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Abstract　 The estimate o rder of approximation for the second deriv ativ e of Hermite-Fejé r

interpolation polynomials based on the ex tended mixed Jacobi nodes is giv en.
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摘要　给出扩充混合型 Jacobi节点的 Hermite-Fejé r插值多项式的二阶导数的收敛阶 .
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　 　 Haverkamp, R.
[1 ]

and Muneer, Y. E.
[2 ]

have

investigated the order of convergence for the higher

deriva tives of interpolation polynomials with respect to

Cheby shev nodes. Here we discuss the order of

converg ence for the second derivative of Hermi te-Fejé r

interpolation polynomials with respect to the ex tended

mixed Jacobi nodes.

Let　 w ( x ) = ( 1 - x )
sin

2n+ 1
2

θ

sin
θ
2

( x = cosθ) ,

( 1)

and its zeros ( the ex tended mixed Jacobi nodes) are

{xk }
n
o:

x0 = 1,　 xk = cosθk ,

θk = 2kc
2n + 1

(k = 1, 2,… ,n) . ( 2)

For these nodes the Lag range fundamental

polynomials
[ 3 ]

are

lk (x ) = ak
w (x )
x - xk

　 (ak =
1

w′( xk )
) .

By ( 1) and
　　 w′(x )

　　 = -
sin

2n + 1
2

θ

2sin
θ
2

+
( 2n + 1) cos

2n+ 1
2

θ

2cos
θ
2

,

　　 x = cosθ, ( 3)

passing direct calculation, w e get

a0 = -
1

2n+ 1,ak =
( - 1)k+ 1 2cos

θk

2
2n + 1 , ( 4)

and

l0 (x ) =
sin 2n + 1

2
θ

( 2n+ 1) sin
θ
2

,

lk (x ) =
( - 1)k+ 14sin θ

2
cos

θk

2
sin 2n+ 1

2
θ

( 2n + 1) (x - xk )
. ( 5)

Let f (x ) ∈ C
2 [ - 1, 1] . Fo r these nodes i ts

Hermi te-Fejé r interpolation polynomials H2n+ 1 ( f ; x )

w hich satisfy
H2n+ 1 ( f ; xk ) = f ( xk ) , H′2n+ 1 ( f ; xk ) = 0,

k = 0, 1,… ,n

are

H2n+ 1 ( f ; x ) = ∑
n

k= 0
f (xk ) Vk (x ) l

2
k (x ) , ( 6)

w here

Vk (x ) = 1 - (x - xk )
k″(xk )
k′(xk )

=

1+
2
3
n(n+ 1) ( 1 - x ) ,k = 0,

1+
x - xk

sin
2
θk

,k = 1, 2,… ,n.
( 7)

‖ · ‖ denotes the supremum norm on [- 1, 1] and

w ri te

f x , 0 ( xk ) =
f ( xk ) - f (x )

xk - x
,

f x , 1 ( xk ) =
f x, 0 (xk ) - f′(x )

xk - x
,
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k = 0, 1,… ,n ( 8)

Lemma 1　 If f (x ) ∈ C
2 [- 1, 1 ] , then fo r x ∈

( - 1, 1) ,

H″2n+ 1 ( f ; x ) = O(n
2
)

1 - x
2‖ f″‖ ,

hereaf ter the bounds of the terms “ O” are absolute

constants.
Proof 　 We may suppose without loss of

g enerality that f′( - 1) = 0. ( 9)

　　 From a known property
[3 ]∑

n

k= 0

Vk ( x ) l2k (x ) = 1 w e

get ∑
n

k= 0
Vk (x ) l

2
k (x )

( i)
= 0, i = 1, 2, so by ( 6) ,

H″2n+ 1 ( f ; x ) = ∑
n

k= 0
( f (xk ) - f ( x ) )  

(Vk ( x )l 2k ( x ) )″- 3∑
n

k= 0

f′(x ) ( Vk (x ) l2k (x ) )′. ( 10)

No ticing that
(xk - x ) lk′(x ) = lk ( x ) - akk′(x ) ,
(xk - x ) lk″(x ) = 2lk′(x ) - akk″( x ) , ( 11)

and using the no tations in ( 8 ) , the above equali ty
( 10) can be w rit ten in the form as follow s

