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Abstract　 The generali zed Meyer wavelet is discussed.
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1　 Introduction and main result

Deno te the Fourier t ransform of f by f
 , and the

compact support of f by supp f , that is

supp f = clos{ t , f ( t )≠ 0 } .

Ifj∈ L
2 ( - ∞ ,∞ ) and the system of functions

{ 2
m
2j( 2m t - n ) ,m ,n∈ Z }

is an orthonormal basis, then w e callj the mother

w avelet
[1, 2 ] .

The const ruction of mo ther w avelet is based on a

multiresolution analysis.

If a sequence of closed subspaces {Vm }m∈ Z in L
2
( -

∞ ,∞ ) satisfies the follow ing condi tions:

( i ) Vm Vm+ 1 (m∈ Z ) , ∪
-

m∈ Z
Vm = L

2 ( - ∞ ,∞ ) ,

∩
m∈ Z

Vm = { 0} ,

( ii) f ( t )∈ Vm f ( 2t )∈ Vm+ 1 ,m∈ Z ,

( iii ) there is ah( t )∈ V0 such that {h( t - n) }n∈ Z

is an orthono rmal basis of V0 .

Then w e call {Vm }m∈ z a multiresolution analy sis,

andh( t ) a scaling function
[1, 2 ] .

Theorem A
[3 ]　 Let a, b satisfy the following in-

equalities

a < 0,b > 0,
b
2
- a≤ 2c,b -

a
2
≤ 2c,b - a > 2c

( 1)

and let the real-valued continuous functionh (k)
satisfy

( i) supph
 (k) = [a,b ] .

( ii)|h
 (k)|= 1,a+ T≤k≤ b - T(T= b - a

- 2c) .
( iii)|h

 (k)|2+ |h (k+ 2c)|2 = 1,a≤k≤ a+

T.

Then its inv erse Fourier t ransformh( t ) is a scaling
function.

Theorem B
[2 ]
　 Leth( t ) be a scale function, then

there is a system transfer function H (k)∈ L
2 ( - c,c)

w hich is a 2π-periodic function such that

h (k) = H (k
2
)h (k

2
) .

Theorem C
[ 2]
　 Leth( t ) be a scaling function,

and H (k) be a co rresponding system transfer func-

tion. Then the corresponding mother waveletj( t ) sat-
isfies the following formula

j (k) = e- i
k
2h (k

2
) H (k

2
+ c) .

In 1986
[ 4]
Meyer const ructed the fi rst mo ther

w aveletj( t ) ( so-called M eyer wavelet) . It s explici t ex-
pression is stated as follow s.

ei
k
2j (k) =

sin [
c
2ν(

3
2c|k|- 1) ] ,

2
3c≤|k|≤

4
3c,

cos[
c
2
ν(
3
4c
|k|- 1) ] ,

4
3
c≤|k|≤

8
3
c,

　 0,　　　　　　　　 otherwise,

( 2)

w hereν(x ) is differentiable infini tely often and

ν( x ) =
0,x≤ 0,

1,x≥ 1,
( 3)

ν( x ) + ν( 1 - x ) = 1, ( - ∞ < x < ∞ ) . ( 4)

Now w e giv e a generali zation of the above result.

Theorem　 Let a,b satisfy Inequalities ( 1) , and let

νa ,b (x ) be differentiable infinitely of ten and

νa ,b (x ) =
0, x≤ 0,

1, x≥Z,
( 5)

and　νa,b ( x ) + νa ,b (Z- x ) = 1 ( - ∞ < x < ∞ ) ,

( 6)

hereZ= -
2(b - a) - 4c
b - a - 4c

. ( 7)

Then the functionja, b ( t ) defined by the follow ing for-
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mula is a mother wavelet:

ei
k
2j a ,b (k) =

sin [
c
2
νa ,b (

1

2c-
b - a
2

|k-
a + b
2
|- 1) ] ,

　　 ( 2c-
b - a
2
≤|k-

a+ b
2
|≤

b - a
2
) ,

1, ( 2b - 4c≤k≤ a o rb≤k≤ 2a+ 4c) ,

cos[
c
2ν

a ,b (
1

4c- (b - a)|k- (a+ b)|- 1) ] ,

　 ( 4c+ (a - b)≤|k- (a+ b )|≤ b - a) ,
0,　 otherwise.

( 8)

Specially , for a = -
4
3
c,b = 4

3
c, thisja,b ( t ) i s just

Meyer w avelet.

2　 Lemmas

Lemma 1　 Leta ,b andνa,b ( x ) are stated as Theo-
rem. Then the functionha,b ( t ) defined by the following
formula

h a ,b (k) = cos[c
2
νa,b ( 1

2c-
b - a
2

|k- a+ b
2
|- 1) ]

( 9)

is a scaling function.

