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1 Introduction and main result

Denote the Fourier transform of f by /', and the
compact support of / by supp f . that is

suppf— clos{ ./ ()7 0}.

rle r’ (= ©© £°) and the system of functions

{27 (2t- n),m,n€ Z)
is an orthonormal basis, then we call J the mother
wavelet'"?.

The construction of mother wavelet is based on a
multiresolution analysis.

If a sequence of closed subspaces { Vi }»e z inL’ (-
o o ) satisfies the following conditions

(i) Vo & Vi1 (m€ 2), U V= L*(=0 29),
[ Va= {0},

(i) f(H)E VT f(2)E Vi 1,mE Z,

(iii) thereis a h(£)€ 7o such that {h(z - n)}e 2
is an orthonormal basis of Vo.

Then we call { Vi }se - a multiresolution analysis,

and h(t) a scaling function'" .

Theorem A"’
equalities

a < 0,b> 0—

Let a, b satisfy the following in—

a= ZCb——2< 26b- a> 2€
(D

and let the realvalued continuous function h(k)
satlsfy R
(i) h(
(i) | )| 1a+ K k< b= T(T= b~ a
- 2. )
i) Thill 2 [k 2072 1,6 k<< o+
T
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Then its inverse Fourier transform h(z) is a scaling
function.

Theorem B°'  Let h(¢) be a scale function, then
there is a system transfer function H ( ke L7(- ¢ ©
which is a Z —penodlc function such that

k. k
R = )ik,
Theorem C Let h(#) be a scaling function,
and H(k) be a corresponding system transfer func—

tion. Then the corresponding mother wavelet J(f) sat—
isfies the fo]lowing formula

iy = e H i)

In .1986{ Meyer constructed the first mother
wavelet ] () (so—called M eyer wavelet). Its expliat ex—

(—1;+ ).

pressmn is stated as follows.

ezJ(k)
v(2C| K- p3e [k< 3
Cos_v gkl— 1, —4 < K< —26, (2)
0, otherwise,

0,x< 0,
SRS 3
vix)+ V(- x)= 1,(-°° <x <22). (4
Now we give a generalization of the above result.
Theorem Let a,b satisfy Inequalities (1), and let

wherev(x) i{ differentiable infinitely often and

w.b(x) be differentiable infinitely often and
0, x< 0,
w(x)z{:,x; 7 (5
and Va,b(x)"r Va‘b(Z— x): 1(—00 <X <OO),
. (6)
7= _ l(b——a)—_4
here b- a- 4° - (7)
Then the function J.» () defined by the following for—
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mula 1 1s a mother wavelet

ezJab(k)
. 1 a+ b
sin [ v, ‘k— - 1],
2
(20— b—2 a ||k _ a4t b‘ b - a),

L (- 4 K aorbs kS 2 40), (8)
cos[ w(#\k (a+ b)l - 1],
(4%+ (a- b)< Ik— (a+ b)< b- a),

0, otherwise.

Spedally, fora= - gc,b_ _;‘ , this Js (£) is just
Meyer wavelet.
2 Lemmas

Lemma 1 Leta,b andves(x) are stated as Theo—

rem. Then the function hus (t) defined by the following

formula

};b(k) =

1 k_ at b _
Cb_a\ 57 = D]

c
cos[—zva.b (
(9

is a scaling function.
Proof From (5),(7) and (9),it follows that
|k _ at b‘< re_b-a

~ B 2 —~ )
ho(ky =
at b b- a
0, [ k- F-1= =~
LetT= - a - 2€ we have
hs(k)y= 1Lk€ [a+ Tp- T (10)

and supp huo (k) =
Next we prove

| ho(k)l % [hae(ke 20)°= 1LkE [a,a+ T).

(12)

In fact, fora< K< a+ T, we obtain fromb - 4

la,b]. (11)

2
< 26,b> 0,T= b- a- 2C€that
k< g+ T= b- 2 < Lzb.
So by (9), we have
. c |b=k-2
b,b(k)Z Cco _2Uu,b 2C_ b— (13)
2

On the other hand, fore< & a+ T, we obtain
- &< 2%a < Othat

from

k+ 2= a+ 2 L= b
So by (9) and (7)., wehave

. c k- a
b,b(k + co _2Ua,b 2c_ b—d| =

Ccos$ ~HVah c_ - .
2 2 ’
Again applying Formula (6), we have
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20) =

. c b- k-2
hoo(k+ 29 = cof 5| 1-w 2C_b—2a =

e |b=k-2
Sil{_2va.b e _ u} .
2
13) and (14) ,we know that (12) is

(14)

Now from (
valid.

By (10)~ (12), applying Theorem A, we con—
clude Lemma 1.

Lemma 2 The system transfer function corre—
sponding to the scaling function hus (2) is

Hon(K) :Zkelzh(zk+ 4y, k€ (= oo co ).

R (15)

Proof From supp? (w)= [a, b],we know that

the above summation formula has at most finite terms.
We first prove that

h,,,(k)— by (k)b (2) ke (-0 00). (16)
k_ a b b

[(l b]7 26 [2’ 2 ]7 fI‘OITl_Z—

2¢+ T weknow thatb2 =T e

_b2< b- T Similarly we have%> a+ T, g0

a b
(551

k
Again by (10), bfb(_z) = Lke [a,b], but by

(11), hus(k)y= 0,k& [a,b], so (16) is valid.