H″2n+ 1 ( f ; x ) = 4∑
n

k= 0

f x , 0 (xk )Vk′(x ) lk (x ) ( lk (x )

- akk′(x ) ) + 6∑
n

k= 0
f x , 1 ( xk )Vk ( x ) lk (x ) ( lk (x ) -

akk′(x ) ) - 2∑
n

k= 0
f x , 0 ( xk )Vk ( x ) lk′( x )akk′( x ) -

2∑
n

k= 0

f x , 0 (xk )Vk ( x ) lk ( x )akk″(x ) -

3∑
n

k= 0
f′( x )Vk′( x ) l2k (x ) =

def

∑
5

i= 0
Ii . ( 12)

Fi rst estimate I1 .

From ( 3) ～ ( 5) , it follows that

k′(x ) =
O(n )

1+ x
,ak = O (

1
n

) , lk ( x ) = O ( 1) ,

x ∈ ( - 1, 1) ,k = 0, 1,… ,n, ( 13)

so

lk (x ) - akk′( x ) =
O ( 1)

1+ x
, x ∈ ( - 1, 1) .

( 14)

By ( 8) using Lag range mean theorem we have
|f x , 0 (xk )|≤ ‖ f′‖ ,|f x , 1 ( xk )|≤ ‖ f″‖ .

( 15)

Combining ( 13) ～ ( 15) , i t follow s that

∑
n

k= 1
f x , 0 ( xk )Vk′(x ) lk ( x ) ( lk ( x ) - akk′(x ) )

=
O ( 1)

1+ x
‖ f′‖ ∑

n

k= 1
|Vk′(x )|,

but by ( 7) andθk =
2kc

2n + 1,k = 1, 2,… ,n,

∑
n

k= 1
|Vk′( x )|= ∑

n

k= 1

1
sin2θk

= O (n2 ) , ( 16)

and w e also have

f x , 0 ( 1)V0′( x ) l 0 ( x ) ( l0 (x ) - a0k′(x ) )

=
O (n2 )

1 - x
2
‖ f′‖ ,

thus w e obtain the estimate I1 =
O (n2 )

1 - x
2
‖ f′‖ ,

x∈ ( - 1, 1) .

Similarly, we have I2 =
O (n2 )

1 - x
2
‖f″‖,

x∈ ( - 1, 1) .

Nex t w e estimate I3 .

From ( 7) and ( 11) , w e get

∑
n

k= 1
f x, 0 ( xk ) Vk (x ) lk′( x )akk′(x )

= ∑
n

k= 1

f x , 0 ( xk ) lk′( x )akk′( x ) +

　∑
n

k= 1

f x , 0 (xk )
lk ( x ) - akk′(x )

sin2θk
 akk′(x ) .

According to Markov 's inequality and ( 13) ,

lk′( x ) =
O(n)

1 - x
2
, x ∈ ( - 1, 1) .

Again by ( 13) ～ ( 16) , w e can conclude that

∑
n

k= 1
f x, 0 ( xk ) Vk (x ) lk′( x )akk′(x )

= O ( 1)‖f′‖ ∑
n

k= 1
|lk′( x )akk′(x )|+

　　∑
n

k= 1

|( lk′( x ) - akk′(x ) )akk′(x )|
sin2θk

=
O (n2 )

( 1+ x ) 1 - x
‖f′‖.

M oreover,

f x , 0 ( 1)V0 (x ) l0′( x )a0k′(x )

=
O (n2 )

( 1+ x ) 1 - x
‖f′‖ , so

I3 =
O (n2 )

( 1+ x ) 1 - x
‖f′‖,x ∈ ( - 1, 1) .

　　 Finally , w e estimate I4 and I5 .

Wi th help of the fo rmula ( 3) w e can conclude

that

k″(x ) =
O (n2 )
1 - x

2 , x∈ ( - 1, 1) .

Again by ( 7) and ( 13) , ( 15) , ( 16) , it follow s that

∑
n

k= 1

f x, 0 ( xk ) Vk (x ) lk (x )akk″(x ) =
O (n2 )
1 - x

2‖f′‖+

∑
n

k= 1
f x , 0 ( xk )

x - xk

sin2θk
lk ( x )akk″(x ) .

but by ( 5) w e know tha t (x - xk ) lk ( x ) = O (
1
n

) , so

I4 =
O (n2 )
1 - x

2‖f′‖, x ∈ (- 1, 1) .