Proof　 From ( 5) , ( 7) and ( 9) , i t follow s that

h a ,b (k) =
　 1, |k- a+ b

2
|≤ 2c- b - a

2
,

　 0, |k-
a+ b
2
|≥

b - a
2
.

LetT= b - a - 2c, w e have
h a ,b (k) = 1,k∈ [a+ T,b - T] ( 10)

and　　 supph
 
a ,b (k) = [a,b ]. ( 11)

Nex t w e prove

|h
 
a ,b (k)|

2
+ |h
 
a ,b (k+ 2c)|

2
= 1,k∈ [a,a+ T].

( 12)

In fact, fora≤k≤ a+ T, w e obtain fromb -
a
2

≤ 2c,b > 0,T= b - a - 2cthat

k≤ a+ T= b - 2c≤
a
2
≤

a+ b
2
.

So by ( 9) , we have

h a ,b (k) = cos
c
2
νa,b

b - k- 2c

2c-
b - a
2

. ( 13)

On the other hand, fora≤k≤ a+ T, we obtain

f rom
b
2 - a≤ 2c,a < 0 that

k+ 2c≥ a + 2c≥ b
2
≥ b+ a

2
.

So by ( 9) and ( 7) , w e have

h a ,b (k + 2c) = cos
c
2
νa,b

k- a

2c-
b - a
2

=

cos
c
2
νa ,b
Z- b - k- 2c

2c-
b - a
2

.

Again applying Formula ( 6) , w e have

h a, b (k+ 2c) = cos
c
2
1 - νa, b

b - k- 2c

2c-
b - a
2

=

sin
c
2
νa,b

b - k- 2c

2c-
b - a
2

. ( 14)

Now from ( 13) and ( 14) , w e know that ( 12) is

valid.

By ( 10)～ ( 12) , applying Theorem A, w e con-

clude Lemma 1.

Lemma 2　 The sy stem transfer function corre-

sponding to the scaling functionh
 
a,b ( t ) is

Ha ,b (k) = ∑
k∈ Z

h ( 2k+ 4kc) ,k∈ ( - ∞ ,∞ ) .

( 15)

Proof　 From suppφ (ω) = [a, b ] , w e know that

the above summation fo rmula has at most finite terms.

We first prov e that

h a,b (k) = h a ,b (k)h a ,b (
k
2
) ,k∈ ( - ∞ ,∞ ) . ( 16)

In fact , fork∈ [a,b ] ,
k
2
∈ [

a
2
,
b
2
], from

b
2
-

a≤ 2c, b - a = 2c+ T, w e know that
b
2
≥T, i. e.

b
2
≤ b - T. Similarly we have

a
2
≥ a+ T, so

[ a
2
, b
2
] [a+ T,b - T].

Again by ( 10) , h
 
a ,b (k

2
) = 1,k∈ [a,b ] , but by

( 11) , h a,b (k) = 0,k [a,b ] , so ( 16) is valid.

In view of supph
 
a,b (k+ 4kc) = [a+ 4kc,b +

4kc] , supph
 
a ,b (k

2
) = [2a, 2b ] and inequali ties 2b≤ a

+ 4c,b - 4c≤ 2a, we get that fo r k≠ 0,

supph
 
a,b (k+ 4kc)∩ supph

 
a ,b (k

2
) =  .

From this and ( 16) , i t follow s that

h a,b (k) = (∑
k

h a ,b (k+ 4kc) )h a ,b (k
2
) ,

k∈ ( - ∞ ,∞ ) . ( 17)

But by Theorem B, w e know that the system

transfer function Ha,b (k) satisfies

h a,b (k) = Ha,b (
k
2
)h a,b (

k
2
) ,k∈ ( - ∞ ,∞ ) .

( 18)

Since supph
 
a ,b (
k
2
) = [2a , 2b ] , comparing ( 17) w ith

( 18) , w e obtain that

Ha ,b (
k
2
) = ∑

k

h a,b (k+ 4kc)　k∈ [2a, 2b ].

Again no ticing that the functions of both sides of the

above formula are all 4π-periodic functions and 2b - 2a
> 4c, hence in the w hole real axis, ( 18) is valid. Lem-
ma 2 is proved.

3　 Proof of Theorem

From Theorem C and Lemma 2, w e know the
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mother w aveletja ,b ( t ) corresponding to the scaling
functionha, b ( t ) sa tisfies:

j a ,b (k) = e
- i
k
2 (∑

k

h a ,b (k+ ( 4k+ 2)c) )h a,b (
k
2
) ,

k∈ ( - ∞ ,∞ ) . ( 19)

By Inequalities 1 and supph a ,b (k) = [a,b ] , w e obtain

that

supph
 
a ,b (k+ ( 4k+ 2)c) ∩ supph

 
a ,b (k

2
) =  ,

(k≠ 0, - 1) .

