= B ( 1,… , i - 1, i+ 1,… ,k ) which is a ma-

trix by deletion of thei th row and the i th column of B ,

and both are arranged in increasing order, then there

exists the sequence of nonnegativ e real numbers

{Ki }
k- 1
i= 1 which satisfies

W1≤ K 1≤W2≤… ≤Wk- 1≤ Kk- 1≤Wk ,

meanwhile,

θ1≤ K 1≤θ2≤… ≤θk- 1≤ K k- 1 .

Proof　 Deno te the singular values of B

W1 ,W2 ,… ,Wk whereWi≥ 0, i = 1, 2,… ,k ,

and {Wi } are arranged in increasing o rder.

That is, the eig envalues of Hermitian matrix BB
*

in increasing order are

W
2
1 ,W

2
2 ,… ,W

2
k .

Furthermore, let D= BB
*
andD1 = D { 1, 2,… , i -
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1, i+ 1,… ,k } w hich has the same meaning as B 1,

then D1 = B 1B 1
*
+ zz

T
, where

z = (bi1 ,bi, i- 1 ,bi, i+ 1 ,… ,bik )
T
.

And K
2
1 ,K

2
2 ,… ,K

2
k- 1 are the eigenvalues o r D1 in in-

creasing order. Ki≥ 0, i= 1, 2,… ,k - 1 . According

to Cauchy interlacing theo rem
[1 ]
, we get

W
2
1≤ K

2
1≤… ≤ K

2
k- 1≤W

2
k

o r

W1≤ K 1≤… ≤ Kk- 1≤Wk .

On the other hand, let the eigenvalues of B 1B 1
*
beθ

2
1 ,

θ
2
2 ,… ,θ

2
k - 1 in increasing o rder, whereθi≥ 0, i= 1, 2,

… ,k - 1. According to Theo rem 2, w e get

θ
2
1≤ K

2
1≤θ

2
2≤… ≤θ

2
k- 1≤ K

2
k- 1

o r

θ1≤ K 1≤θ2≤… ≤θk- 1≤ Kk- 1 .

Remark 1　 For convenience w e call the conclusion of

Theorem to be generali zed interlacing theorem. Fur-

thermore, these inequalities can not be combined into

one. For example,

A =
　 0　 1

- 1　 0
, A1 = [0] ,

w hereW1 = W2 = 1,θ1 = 0.

That is, it can not be showed that they are in an

inequality as Cauchy interlacing theorem, but they can

be described as generalized interlacing theorem.

Now let us use the result in Theo rem 3 to get the

following result.

Theorem 3　 Let B ∈ R
k× k and B be normal and the

submatrix B 1, w hich is obtained by deleting some row

and the same column of B , is normal. {λi }
n
i= 1 are the

eigenvalues of B in modulus increasing order and

{_ i }n- 1
i= 1 are the eigenvalues of B 1 in modulus increasing

order. Then there exists the sequence of nonnegativ e

real numbers {K i }
k- 1
i= 1 which satisfies

|λ1|≤ K 1≤|λ2|≤… ≤|λn- 1|≤ Kn- 1≤|λn|
and

|_ 1|≤ K 1≤|_ 2|≤… ≤|_n - 1|≤ Kn - 1 .

Proof　 Since that the modulus of the eig envalus-

es are just the singular v alues, w e can get the conclu-

sion acco rding to Theorem 3.

Apparent ly , the theorem fi ts to Hermitian and

skew-Hermitian matrixes. And the no rmal matrix

plays an important role not only in economics but also

in physics.
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实验表明 , WBLE具有很多优点 , 采用 WBLE结构

后 ,输入自相关矩阵很接近一个对角阵 ,通过能量规

一化 , 可以使 WBLE的收敛速度比传统的 LE快很

多 , 而误码性能则与 LE相同。当信道特性发生变化

时 , WBLE能够迅速跟踪这一变化。在很多情况下

WBLE的权系数中只有少数具有较大的能量 , 而其

它系数能量则小得多。
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