In view of supph,b(k+ 4%C) = [a+ H%Cb+
4], supp};.,b(_z): [22,2b] and inequalities < a
+ 4C,b— 4% 2a, we get that fork#~ 0,

supp};,h(k+ 4% )N supp};,b(—g) = .

From this and (16), it follows that

ho(ky= D) Ba(ke %9))ha(S).
ke (—OOPO)~k (17)

But by Theorem B, we know that the system

In fact, for k€

& 2 b - a=

C [a+ Tp- T]

transfer function Has (K) satisfies

- k ~ k

hs (k) = m.b(—z)h,b(—z),ke (- o0 ©0).

" (18)
Since supp b (_2) = [Z,D], comparing (17) with
( 18), we obtain that
k

Hos (— Eh ki 4%C) kE [, D]
Again noticing that the functions of both sides of the
abov e formula are all 4 —periodic functions and 2 — 2a

> 4C 'hence in the whole real axis, ( 18) is valid. Tem—
ma 2is proved.

3 Proof of Theorem

From Theorem C and Lemma 2, we know the
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mother wavelet ja,b(t) corresponding to the scaling
function h.» (¢) satisfies

B (K) = ’72 Bo(ke (4 2)©))ha (2)

k€ (- o0 o0). (19
By Inequalities 1 and supph. (k) = [a,b], we obtain
that

applio(ke (dk+ DON appha(5)= F,

(k= 0, = 1).

So from (19),wehave A
ho(k) = ¢ (ha(k + 20 + (k-
-k

2) )b () KE (= oo 0). (20

From supp ho(k)y= [a,b], we know that

supp {Bo (k+ 26+ hs(k- 29))= [a - 2°,
b- 2°U [a+ %{C,m 2€] (21)
and suppb,b(_z)z [2a,2b]. (22)

Again from (1),wehave

%uE (a- 2Cb- 29, BE (a+ 2°,b+ 2C).

(23)
By (21)~ (23) we conclude that
supp Jas (K) = [22,b — 2€1U [a+ 2°, 1.
(24)

Next, we prove that Formula ( 18) is valid.
We divide the supp Jo.s (K) into six intervals, that

is  [2a,b - 2C)= [2a,2b- 4C)+ [2b- 4%,a ]+
[a,b — 2€]
and

[a+ 2¢,D]= [a+ 2°,b 1
+ 45D .

(i) Lee k€ [24, - 4C].

Now by (1) andT= b- a - 2, we have

ky 2¢= %+ 2 b - 20= g+ T

[b,2a+ 4°T+ [2a

and
ky 26 - 26 g+ 26= b- T

So frgm (10) it follows that
ho(k+ 20)= 1.

Now k- 26 2p— 6% a, so by (11),wehave
hs(k- 2¢)=

From this and (20),(9),we get

ei_l; J;h(k) = hlb(_z) = COS[_;Va,b(

o

k  a+ b
| 5 —2| - 1]
(i) Letk€ [ - 4€ 4].
Nowa+ E kv 2& g+ 2¢= b- a, sohs(k
+ 29 = 1 A
Again byk— 26 a- 2% <a, we havehz,b(k— 2C)

k
= 0. Since_z/ b- 2¢= a+ T,_2< _3 <0<b-

-k
T, wehavehus (5

)= 1L
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Hence j;,b(k)Z 1Lk€ [ - 4€4].
(iii) Let k€ [a,b- 2€].

Now k- 2&X h— 4°, hut by (1), b- = -
sok— 2¢ <, furtherhl (k— 26 =0
On the other hand, a> b- 2= a+ T

2=
k _ 9cC
and_2< b 2 Ccbh-T so
h.b _)— 1.
Hence from (20) andk+ 2¢= b—2a’
koo ~
e‘z L (k) = hs(ks 29)=
vab[ }) (k+ 20 - b—2a> - U1
7C _
2
Slmllarly we have
(IV) For 6 [a+ 2C b]
1 + b
2 J“b(k) COS[2Wb[20_ b- a(a 2 k
2
+ 20 - 1.

k »~
(v) Fork€ [b,2a+ 4°], €2 ls(k)= 1
(vi) For k& [2a+ 4¢, %1,

; 1 b
& (k) = cos[= zvab[c—ba\ 5 - %\
2
2
- U]
Combmlng (1i) with (iv),we have
e2 Jab(k) cos [ vub[ a(ZC— I k-
2¢- 2
&zb\)— 1
b- _a a+ b b-— a
c_ — -
(2 5 < |k SI< "5, (29
Again combining (i) with (vi),we get
5 i (k) = cos[ousle——— | k
€2 Jup (K) = COS[ZVa.b K- (b-a) (a+
Bl - D1, (4% a- < | k= (a+ b)I< b- a).
(26)
By (ii)k E}nd (v),
ehz ja.b(k): 1 ke (2b— 4C,(,1)U (b,211+

46y, (27)
Finally, from (25)~ (27) and (24), we obtain
the Formula (8). Theorem is proved.
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