So f rom ( 19) , w e have

h a ,b (k) = e- i
k
2 (h a,b (k + 2c) + j a ,b (k -

2c) )h
 
a ,b (
k
2 ) ,k∈ ( - ∞ ,∞ ) . ( 20)

From supph
 
a ,b (k) = [a,b ] , we know that

supp {h
 
a,b (k+ 2c) + h a,b (k- 2c) } = [a - 2c,

b - 2c]∪ [a + 2c,b+ 2c] ( 21)

and　　 supph
 
a ,b (
k
2
) = [2a, 2b ] . ( 22)

Again f rom ( 1) , w e have

2a∈ (a - 2c,b - 2c) , 2b∈ (a+ 2c,b+ 2c) .
( 23)

By ( 21)～ ( 23) w e conclude that

suppj
 
a,b (k) = [2a,b - 2c]∪ [a+ 2c, 2b ].

( 24)

Nex t, w e prove that Formula ( 18) is valid.

We divide the suppj a ,b (k) into six intervals, that
is　 [2a,b - 2c] = [2a, 2b - 4c]+ [2b - 4c,a ]+
[a,b - 2c]
and

[a+ 2c, 2b ]= [a+ 2c,b ]+ [b, 2a+ 4c]+ [2a

+ 4c, 2b ].
( i) Letk∈ [2a, 2b - 4c].
Now by ( 1) andT= b - a - 2c, w e have
k+ 2c≥ 2a+ 2c≥ b - 2c= a+ T

and

k+ 2c≤ 2b - 2c≤ a+ 2c= b - T.
So f rom ( 10) i t follow s that

h a ,b (k+ 2c) = 1.

Nowk- 2c≤ 2b - 6c≤ a , so by ( 11) , w e have

h a ,b (k- 2c) = 0.

From this and ( 20) , ( 9) , we get

ei
k
2j a ,b (k) = h a,b (

k
2
) = cos[

c
2
νa ,b (

1

2c-
b - a
2

|
k
2
-

a+ b
2
|- 1) ].

( ii) Letk∈ [2b - 4c,a ] .
Now a+ T≤k+ 2c≤ a+ 2c= b - a, soh a,b (k

+ 2c) = 1.

Again byk- 2c≤ a - 2c< a, we haveh
 
a,b (k- 2c)

= 0 . Since
k
2
≥ b - 2c= a+ T,

k
2
≤

a
2
< 0 < b -

T, w e haveh
 
a,b (
k
2 ) = 1.

Hence　j a,b (k) = 1,k∈ [2b - 4c,a ] .
( iii) Letk∈ [a,b - 2c] .

Nowk- 2c≤ b - 4c, but by ( 1) , b - a≤ 4
3
c,

sok- 2c < a, furtherh
 
a ,b (k- 2c) = 0.

On the other hand,
k
2
≥

a
2
≥ b - 2c= a + T

and
k
2
≤

b - 2c
2
≤ a+ c< b - T, so

h a,b (
k
2
) = 1.

Hence f rom ( 20) andk+ 2c≥
b - a
2
,

ei
k
2j a,b (k) = h a ,b (k+ 2c) =

cos [
c
2
νa ,b〔

1

2c- b - a
2

(k+ 2c-
b - a
2
) - 1〕 ].

Similarly we have
( iv ) Fork∈ [a + 2c,b ] ,

e
i
k
2j
 
a,b (k) = cos [

c
2ν

a ,b〔
1

2c-
b - a
2

(
a+ b
2 - k

+ 2c) - 1〕 ].

( v ) Fo rk∈ [b, 2a+ 4c] , ei
k
2j a,b (k) = 1.

( vi) Fork∈ [2a+ 4c, 2b ] ,

ei
k
2j (k) = cos[

c
2
νa,b〔

1

2c-
b - a
2

|
k
2
-

a+ b
2
|

- 1〕 ] .
Combining ( iii) with ( iv ) , w e have

ei
k
2j a,b (k) = cos [c

2
νa,b〔 1

2c-
b - a
2

( 2c- |k-

a+ b
2
|) - 1〕 ] ,

( 2c-
b - a
2
≤|k-

a+ b
2
|≤

b - a
2
) . ( 25)

Again combining ( i) with (vi ) , w e get

ei
k
2j a,b (k) = cos[

c
2
νa ,b〔

1
4c- (b - a)

|k- (a+

b)|- 1〕 ] , ( 4c+ a - b≤|k- (a+ b)|≤ b - a) .

( 26)

By ( ii) and (v ) ,

e
i
k
2j
 
a,b (k) = 1　k∈ ( 2b - 4c,a) ∪ (b, 2a +

4c) . ( 27)

Finally , f rom ( 25)～ ( 27) and ( 24) , we obtain

the Formula ( 8) . Theorem is proved.
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