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Almost Periodic Solution of Schoner Models with Diffusion
带扩散 Schoner模型的概周期解
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Abstract　 The almost periodic solution of non-autonomous di ffusion Schoner models is discussed

through Liapunov function and dif ferential inequali ties. It is found that a unique almost periodic so-
lution exists in that model and remains stable under disturbances f rom the hull.
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the hull
摘要　利用李雅普诺夫函数和微分不等式探讨带扩散 Schoner模型的概周期解的稳定性问题 .
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　　 Recently more and more people have been dedi-

cated to the studies of ecosystems for a patch-environ-

ment. Schoner( 1974) had studied the two species com-

petition system as follow s:

x
 = r 1x (

I1
x + e1

- r11x - r12y - c1 ) ,

y
 = r2 y (

I2

y+ e2
- r21x - r22y - c2 ) ,

w here ri , Ii ,ei , rij ( i , j = 1, 2) are positiv e constants. In

reference [1 ] a non-autonomous competition Schoner

sy stem w ith diffusion w as studied. Whereas in many

ci rcumstances, a few things are t ruly periodic. So w e

ex tend the system in reference [1] to the system with

all coefficents which are continuous almost periodic

function in this paper. We consider the following sys-

tem:

x
 
1 = x 1 [

z 1 ( t )
x 1 + e1 ( t )

- r 11 ( t )x 1 - r13 ( t ) y

　 - c1 ( t ) ]+ D1 ( t ) ( x2 - x1 ) f 1 ( t , x1 ,x 2 , y ) ,

x
 
2 = x 2 [

z 2 ( t )
x 2 + e2 ( t ) - r 22 ( t )x 2 - c2 ( t ) ]

　 + D2 ( t ) ( x1 - x2 ) f 2 ( t , x1 ,x 2 , y ) ,

y
 = y [

z 3 ( t )
y+ e3 ( t )

- r31 ( t )x 1 - r33 ( t ) y

　 - c3 ( t ) ] g ( t ,x 1 , x2 , y ) ,
( 1)

w herexi ( i= 1, 2) is the densi ty of species x in patch i;
y is the density of species y in patch 1; Di ( t ) ( i= 1, 2)

is the di ffusion coef ficient betw een patches i and j fo r

species x; z i ( t ) ,ei ( t ) ,ci ( t ) , rij ( t ) ,Di ( t ) ( i , j = 1, 2, 3)

are continuous and strict ly posi tiv e almost periodic

functions. Now w e let f
u
= sup

[0,+ ∞ )
f ( t ) , f

l
=

inf
[0,+ ∞ )

f ( t ) , for a continuous and bounded function

f ( t ) . The following arguements are based on the hy-
pothesis that:

min{zli ,eli ,cli ,Dl
i , rlij } > 0, zli - c

u
i e

u
i > 0.

1　 The Existence and Uniqueness of Almost Periodic
Solution

Two lemmas are made before giving main result.

Lemma 1　 Suppose system ( 1) satisfies ( H1 ) ,

then every solution { x1 ( t ) ,x 2 ( t ) , y ( t ) } of ( 1) w ith
positiv e ini tial conditions is ultimately bounded in S =
{ (x 1 , x 2 , y )|h≤ x 1 , x2 , y≤ L } , namely S is an invari-
ant set of ( 1) , whereh = min{m , y-l } ,L = max {M ,

y
-u } . m ,M , y-

l
, y-

u
are the same as in reference [1 ].

Where
z
l
3 - c

u
3e
u
3

r
u
31e

u
3

> max {
z
u
1 - c

l
2e
l
1

r
l
11e

l
3

,
z
u
2 - c

l
2e
l
2

r
l
22e

l
2

} ,

z
l
1 - c

u
1e
u
1

r
u
13e

u
1

>
z
u
3 - c

l
3e
l
3

r
l
33e

l
3

.
( H1 )

Proof　 According to Theorem 3. 1 in reference
[1] and ( H1 ) , i t is easy to learn that the conclusion is

co rrect.

Lemma 2　 Suppose system ( 1) sati sfies ( H1 ) -
( H2 ) , then ( 1) has a unique solution w hich is globally
at tractiv e.

Where

r
l
11 >

z
u
1

(e
l
1 )

2 +
D
u
2

h
+ r

u
31 ,

r
l
22 >

z
u
2

(el2 ) 2
+

D
u
1

h
,

r
l
33 >

z
u
3

(el3 ) 2
+ r

u
13 .

( H2 )
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Proof　 ( H2 ) implies ( 4. 1) in reference [1] , sim-

ilar to the proof of Theorem 4. 2 in reference [1 ] , w e

can complete our proof easily.