Fo r I5 , we have I5 = - 3∑
n

k= 0

f′(x ) Vk′( x ) l
2
k ( x ) =

O (n2 )‖f′‖.
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Due to“ 020” ≈ “ 200” , and the o thers are not
homeomorphic with each other, the proposi tion has
been proved.

Proposition　 The homeomo rphism class of

G. M. are six as follow s:

　 　 Proof　 By theo rem, finding homeomorphism

class is equal to homeomorphism class which has three

negative edges. Let negativ e edge be outer, radiativ e

and inner, and their numbers are respectiv elya ,b and

c, and a,b,c∈ { 0, 1, 2, 3} ,a+ b+ c= 3. Showed in

Table 2.

Th rough twisting , it can be easy to see that:

( 6) ≈ ( 1) , ( 7) ≈ ( 1) , ( 8) ≈ ( 1) , ( 9) ≈
( 2) , ( 11) ≈ ( 10) , ( 12) ≈ ( 1) , ( 13) ≈ ( 1) ,

( 16) ≈ ( 14) , ( 18) ≈ ( 14) , ( 19) ≈ ( 15) , and due

to symmetry , ( 10) ≈ ( 2) , ( 15) ≈ ( 4) , ( 14) ≈
( 1) . So thei r homeomorphism classes are exact ly six:

( 1) , ( 2) , ( 3) , ( 4) , ( 5) and ( 17) .

The proposition has been proved.
Table 2　

a b c Deputy class a b c Deputy class

003 030

( 1)　　　 ( 9)　　　

012 102

( 2)　　 ( 4) ( 10)　　 ( 12)

( 3)　　 ( 5) ( 11)　　 ( 13)

021 111

( 6)　　 ( 8) ( 14)　 ( 16)　 ( 18)

( 7)　　　　 ( 15)　 ( 17)　 ( 19)
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From ( 9) , w e have|f′(x )|= |∫
x

- 1

f″( t ) dt|≤ 2‖f″‖,

x ∈ ( - 1, 1) .

To sum up w e get from ( 13) the conclusion of

Lemma 1.

Let f ( x ) ∈ C
2 [- 1, 1] and P (x ) is a polynomial

such that P″( x ) is the best approximation polynomial

of deg reen of f″(x ) . From H″2n+ 1 ( P; x ) = P″( x ) [ 3] ,
w e have

H″2n+ 1 ( f ; x ) - f″( x ) = H″2n+ 1 ( f - P; x ) + P″(x )
- f″( x ) ,
further applying Lemma 1 w e immediately obtain the

following Theorem 1.

Theorem 1　 If f (x ) ∈ C
2
[- 1, 1] , then for x∈

( - 1, 1) w e have

H″2n+ 1 ( f ; x ) - f″( x ) =
O (n

2
)

1 - x
2En ( f″) ,

w here En ( f″) is the best approximation of f″by

polynomials of degreen.

Theorem 2　 If f (x )∈ C
p
[- 1, 1] andk( f

( p)
;W)

is the modulus of continuity of f
( p )

, then for x∈ ( - 1,

1) , w e have

H″2n+ 1 ( f ; x ) - f″(x ) = O
1

n
p- 4

1
1 - x

2k f
( p )

;
1
n

,

p≥ 4.

Proof 　 Using Theorem 1 and the Jackson

theorem:

En ( f″) = O
1

n
p- 2 k f

(p ) ;
1
n

,

w e obtain immediately the conclusion of Theorem 2.

Similarly, by H
-

2n+ 1 ( f ; x ) denote Hermi te-Fejé r

interpolation polynomials based on the zeros ofk
-(x ) =

( 1 + x )
cos

2n+ 1
2

θ

cos
θ
2

, x = cos θ( the other mixed

Jacobi nodes ) w e also can conclude the following

theorem.

If f ( x )∈ C
p [- 1, 1] , then for x ∈ ( - 1, 1) w e

have

　　 H
-″2n+ 1 ( f ; x ) - f″(x ) =

O(n2 )
1 - x

2En ( f″)

= O
1

n
p- 4

1
1 - x

2k f
( p) ;

1
n

, p≥ 4.
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