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Abstract　 Th e contro l o f unstable periodic o rbit of Cir cle map was im plemented by adjusting pa rameter and

changing Lyapunov exponent of the sy stem. Wh en the ro ta tion numbe r w as ir rational, w e implemented the targ et

f rom one point o f quasiperiodic orbit to another point on the same quasiperiodic o rbit. This kind o f contr olling

and tar geting has a pow er o f resistance to noise.
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摘要　通过调节参数与改变系统的 Lyapunov指数 , 实现了园映象失稳周期轨道的控制。当旋转数为无理数时 ,

实现了从准周期轨道上一点到另一点的瞄准。这种控制与瞄准具有一定的抗干扰能力。
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　　 The chaos is ev er thought to be ha rm ful be-

cause of i t s i rregulari ty and uncontro llability. But

now people have changed thei r mind. One can con-

trol the chao tic system to an o riginally unstable or-

bi t or to a object point by using o f the sensi tiv ity o f

chao s to initia l point and the ergodicity. In all of the

methods, the E. Ot t , C. Grebogi and J. A. Yo rkes

( O. G. Y) method is the best one[1～ 3 ] , w hich can be

implemented by experiment
[ 4～ 5]

because of i ts small

perturbation to a system pa rameter. Ni Wansun et

al developed this method into bifurcation region[ 6] .

Furthermo re, w e also use this method to direct t ra-

jecto ry to target
[7 ]

. In this paper, w e fi rst develop

this method to contro l the unstable orbi t o f Sine-

Circle map, th en we give a new method to implement

the ta rg et of qua siperiodic o rbit. Because the ro ta-

tion number of quasiperiodic o rbi t is i rra tional, the

properties o f the quasiperiod can no t be kept i f w e

change the parameter of the system , so the targ et of

quasiperiodic orbi t must be kept the ro tational num-

ber ir ra tional by using some new method. This pa-

per is to discuss this case including targeting the

non-quasiperiodic o rbit o f Circle map.

It is known that Circle mapping s a re the sim-

plest models of coupled nonlinea r o scilla to rs. They

show a variety of new phenomena, e. g. , quasiperi-

odic motion, mode-lo cking and transi tions f rom

quasiperiodic mo tions to chaos. Hence w e use the

Sine-Circle map as an example in this paper, in

w hich noise is also considered.

This paper is o rganized as fol low s. In Sec. 2 w e

contro l the unstable periodico rbit. Then in Sec. 3

w e giv e a new method to implement the ta rg et of

quasiperiodic o rbi t. In Sec. 4 w e discuss the targ et of

any point and the effect o f noise.

1　 Stabilizing unstable periodic orbit in cir-

cle map

　　 Consider fo llowing Sine-Circle map
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　θn+ 1 = f (θn ) = θn + k- sin( 2cθn )κ/2c( mod l)

( 1)

　　 The ro tation number is

　　 = lim
n→∞

( f
(n )

(θ) - θ) /n ( mod l) ( 2)

Letk= 0. 6,κ= 0- - 3 , w e can get the bifurcation

diag ram as fig. 1

From fig. 1, w e find tha t there are the o rbit o f

period-5 nea rκ= 1. 2, the o rbi t of period-3 nearκ=

1. 5, the o rbit of period-2 nea r κ= 1. 8, and a

quasiperiodic state nearκ= 0. 5. These stable o rbits

w ill become unstable with changing parameterκ.

The method to control periodic o rbits of period

n has been given in ref [2 ]. It can be applied in our

case. Fo r example, if there are unstable periodic

points of period-3, θ*1 ,θ*2 ,θ*3 , and θn+ i is in the

neighbo rhood ofθ
*
i ( i = 1, 2, 3) , then w e can control

i t as follows

　　κn+ i = κ- - Xi (θn+ i - θ
*
i )

　　θn+ i+ 1 = f (θn+ i ,κn+ i ) ( i = 1, 2, 3) ( 3)