Theorem 1. 1　 Suppose system ( 1) satisfies ( H1 )

- ( H2 ) , then ( 1) has a unique almost periodic solution

{u1 ( t ) ,u2 ( t ) ,v ( t ) } w hich is globally at tractiv e and

range {u1 ( t ) ,u2 ( t ) ,v ( t ) }  S, mod{u1 ( t ) ,u2 ( t ) ,

v ( t ) } mod{ f 1 , f 2 , g } , fo r t∈ R, ( x1 ,x 2 , y )∈ S .

Proof　 By the almost periodici ty of zi ( t ) ,ei ( t ) ,

ci ( t ) , rij ( t ) , Di ( t ) , there exists a sequence of {fk } ,fk

→+ ∞ (k→+ ∞ ) , such that

zi ( t + fk )→ zi ( t ) , ei ( t+ fk ) → ei ( t ) ,

ci ( t+ fk )→ ci ( t ) , rij ( t + fk )→ rij ( t ) ,

Di ( t+ fk )→ Di ( t ) , i , j = 1, 2, 3 for all t∈ R.

( 2)

We may suppose {fk } is an increase ( if necessary,

choose subsequence) . Hence for any giv en real number

Uthere existsK = K (U) , such that whenk≥ K , w e

havefk + U≥ 0 , thus t+ fk≥ 0 for k≥ K , t≥U.

Since S is an invariant set of system ( 1) , for any solu-

tion {x 1 ( t ) ,x 2 ( t ) , y ( t ) } of ( 1) , we have

{x 1 ( 0) ,x 2 ( 0) , y ( 0) }∈ S , t≥U,k≥ K { x1 ( t

+ fk ) , x2 ( t + fk ) , y ( t+ fk ) }∈ S.

We shall show the function sequence {x 1 ( t+ fk ) ,

x2 ( t+ fk ) , y ( t+ fk ) } is uniformly convergent on each

compact subset I of [U, + ∞ ) as k→+ ∞ .

Let

　 W (s ) = ∑
2

i= 1

|lnxi (s + fk ) - lnxi (s + fm )|+

|lny (s+ fk ) - lny (s+ fm )|, m≥ k≥ K , s+ fk≥

0, ( 3)

by dif ferential mid-value theo rem, w e have

W (s )≥
1
L
{∑

2

i= 1

|xi (s+ fk ) - xi (s+ fm )|+ |y (s

+ fk ) - y (s+ fm )|} , ( 4)

W (s )≤
1
l
{∑

2

i= 1

|xi (s+ fk ) - xi (s+ fm )|+ |y (s

+ fk ) - y (s+ fm )|}. ( 5)

Let

　T= min{r
l
11 -

z
u
1

(e
l
1 )

2 -
D
u
2

h
- r

u
31 , r

l
22 -

z
u
2

(e
l
2 )

2 -
D
u
1

h
,

r
l
33 -

z
u
3

(e
l
3 )

2 - r
u
13 } ,

clea rlyT> 0 by ( H2 ) . For arbi tary givenX> 0 by

( 2) , there exists a N = N (X,U)≥ K such thatm≥

k≥ N , t∈ R , w e have

　

∑
3

i= 1

|ci (s+ fk ) - ci (s+ fm )|≤
ThX
12L

,

∑
2

i= 1
|Di (s+ fk ) - Di (s+ fm )|≤

ThX
12L

,

∑
3

i= 1

z
u
i

(eli ) 2
|ei (s+ fk ) - ei (s+ fm )|≤

ThX
12L

,

|r 22 (s+ fk ) - r22 (s+ fm )|≤
ThX
12L2

,

|r 11 (s+ fk ) - r11 (s+ fm )|+ |r31 (s+ fk )

　　 - r31 (s+ fm )|≤
ThX
12L 2 ,

|r 33 (s+ fk ) - r33 (s+ fm )|+ |r13 (s+ fk )

　　 - r13 (s+ fm )|≤
ThX
12L

2 .

( H3 )

　　 e
-Th(U+ f

k
)
≤

hX
8L

2 . ( 6)

Then calculating the upper right deriv ation of W (s )

along the solution of system ( 1) , w e get
　 　 D

+
W (s ) = sgn[x1 (s + fk ) - x 1 (s +

fm ) ] {
x 1′(s+ fk )
x 1 (s+ fk )

-
x 1′(s+ fm )
x1 (s+ fm )

}+ sgn[x2 (s+ fk ) -

x2 (s+ fm ) ] {
x2′(s+ fk )
x2 (s+ fk )

-
x 2′(s+ fm )
x2 (s+ fm )

} + sgn [y (s

+ fk ) - y (s+ fm ) ] {
y′(s+ fk )
y (s+ fk )

-
y′(s+ fm )
y (s+ fm )

} .

