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Targeting and Controlling Instabilities of Circle Map
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The control of unstable periodic orbit of Circdle map was implemented by adjusting parameter and

changing Lyapunov exponent of the system- When the rotation number w as irrational, we implemented the target

from one point of quasiperiodic orbit to another point on the same quasiperiodic orbit. This kind of controlling

and targeting has a power of resistance to noise.
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The chaos is ever thought to be harmful be-
cause of its irregularity and uncontrollability. But
now people have changed their mind- One can con-
trol the chaotic system to an originally unstable or—
bit or to a object point by using of the sensitivity of
chaos to initial point and the ergodicity. In all of the
methods, the E. Ott, C. Grebogi and J. A. Yorkes
(0. G. Y) method is the best one'™ *', which can be
implemented by experiment“F * because of its small
perturbation to a system parameter. Ni Wansun et
al developed this method into bifurcation region'®.
Furthermore, we also use this method to direct tra—
jectory to target[7]. In this paper, we first develop
this method to control the unstable orbit of Sine—
Circle map, then we give a new method to implement
the target of quasiperiodic orbit. Because the rota-

tion number of quasiperiodic orbit is irrational, the
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properties of the quasiperiod can not be kept if we
change the parameter of the system, so the target of
quasiperiodic orbit must be kept the rotational num-
ber irrational by using some new method. This pa-
per is to discuss this case including targeting the
non—quasiperiodic orbit of Circle map.

It is known that Grcle mappings are the sim-

They

show avariety of new phenomena, e. g., quasiperi—

plest models of coupled nonlinear oscillators.
odic motion, modedocking and transitions from
quasiperiodic motions to chaos. Hence we use the
Sine-Circle map as an example in this paper, in
which noise is also considered.

This paperis organized as follows. In Sec. 2 we
Then in Sec. 3

we give a new method to implement the target of

control the unstable periodicorbit.

quasiperiodic orbit. In Sec. 4 we discuss the target of

any point and the effect of noise.

1 Stabilizing unstable periodic orbit in cir-

cle map

Consider following Sine—Circle map
97



O 1= f£O0u)= 0u+ k= sin(29,)x /2€ (mod 1)
(D
The rotation number is

Q= ,,lig}(.f(")(e) ~0) /n (mod 1) (2)

Let k= 0.6,c= 0- - 3,we can get the bifurcation
diagram as fig. 1

From fig. 1, we find that there are the orbit of
period-5 neark = 1. 2, the orbit of period-3 nearx =
L. 5, the orbit of period2 near® = 1.8, and a
quasiperiodic state neark = 0. 5. These stable orbits
will become unstable with changing parameter¥ .

The method to control periodic orbits of period
n has been givenin ref [2]. Tt can be applied in our
case. For example, if there are unstable periodic
points of period-3, 07,05 .05 , and 0w is in the
neighborhood of0; (i= 1,2,3) , then we can control
it as follows

Kmi= K — X(Gn—ri— ej )

O 1= f(Omikwi)(i= 1,2,3) (3)

By use of 0 1= £ (01 ) and eqs- (3), one has

On 1= O 1= O 6w s) - £ )= (fi -
Xfeyo= o ey O i = 05 )4 - (4)

It is worthy of noting that0% ;= 0; since0i (i
= 1,2, 3) are the unstable periodic points of period-
3. From (4) the condition of convergence of itera—
tion is

o= Xl <1 (5

The condition of optimum control is

fo— Xfe= 0

_ _fr l—Kcos(ZC@f)
= M= 0= T o092 (O
l—
0. 8
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Fig- 1 Bifurcation diagram fork= 0.6,k = 0- -3

Obviously the above method of control of un—
stable periodic othit of period-3 can be extended to
that of period N (N is any interger number), which
has been noticed in ref. [6]. This method can be ap—
plied not only to chaotic attractor but also to the

98

|

case of bifurcation if both condition (5) and some

other condition ( see condition (6) in ref. [6]) are
satisfied.
°
2
l
0 500 1000 1500 2000
Number [
0.8
0.6 - :G'.'.:'.'.'.:'.'.'.'.'.'.'.'.'.'.::'.
> 0.4
oad e
0 T 1 T I T T T

0 50 100 150 200 250 300 350 400
Number (1)
08

x(1)

0'2_ ................... *

0 50 100 150 200 250 300 350 400
Number ( /)