　　 By use ofθ
*
i+ 1 = f (θ*1 ,κ-) and eqs. ( 3) , o ne has

　　θn+ i+ 1 - θ*i+ 1= f (θn+ i ,κn+ i ) - f (θ*i ,κ-) = ( fθ-

Xi fκ)θ= θ*
i

,κ=κ-) (θn+ i - θ
*
i ) + … ( 4)

　　 It is w o rthy of noting tha tθ*3κ+ i = θ*i sinceθ*i ( i

= 1, 2, 3 ) are the unstable periodic points o f period-

3. From ( 4) the condi tion o f convergence of i tera-

tion is
　　 fθ - Xi fκ < 1 ( 5)

　　 The condi tion o f optimum control i s

　　 fθ - Xi fκ= 0

　　Xi = (Xi )op =
fθ
fκ

=
1 - κco s( 2cθ*i )

- sin( 2cθ*i ) / ( 2c)
( 6)

Fig. 1　 Bifurcation diag r am fo rk= 0. 6, κ= 0- - 3

　　 Obviously the above method of control of un-

stable periodic o rbi t of period-3 can be ex tended to

that of period N (N is any interg er number) , which

has been no ticed in ref. [6] . This method can be ap-

plied no t only to chaotic at t ractor but also to the

case o f bifurcation i f bo th condi tion ( 5) and some

o ther condi tion ( see condition ( 6) in ref. [ 6] ) are

sa tisfied.

Fig. 2　 Sh ow n th e contro l o f unstable periodic o rbit

( a ) Contr ol o f unstable period-3 in chao tic region a tk=

( 5 - 1) /2, andκ= 1. 5, th e first 1000 points deno te

chao tic mo tion. Contro l begins at n = 1001; ( b) Cont rol of un-

stable pe riod-3 in bifur ca tion region a tk= 0. 6, andκ= 1. 8

whe re period 2 is stable. ( c) Contro l o f unstable period 6 in

bifurcation r eg ion of period 8 atk= 0. 6, andκ= 2. 0 w here

pe riod 8 is stable.
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　　 Some numerical ex amples are show n in fig. ( 2)

( a) -( c) . ( a) denotes the contro l of unstable period-

3 in chao tic region a tk= ( 5 - 1) /2, andκ= 1. 5,

w here the fi rst 1000 points a re chao tic mo tion, and

control begins a t n = 1001; ( b) denotes the control

o f unstable period-3 in bi furca tion region a tk=

0. 6, andκ= 1. 8 where period-2 is stable, then i t

needs only 6 steps to implement the contro l; and

( c) deno tes the contro l of unstable period-6 in bifur-

cation regionk= 0. 6, andκ= 2. 0 w here period-8 is

stable, then i t needs about 10 steps to implement the

control.

2　 Targeting quasiperiodic orbit

　　 Although w e had giv en a general ta rg eting

method by parameter adjustment , the method does

no t fi t the targ et of quasiperiodic o rbit. It is because

w e must keep the rotation number as i rrational in

the case o f targ eting quasiperiodic o rbi t. We can no t

keep the ro tation number as i rra tional i f w e change

the parameter of the system , so w e need a new

method for implementing the targ et of quasiperiodic

o rbi t.

　　 Since the rotation number o f quasiperiodic o rbi t

is i rra tional in this paper , w e let the ro ta tion num-

ber equal to go lden number  = ( 5 - 1) /2.

There are tw o cases. One is that w e keep as con-

stant in the targeting process, that i s targeting f rom

one point to another point o f the same quasiperiodic

o rbi t. This case is di fficult to be implemented be-

cause the rotation number will become rational if w e

do no t have enough precaution in parameter adjust-

ing pro cess. The o ther case is targeting f rom one

point o f quasiperiodic o rbi t to any point w hich may

no t be on the quasiperiodic orbi t o r f rom any point

to one point of quasiperiodic orbi t. To the fo rmer,

there is some relation betw eenk andκbecause w e

have to keep the same irrational number at bo th

ini tial point and objects point. In this paper, letκ

= 0. 3, thenkmust be about 0. 616543 in o rder to

keep = ( 5 - 1) /2. Our targ eting method is as

follow s. Fi rst ly, w e let the system start f rom the

ini tial point and go into the neighbourhood o f targ et

point by iterating without cont rolling. We can mea-

sure the error ofθN to object△= θN - θobject i f this

process need N steps. Secondly , w e feedback this er-

ro r to theN steps o f iteration process, that is w e re-

i tera te the N steps by adding feedback quantity. If

θN will be nearer to the object , then erro r△ will be-

come sma ller. Repea ting this process, w e can pre-

cisely targ et the object.