　　 D
+
W (s )≤ ∑

3

i= 1
|ci (s + fk ) - ci (s + fm )|+

∑
2

i= 1
|Di (s+ fk ) - Di (s+ fm )|+ ∑

3

i= 1

z
u
i

(e
l
i )

2|ei (s+ fk )

- ei (s + fm )|+ L [|r 11 (s + fk ) - r 11 (s + fk )|+
|r31 (s+ fk ) - r31 (s+ fk )|]+ L|r22 (s+ fk ) - r22 (s

+ fk )|+ L [|r 13 (s+ fk ) - r13 (s+ fk )|+ |r 33 (s+ fk )

- r33 (s+ fk )|] - T{∑
2

i= 1

|xi (s+ fk ) - xi (s+ fm )|+

|y (s+ fk ) - y (s+ fm )|}≤ - ThW (s ) +
ThX
2L
. ( 7)

We choose a N 0≥ N so that when t∈ I and k≥ N 0 ,

w e have t + fk ≥ 0 by using comparison theorem on
[- fk , t ] , thus we obtain

　　 W ( t ) ≤ W ( - fk )e-Tl( t+ fk ) + X
2L
≤ W ( -

fk )e
-Th(U+ f

k
)
+
X
2L
. ( 8)

On the other hand, by ( 4) , ( 5) and the invariant

properi ty of S, w e have

　　 W ( t )≥
1
L
{∑

2

i= 1

|xi ( t+ fk ) - xi ( t+ fm )|+ |y ( t

+ fk ) - y ( t+ fm )|} ,

　　W ( - fk )≤ 1
h
{∑

2

i= 1

|xi ( 0) - xi (fm - fk )|+

|y ( 0) - y (fm - fk )|}≤
4L
h
.

By ( 8) , we get

　　
1
L
{∑

2

i= 1
|xi ( t+ fk ) - xi ( t + fm )|+ |y ( t+ fk )
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- y ( t+ fm )|}≤
4L
h
e
-Th(U+ f

k
)
+
X
2L =

X
L
,

namely

　　∑
2

i= 1
|xi ( t+ fk ) - xi ( t+ fm )|+ |y ( t+ fk ) - y ( t

+ fm )|< X,　m≥ k≥ N 0 , t∈ I.

This implies that {x 1 ( t+ fk ) ,x 2 ( t+ fk ) , y ( t+ fk ) } is
uniformly convergent on any compact subset of [U, +
∞ ) as k→+ ∞ . Let {u1 ( t ) ,u2 ( t ) , v ( t ) } be the limit

function of {x 1 ( t+ fk ) , x2 ( t+ fk ) , y ( t+ fk ) } , since
Uis arbitarily given, w e know that {u1 ( t ) ,u2 ( t ) ,v ( t ) }

is defined on R . Due to range {x 1 ( t ) , x2 ( t ) ,y ( t ) } 
S fo r t≥ 0 , w e have range {u1 ( t ) ,u2 ( t ) ,v ( t ) } S .

Similar to the arguement in reference [2] , we can
prove that {u1 ( t ) ,u2 ( t ) ,v ( t ) } is di fferentiable and sat-

isfies system ( 1) .

Similar to the arguement in reference [4 ] , w e also

can prove that {u1 ( t ) ,u2 ( t ) ,v ( t ) } is almost periodic
and mod{u1 ( t ) ,u2 ( t ) ,v ( t ) } mod{ f 1 , f 2 ,g }.

By Lemma 2. 2 w e obtain the conclusion that
{u1 ( t ) ,u2 ( t ) ,v ( t ) } is g lobally at tractiv e wi th respect

to any other solutions of ( 1) which lies in R3+ . This

complets the proof of Theorem 1. 1.
2　 Stabil ity under the Disturbances f rom Hull

　　 Consider any hull system of sy stem ( 1)

x 1 = x 1 [
Z1 ( t )

x 1+ E1 ( t )
- R11 ( t ) x1 - R13 ( t )y

　　 - C1 ( t ) ]+ D
*
1 ( t ) ( x2 - x 1 ) ,

x
 
2 = x 2 [

Z2 ( t )

x 2+ E2 ( t )
- R22 ( t ) x2 - C2 ( t ) ]

　　 + D
*
2 ( t ) (x 1 - x 2 ) ,

y
 = y [

Z3 ( t )
y+ E3 ( t )

- R31 ( t ) x1

　　 - R33 ( t ) y - C3 ( t ) ] ,

( 9)

w here

　　 Zi ( t ) ∈ H (zi ( t ) ) , Ri ( t ) ∈ H (ri ( t ) ) ,Ci ( t ) ∈
H (ci ( t ) ) ,Ei ( t ) ∈ H (ei ( t ) ) , D*i ( t ) ∈ H (Di ( t ) ) .