Fig- 2 Shown the control of unstable periodic orbit

(a) Control of unstable period-3 in chaotic region at k =

( _5 - 1) /2, andk = 1.5, the first 1000 points denote
chaotic motion. Control begins atn = 1001; (b) Control of un—
stable period=3 in bifurcation region at k= 0.6, ande = 1.8
where period 2is stable. (¢) Control of unstable period 6in
bifurcation region of period 8 at k= 0.6, andk = 2. 0 where
period 81is stable.
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Some numerical examples are shown in fig. (2)
(a) «(c). (a) denotes the control of unstable period-
3in chaotic region at k= ( 5- 1) /2,andc = L5,
where the first 1000 points are chaotic motion, and
control begins atn= 1001; (b) denotes the control
of unstable period-3 in bifurcation region at k =
0.6, andk = 1. 8 where period2 is stable, then it
needs only 6 steps to implement the control; and
(¢) denotes the control of unstable period-6 in bifur—
cation regionk= 0.6, andk = 2 0 where period-8is
stable, then it needs about 10 steps to implement the

control.
2 Targeting quasiperiodic orbit

Although we had given a general targeting
method by parameter adjustment, the method does
not fit the target of quasiperiodic orbit. It is because
we must keep the rotation number as irrational in
the case of targeting quasiperiodic orbit. We can not
keep the rotation number as irrational if we change
the parameter of the system, so we need a new
method for implementing the target of quasiperiodic
orbit.

Since the rotation number of quasiperiodic orbit
is irrational in this paper, we let the rotation num-
ber equal to golden numberQ= ( 5- 1) /2
There are two cases. Oneis that we keepQ as con—
stant in the targeting process, that is targeting from
one point to another point of the same quasiperiodic
orbit. This case is difficult to be implemented be-
cause the rotation number will become rational if we
do not have enough precaution in parameter adjust—
ing process. The other case is targeting from one
point of quasiperiodic orbit to any point which may
not be on the quasiperiodic orbit or from any point
to one point of quasiperiodic orbit- To the former,
there is some relation between K and® because we
have to keep the same irrational number &2 at both
initial point and objects point. In this paper, letk
= 0.3, then kK must be about 0. 616543 in order to
keepQ: ( 5- 1) /2. Our targeting method is as
follows. Firstly, we let the system start from the
initial point and go into the neighbourhood of target
point by iterating without controlling. We can mea-
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sure the error of Oy to object A= Oy — Oupa if this
process need N steps. Secondly, we feedback this er—
ror to theN steps of iteration process, thatis we re—
iterate the N steps by adding feedback quantity. If
Ov will be nearer to the object, then error’> will be—
come smaller. Repeating this process, we can pre—
cisely target the object.
Detailed process of targeting is as follows we
change the O in (1) inevery step by 9, then
Or-no = Onoa = W keos(290, W= W1 -
Kcos(29.)) (7)
Then we let the sum of changed value in N —
steps be/\ | that is
N
> _ W= kcos(29i)) = A = O — Oobjet
W= N L
DL (1- kcos(29)))

Hence we get the feedback quantity 0 from er-

(8)

ror>S. Now we use this feedback method to imple—
ment the target. Firstly, we iterate the N steps a—
gain byh0n 1= f(0,+ Wh , thenit must target the
object more accurate than purely iteration (1).
Then we measure the new error betweenfy and0 e
, we can get new W by (8). Using this newW and re—
peating this process, we can let the error betweenfy
and object becomes smaller. If we repeat this pro—
cess several times, we can target the object in any
precision. For example, the rotation number of the
quasiperiodic orbit of circle map isC= ( 5- 1) /
2 when k= 0616543, and« = 0.3. We target from
0o=" 0.9 to0mix= 0.3 on the same quasiperiodic or—
bit without changing K andx . Firstly we iterate (1)
without any controlling, we findf" (00 )= 0. 26876,
A= 0.26876- 0.3= - 0.03124 and W= -
0. 0038465; then we implement targeting by use of
f0.+ Wand getfm (Oo+ W = 0.2964. The new
A= 0.2964- 0.3= — 0.0036 and the newW = -
0. 004289. Target again with £ @0+ Wi W) | and
we getf”) (Bo+ Wi W) = 0.2996. This value is very
close to theOobeet , So wehit the targetOojei= 0.3 in
the range of approximation.