　　 Detailed process of ta rg eting is as follows: w e

change theθn in ( 1) in every step byδ, then

θn - neω - θn- old = W- κco s( 2cθn )W= W( 1 -

κcos( 2cθn ) ) ( 7)

　　 Then w e let the sum of changed value in N -

steps be△ , that i s

　　∑
N

i= 1
W( 1 - κcos( 2cθi ) ) = △ = θN - θobject

　　W=
△

∑
N

i= 1
( 1 - κco s( 2cθi ) )

( 8)

　　 Hence w e get the feedback quanti tyδf rom er-

ro r△ . Now w e use this feedback method to imple-

ment the ta rg et. Fi rst ly , we i tera te the N steps a-

gain byhθn+ 1 = f (θn + W)h , then i t must target the

object mo re accura te than purely i tera tion ( 1 ) .

Then w e measure the new er ro r betw eenθN andθobject

, w e can get newW′by ( 8) . Using this newW′and re-

peating this pro cess, w e can let the error betw eenθN

and object becomes smaller. If w e repeat this pro-

cess several times, w e can target the object in any

precision. Fo r example, the ro ta tion number o f the

quasiperiodic orbi t of ci rcle map is = ( 5 - 1) /

2 wh enk= 0. 616543, andκ= 0. 3. W e ta rg et f rom

θ0 = 0. 9 toθobject = 0. 3 on the same quasiperiodic or-

bi t wi thout changingkandκ. Fi rst ly we iterate ( 1)

wi thout any contro lling , w e find f
( 7) (θ0 ) = 0. 26876,

△ = 0. 26876 - 0. 3 = - 0. 03124 and W = -

0. 0038465; then w e implement targeting by use of

f (θn + W) and get f
( 7)

(θ0 + W) = 0. 2964. The new

△= 0. 2964- 0. 3= - 0. 0036 and th e newW′= -

0. 004289. Target ag ain wi th f (θ0 + W+ W′) , and

w e get f
( 7) (θ0+ W+ W′) = 0. 2996. This value is v ery

close to theθobject , So w e hi t the ta rg etθobject = 0. 3 in

the range of appro xima tion.

The above method is very useful in targeting.

But how can one changeθi intoθi + Wθin experi-

ment? The answ er is to change parameterkby in-

stantaneous perturbation. Fo r example, if w e usek
+ Wkinstead ofkin eq. ( 1) ,θi+ 1 will becomeθi+ 1+

Wθ. Then we returek to o riginal v alue so tha t w e

can keep the rotation number as i rrational. Continu-

ing this process, w e can implement the above idea in

experiment.
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3　 Targeting of any point

　　 Now we discuss ano ther case o f targeting , i. e. ,

w hen w e direct the t rajecto ry f rom the ini tial pointθi

to the target pointθobject , the ro tation number can

be changed. In this case, the feedback method of tar-

geting described in ref. [7] can be applied. From ref.

[7] , the metod is as fo llow s.

When x 0 i s at initial point and xm+ 1 = f
( m ) (x 0 ,

pn ) is in the neighbourhood of ta rg et point xt , p is an

adjustable pa rameter, then w e can use the follow ing

method for ta rg eting

xn+ 1 = f
(m ) (x 0 , pn )

pn+ 1 = pn - X(xn+ 1 - xt ) ( 9)

The condi tion o f converg ence is|λ|< 1 , here

λ= lim
n→∞

xn+ 1 - xt

xn - xt
= 1 - Xf

( m )
p ( 10)

But now w e giv e a mo re ef fectiv e method. This

new method combines the adjustment of parameter

and feedback to implement targeting. The targeting

steps o f this method are about 10 steps, which a re

less than those of the parameter adjusting o r feed-

back. This method is as fo llow s:

Considering 1-D map xn+ 1 = f (xn ,kn ) , then

xn+ 1 - xn = f ( xn ,kn ) - f (xn - 1 ,kn- 1 )

= f x (xn - xn- 1 ) + fk(kn - kn- 1 ) + …

( 11)

xn+ 1 - x
* = xn - x

* + f x (xn - xn- 1 ) + fk(kn -

kn+ 1 ) + …

Let　　 xn - xn - 1 = - X1 ( xn - x
* )

kn - kn - 1 = - X2 ( xn - x
*

) ( 12)

and neg lect high-order i tems of ( 8) in the linea r ap-

proximation, w e have

xn+ 1 - x
* = xn - x

* - X1 f x (xn - x
* ) - X2 fk (xn

- x
*

)

(xn+ 1 - x
* ) /(xn - x

* ) = 1 - X1 f x - X2 fk

( 13)

The condi tion o f convergence o f itera tion is tha t

w e have to choo se someproper contro l stif fnessX1

andX2 , so that|1 - X1 f x - X2 fk|< 1 , then the i ter-

ating series xn will approach object. Fo r example, for

the Sine-Circle map, w e let

　X1 =

0　　　　　　　　　　　 |θi|< 0. 001

- 2c( 1 - κi co s( 2cθi ) )
sin( 2cθi )

　　|θi|> 0. 001

X2 = 0. 3 ( 14)

Some numerical ex ample a re show n in fig. 3.

Fig. 3 ( a ) deno tes the targ eting from one point of

quasiperiodic orbi t fo rk= 0. 616543,κ= 0. 3 to pe-

riod 3 fo rk= 0. 66, κ= 0. 8, where the fi rst 100

points denote quasiperiodic mo tion. Ta rg eting be-

gins when n > 100 . It needs 12 steps to implement

the targ eting. Fig. 3 ( b) deno tes the ta rg eting f rom

one point of quasiperiodic o rbi t fork= 0. 616543,κ
= 0. 3 to pointθobject = 0. 8, which needs 2 steps. The

fi rst 300 points deno te quasiperiodic mo tion. Targ et-

ing begins a t the 301th point .

Fig. 3　 Show n the ta rg eting of cir cle map

( a) From one point of quasiperiodic o rbit fork= 0. 616543,

andκ= 0. 3 to period-3 fo rk= 0. 66, andκ= 0. 8, the fir st

100 points a re quasiperiodic motion. Ta rge ting begins whenn

> 100. It needs 12 steps to implement the tar ge ting ; ( b) From

one point o f qua sipe riodic o rbit fo rk= 0. 616543, andκ= 0. 3

to pointθobjec t = 0. 8, i t needs 2 steps, the fir st 300 points de-

no te quasiperiodic motion, ta rg eting begins at the 301th

point.

　　 There is alw ays ex ternal noise in rea l system.

Ino rder to check the stability o f above method when

noise is present , w e add whi te noise to the system.

The intensi ty of noise is about 5. 8× 10- 3 , and the
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Fig. 4　 Sh ow n adding noise ca se

( a ) The contro l of unstable period-3 in chao tic region fork=

( 5 - 1) /2, andκ= 1. 5, the first 1000 points deno te chao t-

ic mo tion. Cont rol begins at the 1001th point. ( b) targ eting

fr om qua sipe ridic o rbit fo rk= 0. 616543, andκ= 0. 3 to any

point fork= 0. 66, andκ= 0. 8, which needs 20 steps. The

first 100 points deno te quasiperiodic mo tion. Targ eting begins

at the 101th point.

contro l resul ts are show n in fig. 4

　　 Comparing fig. 4 (a ) wi th fig. 2 (a ) , and fig. 4

( b) wi th fig. 3 ( a) , w e see that bo th controlling and

targeting are achiev able.

　　 In conclusion, w e have implemented the con-

trolling of Circle map. Mo reover, w e have giv en tw o

kind o f targeting method, one for th e quasiperiodic

o rbit , ano ther for the general case. Par ticularly , w e

should point out that the targeting of quasiperiodic

o rbit is very interesting. These methods are able to

resist noise, too.
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