　　 Theorem 2. 1　 Assume that the conditions of
Theorem 1. 1 hold, then every st rictly posi tiv e solution

of ( 1) ( including its unique almost-periodic solution) is

stable
[2 ]
under disturbances f rom the hull.

　　 Proof　 Let u ( t ) = {u1 ( t ) ,u2 ( t ) ,v ( t ) } and x ( t )
= {x 1 ( t ) , x2 ( t ) , y ( t ) } be any tw o strictly posi tiv e so-
lutions of ( 1) and ( 9) respectiv ely for t≥ t 0 such that

h≤ ui ( t ) ,v ( t )≤ L ,h≤ xi ( t ) , y ( t )≤ L , i = 1,

2,　 x ( t0 ) ,u( y0 )∈ S, t≥ t0　t 0∈ R ,
now consider a function

V ( t ) = V (u( t ) ,x ( t ) ) = ∑
2

i= 1

|ln ui ( t ) - ln xi ( t )|

+ |ln v ( t ) - ln y ( t )|. ( 10)
It is easy to lea rn that

1
L
[∑

2

i= 1
|ui ( t ) - xi ( t )|+ |v ( t ) - y ( t )|]≤

V (u( t ) , x ( t ) )≤ 1
h
[∑

2

i= 1

|ui ( t ) - xi ( t )|+ |v ( t ) -

y ( t )|]. ( 11)

Calculating the righ t derivate D+ V of V , similar to

( 7) w e derive ( after simplification) that

　　 D
+

V (u ( t ) , x ( t ) ) ≤ ∑
3

i= 1

|ci ( t ) - Ci ( t )|+

∑
2

i= 1
|Di ( t ) - D

*
i ( t )|+ ∑

3

i= 1

z
u
i

(e
l
i )

2|ei ( t ) - Ei ( t )|+

L [|r11 ( t ) - R11 ( t )|+ |r 31 ( t ) - R31 ( t )|+ |r 22 ( t ) -
R22 ( t )|+ |r13 ( t ) - R13 ( t )|+ |r33 ( t ) - R33 ( t )|] -

T[∑
2

i= 1
|ui ( t ) - xi ( t )|+ |v ( t ) - y ( t )|] , ( 12)

let P = max {
z
u
i

(e
l
i )

2∶ i = 1, 2, 3}. An integ ration of

( 12) ov er [t0 , t ] , with an application of dif ferentiate

inequalities leads to ( Note that - T{∑
2

i= 1
|ui ( t ) -

xi ( t )|+ |v ( t ) - y ( t )|}≤- ThV ( t ) ) .
1
L∑

2

i= 1

|ui ( t ) - xi ( t )|+ |v ( t ) - y ( t )|≤

V (u( t ) ,x ( t ) )≤ V (u ( t0 ) ,x ( t0 ) ) +
1
L
{∑

3

i= 1
sup
t∈ R
|ci ( t )

- Ci ( t )|+ P∑
3

i= 1

sup
t∈ R
|ei ( t ) - Ei ( t )|+ ∑

2

i= 1

sup
t∈ R
|Di ( t )

- D
*
i ( t )|+ L sup

t∈ R
[|r 11 ( t ) - R11 ( t )|+ |r31 ( t ) -

R31 ( t )|+ |r 22 ( t ) - R22 ( t )|+ |r 13 ( t ) - R13 ( t )|+
|r33 ( t ) - R33 ( t )|] } ,
and hence

　 　∑
2

i= 1

|ui ( t ) - xi ( t )|+ |v ( t ) - y ( t )|≤

L
h
{∑

2

i= 1
|ui ( t0 ) - xi ( t0 )|+ |v ( t0 ) - y ( t 0 )|} +

L
Th
{ [∑

3

i= 1

sup
t∈ R
|ci ( t ) - Ci ( t )|+ P∑

3

i= 1

sup
t∈ R
|ei ( t ) -

Ei ( t )|+ ∑
2

i= 1
sup
t∈ R
|Di ( t ) - D

*
i ( t )|+ L sup

t∈ R
[|r 11 ( t ) -

R11 ( t )|+ |r 31 ( t ) - R31 ( t )|+ |r 22 ( t ) - R22 ( t )|+
|r13 ( t ) - R13 ( t )|+ |r33 ( t ) - R33 ( t )|] } .
　　 Now for anyX> 0, if w e chooseW> 0 such that

W < min{
Xh
5L
,
XTh
5L
,
XTh
5LP

,
XTh
5L2

} , this completes the

proof.
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