The above method is very useful in targeting.
But how can one change0i into0i+ W in experi-
menf The answer is to change parameter K by in-
stantaneous perturbation. For example, if we use k
+ Wkinstead of Kin eq. (1), 0:x 1 will become0s 1+
W . Then we reture K to original value so that we
can keep the rotation number as irrational. Continu-
ing this process, we can implement the above ideain

experiment.
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3 Targeting of any point

Now we discuss another case of targeting, i. e. ,
when we direct the trajectory from the initial point:
to the target pointUebia , the rotation number$2 can
be changed. In this case, the feedback method of tar-
geting described in ref. [7] can be applied. From ref.
[7], the metod is as follows.

When xois at initial point and xm 1 = £ (x0,
pn) is in the neighbourhood of target pointx:, p is an
adjustable parameter, then we can use the following
method for targeting

xw1= " (x0,pn)

pr1= po= Xow 1 - x) (9)

The condition of convergence is Al < 1, here
1= % (10)

But now we give a more effective method. This

. Xm 1 — Xt
)\: hm =

e X — Xt

new method combines the adjustment of parameter
and feedback to implement targeting. The targeting
steps of this method are about 10 steps, which are
less than those of the parameter adjusting or feed—
back- This method is as follows

Considering 1-D map x» 1= f(x» k), then
X1t = xn= f(xn, k) = f(-1, k1)

= fo(on— xo- 1)+ fr(ki - koo)+
(11)

Xl — X = Xn— X 4+ foltn — xao1)+ fr(k -
K. 1)+

Let Xn — Xn-1= — X(Xn - x:

*

)
ki — ko= = X(w - x ) (12)
and neglect high—orderitems of ( 8) in the linear ap-
proximation, we have
X1 = X = xn— X — Xfi(xn— x )= Xfk(xn
- x)
(w1 = x ) /(xn — x )= 1= Xfe — Xfx
(13)
The condition of convergence of iterationis that
we have to choose someproper control stiffness %
and X , so that| 1- Xfx - ka| < 1, then theiter—
ating series x» will approach object. For example, for
the Sine-Circle map, we let

0 10:] < 0.001
X =9 = 2°(1- kicos(29:)) .

HER 10/ > 0.001
X< 03 (14)

Some numerical example are shown in fig. 3.
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Fig. 3 (a) denotes the targeting from one point of
quasiperiodic orbit for k= 0. 616543, = 0. 3 to pe-
riod 3 for k= 0.66, k = 0.8, where the first 100
points denote quasiperiodic motion. Targeting be—
gins whenn > 100. It needs 12 steps to implement
the targeting. Fig. 3 (b) denotes the targeting from
one point of quasiperiodic orbit for k= 0. 616543, x
= 0. 3 to pointOeka= 0.8, which needs 2 steps. The
first 300 points denote quasiperiodic motion. Target—
ing begins at the 301th point.
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Fig- 3 Shown the targeting of circle map
(a) From one point of quasiperiodic orbit for k= 0 616543,
andk = 0.3 10 period3 fork= 0.66, andx = 0.8, the first
100 points are quasiperiodic motion. Targeting begins whenn
> 100. It needs 12 steps to implement the targeting; (b) From
one point of quasipenodic orbit fork=0.616543, andx = 0.3
to pointe‘,hjﬂ.[ = 0.8, itneeds 2 steps, the first 300 points de—
note quasiperiodic motion, targeting begins at the 30lth
point.
There is always external noise in real system.

Inorder to check the stability of above method when
noise is present, we add white noise to the system.
The intensity of noiseis about 5. % 10, and the
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Fg. 4 Shown adding noise case
(a) The control of unstable period=3in chaotic region for k=

( 5-1)/2,andk = 1.5, the first 1000 points denote chaot—
ic motion. Control begins at the 1001th point. (b) targeting
from quasiperidic orbit for k= 0. 616543, andk = 0.3 to any
point for k= 0. 66, andk = 0.8, which needs 20 steps. The
first 100 points denote quasiperiodic motion. Targeting begins
at the 101th point.
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control results are shown in fig. 4

Comparing fig. 4 (a) with fig. 2 (a), and fig. 4
(b) with fig. 3(a), we see that both controlling and
targeting are achievable.

In conclusion, we have implemented the con—
trolling of Circle map. Moreover, we have given two
kind of targeting method, one for the quasiperiodic
orbit, another for the general case. Particularly, we
should point out that the targeting of quasiperiodic
orbit is very interesting. These methods are able to
resist noise, too.
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